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Abstract. The objective of this work was to numerically study the oblique shock wave/boundary layer interaction and 

boundary layer separation caused by impinging shock waves. It was used the explicit solution of the finite differences 
scheme of the complete two-dimensional laminar Navier-Stokes equations, without body forces and volumetric heating. 

Also, the following considerations were made for solving the system: calorically perfect gas, Sutherland's law for 

viscosity, and a constant Prandtl number. The adopted configuration was a supersonic flow with an impinging shock 

wave on a flat plate. During the tests, it was considered cold and adiabatic wall conditions with the selected freestream 

Mach numbers of 5, 6, 7 and 8. The impinging shock wave angle varied from 10 to 20 deg.  The computer code was 

developed in MATLAB language using MacCormack’s marching technique. The adopted computational domain was a 

rectangular structured configuration. From the results, it was noticed that the shock wave could be identified by the 

jump on the pressure profile, and the highest temperature values were near the flat plate surface. Also, higher pressure 

and temperature values were encountered for the adiabatic wall case. At the considered Mach number range, at 

particular angles, the shock wave increase in pressure was high enough to produce boundary layer separation zones, 

characterized by the presence of a pressure plateau and velocity inversion. Near those zones, it was also observed the 
flow expansion and further reattachment of the boundary layer.  

 

Keywords: Hypersonic flow, shock wave, boundary layer, MacCormack’s technique. 

 

1. INTRODUCTION  
 

When a vehicle is at supersonic or hypersonic speeds, there is the formation of shock waves and so, their interaction 

with the boundary layer. One of the common ways this happens is through an externally generated shock wave that 

impinges on vehicle’s surface. These regions of interaction are characterized by large pressure and heat flux values, 

which makes this phenomenon of paramount importance for the structural and thermal protection design of any 

aerospace vehicle. 
Boundary layer analysis must be considered during design development due its detrimental impact during flight. If 

separation occurs, it can cause loss of control, peak thermomechanical loads on the surface and instabilities that can 

interfere with the vehicle’s structure. In internal flows, as in the scramjet engine, separation can increase losses and 

pressure distortion, inversion and sudden changes in flow properties that could cause inlet unstart (GAITONDE, 2013). 

In fact, considering these engines, the inlet flow quality is very critical to their overall efficiency. The boundary layer 

can decrease the inlet mass flow rate which reduces the amount of oxygen that would be used for combustion, leading 

to, for instance, loss of thrust, specific impulse and even control. 

The interaction of a boundary layer with an oblique shock wave produces several flow features as noticed by 

Babinsky and Harvey (2011). Figure 1 shows a sketch of a shock wave boundary layer interaction with no separation. 

Regarding this figure, there is an incidence of a shock wave (𝐶1) that continues to curve (due the decrease in Mach 

number as it approaches the wall) until its disappearance in the sonic line. The shock wave causes an increase in 
pressure upstream of the shock, which is transmitted along the flow through the subsonic part of the boundary layer. 

The dilation of the subsonic region acts as a ramp, forming compression waves (𝜂) that come together to form the 

reflected shock (𝐶2). In this case, the interaction resists the adverse pressure gradient and flow separation is not 

observed. 

In Figure 2, the structure of a flow which the incidence of a shock wave causes the separation of the boundary layer 

is represented. The adverse pressure gradient causes flow reversal and boundary layer separation. The separation bubble 
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delimits the region with flow recirculation, between separation (S) and reattachment (R). The shock wave (𝐶4) impinges 

the separated flow and is reflected as expansion waves. Moreover, compression waves are formed downstream the 

reattachment point. 

 

 
 

Figure 1  Scheme of shock wave/boundary layer 
interaction, shock wave impinging on the surface with 

layer without separation (BABINSKY; HARVEY, 2011). 

 
 

Figure 2. Scheme of shock wave/boundary layer 
interaction, shock wave impinging on the surface with 

layer separation (BABINSKY; HARVEY, 2011). 

 

The main objective of this work was to numerically study the shock wave / boundary layer interaction. To achieve 

this, the following steps were taken: i) it was adopted an explicit finite difference solution of the complete two-

dimensional Navier-Stokes equations using the MacCormack’s time marching technique considering a laminar 

boundary layer, ii) the flow caused by impinging shock waves on different Mach numbers and deflection angles was 

simulated by imposing the correct boundary conditions using the oblique shock wave relations, iii) the profiles, 

contours plots and numerical schlieren images of the main flow properties were investigated. 

 

2. METHODOLOGY 
 

2.1 NAVIER-STOKES EQUATIONS 

 

This work used the explicit finite difference solution of the two-dimensional Navier-Stokes equations: continuity, 

momentum in x, momentum in y and energy, with no body forces and no volumetric heating (ANDERSON JR, 1995): 

 
𝜕𝜌

𝜕𝑡
+
𝜕

𝜕𝑥
(𝜌𝑢) +

𝜕

𝜕𝑦
(𝜌𝑣) = 0 

 

(1) 

𝜕

𝜕𝑡
(𝜌𝑢) +

𝜕

𝜕𝑥
(𝜌𝑢2 + 𝑝 − 𝜏𝑥𝑥) +

𝜕

𝜕𝑦
(𝜌𝑢𝑣 − 𝜏𝑦𝑥) = 0 

 

(2) 

𝜕

𝜕𝑡
(𝜌𝑣) +

𝜕

𝜕𝑥
(𝜌𝑢𝑣 − 𝜏𝑥𝑦) +

𝜕

𝜕𝑦
(𝜌𝑣2 + 𝑝 − 𝜏𝑦𝑦) = 0 

 

(3) 

𝜕

𝜕𝑡
(𝐸𝑡) +

𝜕

𝜕𝑥
[(𝐸𝑡 + 𝑝)𝑢 + 𝑞𝑥 − 𝑢𝜏𝑥𝑥 − 𝑣𝜏𝑥𝑦] +

𝜕

𝜕𝑦
[(𝐸𝑡 + 𝑝)𝑣 + 𝑞𝑦 − 𝑢𝜏𝑦𝑥 − 𝑣𝜏𝑦𝑦] = 0 

(4) 

 

So, the equations are function the pressure (𝑝), velocitiy components (𝑢, 𝑣), density (𝜌), shear stresses 

(𝜏𝑥𝑦 , 𝜏𝑦𝑥 , 𝜏𝑥𝑥), total energy per unit volume (𝐸𝑡) and heat fluxes (𝑞𝑥 , 𝑞𝑦).  

𝐸𝑡 is phisically composed by two parcels, one accounts for the internal energy and the other one for the kinetic 

energy: 

 

𝐸𝑡 = 𝜌(𝑒 +
𝑉2

2
) 

(5) 

 

where, 𝑒 is the internal energy per unit mass and 𝑉2 = 𝑢2 + 𝑣2.  

The components of the heat flux vector 𝑞𝑥 and 𝑞𝑦 (following the Fourier's law) are calculated as functions of the 

temperature (𝑇) and the thermal conductivity (𝑘): 
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𝑞𝑥 = −𝑘
𝜕𝑇

𝜕𝑥
 

 

(6) 

𝑞𝑦 = −𝑘
𝜕𝑇

𝜕𝑦
 (7) 

 

Considering a laminar flow, shear stresses (STOKES, 1880) are represented in terms of: 

 

𝜏𝑥𝑦 = 𝜏𝑦𝑥 = 𝜇 (
𝜕𝑢

𝜕𝑦
+
𝜕𝑣

𝜕𝑥
) 

 

(8) 

𝜏𝑥𝑥 = 𝜆(𝛻. 𝑉) + 2𝜇
𝜕𝑢

𝜕𝑥
 

 
(9) 

𝜏𝑦𝑦 = 𝜆(𝛻. 𝑉) + 2𝜇
𝜕𝑣

𝜕𝑦
 (10) 

The terms 𝜇 and 𝜆 are the dynamic viscosity and volumetric viscosity coefficient, respectivelly. 

The volumetric viscosity coefficient was calculated using: 

 

𝜆 = −
2

3
𝜇 (11) 

 

The Navier-Stokes equations are four equations with nine unknowns. Therefore, the following considerations were 

done to solve the system: 

i) Ideal gas, so the equation of state can be written as:  

 

𝑝 = 𝜌𝑅𝑇 (12) 

 

where 𝑅 is the gas constant. 

ii) Calorically perfect gas,   

 

𝑒 = 𝑐𝑣𝑇 (13) 

 

where 𝑐𝑣 is the specific heat at constant volume. 

iii) Sutherland's law to calculcate dynamic viscosity,  
 

𝜇 = 𝜇𝑟 (
𝑇

𝑇𝑟
)
3/2 𝑇𝑟 + 𝑆

𝑇 + 𝑆
 (14) 

 

where 𝑆 is the Sutherland’s constant and subscript 𝑟 refers to the properties at sea level. 

iv) Assuming that Prandtl number was constant, the thermal conductivity could be calculated by: 

 

𝑃𝑟 =
𝜇𝑐𝑝
𝑘
= 0.71 (15) 

 

where 𝑐𝑝 is the specific heat at constant pressure. 

Thus, there are nine unknowns with nine equations which can be written in a vector notation by: 

 
𝜕𝑈

𝜕𝑡
+
𝜕𝐸

𝜕𝑥
+
𝜕𝐹

𝜕𝑦
= 0 (16) 

 

Where the column vectors U, E e F were obtained by: 

 

𝑈 = {

𝜌
𝜌𝑢
𝜌𝑣
𝐸𝑡

} 

 

(17) 
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𝐸 =

{
 

 
𝜌𝑢

𝜌𝑢2 + 𝑝 − 𝜏𝑥𝑥
𝜌𝑢𝑣 − 𝜏𝑥𝑦

(𝐸𝑡 + 𝑝)𝑢 − 𝑢𝜏𝑥𝑥 − 𝑣𝜏𝑥𝑦 + 𝑞𝑥}
 

 
 

 

(18) 

 
and, 

 

𝐹 =

{
 

 
𝜌𝑣

𝜌𝑢𝑣 − 𝜏𝑥𝑦
𝜌𝑣2 + 𝑝 − 𝜏𝑦𝑦

(𝐸𝑡 + 𝑝)𝑣 − 𝑢𝜏𝑥𝑦 − 𝑣𝜏𝑦𝑦 + 𝑞𝑦}
 

 

 (19) 

 

2.2 MACCORMACK’S TECHNIQUE 

 

MacCormack's technique consists of a time march to the steady state solution, finding the flow properties at each 

spatial location (i, j) of the discretized domain. According to Anderson (1995), the MacCormack’s technique can be 

applied using the steps, firstly, prediction at time 𝑡 + ∆𝑡 and, secondly, correction with second order precision at time 

𝑡 + ∆𝑡 .  
In the prediction step, where progressive differences in x and y are applied, the solution vector was obtained by: 

 

𝑈̅𝑖,𝑗
𝑡+∆𝑡 = 𝑈𝑖,𝑗

𝑡 −
∆𝑡

∆𝑥
(𝐸𝑖+1,𝑗

𝑡 − 𝐸𝑖,𝑗
𝑡 ) −

∆𝑡

∆𝑦
(𝐹𝑖,𝑗+1

𝑡 − 𝐹𝑖,𝑗
𝑡 ) (20) 

 

The solution vector for the correction step was calculated with backward differences in x and y: 

 

𝑈𝑖,𝑗
𝑡+∆𝑡 =

1

2
[𝑈𝑖,𝑗

𝑡 + 𝑈̅𝑖,𝑗
𝑡+∆𝑡 −

∆𝑡

∆𝑥
(𝐸̅𝑖,𝑗

𝑡+∆𝑡 − 𝐸̅𝑖−1,𝑗
𝑡+∆𝑡) −

∆𝑡

∆𝑦
(𝐹̅𝑖,𝑗

𝑡+∆𝑡 − 𝐹̅𝑖,𝑗−1
𝑡+∆𝑡)] (21) 

 

MacCormack's method has an explicit formulation, so it is necessary to use a stability criterion for the time step. In 

this work, a version of the Courant–Friedrichs–Lewy (CFL) described by Anderson (1995) was used, where the time 

step (∆𝑡) was calculated by 

 

∆𝑡 = 𝑚𝑖𝑛[𝐶𝐹𝐿(∆𝑡𝐶𝐹𝐿)]𝑖,𝑗  

 

(22) 

(∆𝑡𝐶𝐹𝐿)𝑖,𝑗 = [
|𝑢𝑖,𝑗|

∆𝑥
+
|𝑣𝑖,𝑗|

∆𝑦
+ 𝑎𝑖,𝑗√

1

∆𝑥2
+

1

∆𝑦2
+ 2𝜈𝑖,𝑗

′ (
1

∆𝑥2
+

1

∆𝑦2
)]

−1

 

 

and 

 

(23) 

𝜈𝑖,𝑗
′ =

max(𝜇𝑖,𝑗 , 𝜆 + 2𝜇𝑖,𝑗 ,  
𝛾𝜇𝑖,𝑗
𝑃𝑟

)

𝜌𝑖,𝑗
 

(24) 

 

As one can notice, the Courant number constrains the time resolution and its value should be decreased in order to 

the iterations stay closer to facilitate convergence with the disvantage of increasing the number of iterations. The 

Courant number’s recommendations vary as the types of simulations vary, but the most recommended practice is using 

values less than 1. In fact, this work used 0,3 ≤ 𝐶𝐹𝐿 ≤ 0,8.  
 

2.3 NUMERICAL MODELING 

 

In Figure 3, boundary conditions for the computational domain are described considering the incidence of a shock 

wave on the flat plate.  
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Figure 3 Boundary conditions of the computational domain considering the impact of a shock wave, adapted 

(ANDERSON JR, 1995). 

 

The case 1 represents the leading edge and freestream pressure and temperature were used. The no-slip condition 

was assumed, 𝑢 = 𝑣 = 0.  

The case 2 represents the top and left boundaries (except the leading edge). In case 2.1, it was used the freestream 

properties. In case 2.2, it was used the properties after the oblique shock wave. These properties were calculated by the 

oblique plane shock wave theory (ANDERSON JR, 1990). The shock wave angle (𝛽) was calculated with: 
 

tan 𝜃 = 2 cot𝛽 [
𝑀0
2 sen2 𝛽 − 1

𝑀0
2(𝛾 + cos2𝛽) + 2

] 

 

(25) 

 

where 𝜃 and 𝑀0 are the ramp angle and the freestream Mach number, respectivelly. 

The Mach number, density, pressure and temperature downstream the oblique shock wave were calculated by the 

equations below: 

 

𝑀𝑒 = 

√
(𝑀0   𝑠𝑒𝑛𝛽)2 + 

2
(𝛾 − 1)

 

2 𝛾
(𝛾 − 1) (𝑀0   𝑠𝑒𝑛 𝛽)

2 − 1

𝑠𝑒𝑛(𝛽 − 𝜃)
 

 

(26) 

𝜌𝑒 = 𝜌0
(𝛾 + 1)𝑀0

2 𝑠𝑒𝑛2 𝛽

2 + (𝛾 − 1)𝑀0
2 𝑠𝑒𝑛2 𝛽

 

 

(27) 

𝑝𝑒 = 𝑝0 [1 +
2𝛾

𝛾 + 1
(𝑀0

2 𝑠𝑒𝑛2 𝛽 − 1)] 

 

(28) 

𝑇𝑒 =
𝑝𝑒
𝑅𝜌𝑒

 (29) 

 

 

where is the 𝛾 is the ratio of specific heats. 

The case 3 represents the interior points of the exit plane and the properties were calculated using extrapolation by: 

 

𝑝𝑖,𝑗 = 2𝑝𝑖−1,𝑗 − 𝑝𝑖−2,𝑗 

 

(30) 

𝑢𝑖,𝑗 = 2𝑢𝑖−1,𝑗 − 𝑢𝑖−2,𝑗 

 

(31) 

𝑣𝑖,𝑗 = 2𝑣𝑖−1,𝑗 − 𝑣𝑖−2,𝑗 

 
and 

 

(32) 

𝑇𝑖,𝑗 = 2𝑇𝑖−1,𝑗 − 𝑇𝑖−2,𝑗 (33) 
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The case 4 represents the contour of the plate surface (exception of the leading edge). The non-slip condition was 

considered (𝑢 = 𝑣 = 0 ),  wall temperature (𝑇𝑤) and  pressure was calculted using extrapolation as 

 

𝑝𝑖,𝑗 = 2𝑝𝑖,𝑗+1 − 𝑝𝑖,𝑗+2 (34) 

 

3. RESULTS 

 
The simulation of supersonic flow was performed considering the incidence of an oblique shock wave on a flat 

plate, with the test matrix depicted in Table 1. Mach number varied from 3 to 6 and flow deflection angles from 10 to 

20 deg to freestream properties (Table 2) at constant temperature (𝑇𝑤 = 𝑇0) and adiabatic wall. 

 

Table 1 Test matrix considering the incidence of an oblique shock wave. 

Mach Number 
Flow Deflection Angles 

𝟏𝟎° 𝟏𝟓° 𝟐𝟎° 
3 x x x 

4 x x x 

5 x x x 

6 x x x 

 

Table 2 Freestream flow properties. 

𝑻𝟎 [𝑲] 𝒑𝟎 [𝒌𝑷𝒂] 𝜸 𝑹 [𝑱/(𝒌𝒈 ∙ 𝑲)] 

288.16 101.325 1.4 287 

 

The Figures 4, 5, 6, 7, 8 and 9 show temperature , pressure, Mach number, skin friction coefficient and heat flux, 

respectively. The x-axis coordinate was adimensionlized with respect to the total flat plate length (𝐿𝐻𝑂𝑅𝐼) and the y-

axis coordinate with respect to the vertical height of the domain (𝐿𝑉𝐸𝑅𝑇).  It is observed that the increase in the Mach 

number at freestream and the angle of the incident shock wave cause higher values of pressure, temperature and heat 

flux at the trailing edge. Pressure and temperature have higher values closer to the plate (at lower values of  𝑦/𝐿𝑉𝐸𝑅𝑇). 
This happens due the viscous dissipation on the surface of the plate, which causes an increase in temperature, pressure 

and heat flux in the flow field inside the boundary layer. The properties have severe variations close to the plate and 

then reach stable values far from the wall. 

The separation of the boundary layer can be evidenced through the negative values of the skin friction coefficient at 

Mach 3, 15° (0.275 ≤ 𝑥/𝐿𝐻𝑂𝑅𝐼 ≤ 0.319) and 20° (0.087 ≤ 𝑥/𝐿𝐻𝑂𝑅𝐼 ≤ 0.29), at Mach 4, 20° (0.188 ≤
𝑥/𝐿𝐻𝑂𝑅𝐼 ≤ 0.29) and at Mach 5, 20° (0.246 ≤ 𝑥/𝐿𝐻𝑂𝑅𝐼 ≤ 0.261). It can be seen that the increase in Mach number 

and the decrease in the angle of flow deflection cause the reduction of the length of separation zone. 

 

 
Figure 4 Temperature at 𝑥/𝐿𝐻𝑂𝑅𝐼 = 1 along  𝑦/
𝐿𝑉𝐸𝑅𝑇. 

 

 
Figure 5 Pressure at 𝑥/𝐿𝐻𝑂𝑅𝐼 = 1  along 𝑦/𝐿𝑉𝐸𝑅𝑇. 
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Figure 6 Wall pressure along 𝑥/𝐿𝐻𝑂𝑅𝐼. 

 
Figure 7 Mach number at 𝑥/𝐿𝐻𝑂𝑅𝐼 = 1  along 𝑦/
𝐿𝑉𝐸𝑅𝑇. 

 
Figure 8 Wall skin friction coefficient along 𝑥/𝐿𝐻𝑂𝑅𝐼. 

 
Figure  9 Wall heat flux along 𝑥/𝐿𝐻𝑂𝑅𝐼. 

 

 

The Figures 10, 11 and 12 show skin friction coefficient, pressure and x-velocity behavior at Mach 4, respectively. 
There is no separation of the boundary layer at 10° and 15°. Regarding Figure 11, at 20°, there is increased pressure, 

followed by a plateau and then a rise again. This plateau is typical of regions of separation and the final growth 

represents the reattaching of the boundary layer. This same phenomenon is observed in the cases at Mach 3, 15° and 20° 

and Mach 4, 20°. In Figure 12, analyzing the angle of deflection of 20°, it can be seen that the x-velocity near wall 

decreases at the beginning of the leading edge. At 𝑥/𝐿𝐻𝑂𝑅𝐼 =  0,188, the x-velocity is zero and keeps decreasing for 

negative numbers (
𝑑𝑢

𝑑𝑦
|
𝑤
< 0) until 𝑥/𝐿𝐻𝑂𝑅𝐼 =  0.261. At this location, the velocity near the wall has negative values, 

indicating change in direction.  
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Figure 10 Wall skin friction coefficient along  𝑥/𝐿𝐻𝑂𝑅𝐼 at Mach number 4. 

 

 
Figure 11 Wall pressure along 𝑥/𝐿𝐻𝑂𝑅𝐼 at Mach number 4. 

 
Figure 12 Near wall velocity along 𝑥/𝐿𝐻𝑂𝑅𝐼 at Mach number 4. 

 

The Figures 13, 14, 15, 16, 17, 18, 19 and 20 show the pressure, temperature, Mach number and numerical Schlieren 

for Mach number 4. For the sake of completeness, comparisons between the properties distribuitions for the cases of 

flow deflections of 10° (no separation) and 20° (with separation) were performed. Pressure gradients were not high 
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enough to cause the boundary layer separation at 10°. In Figure 17, it was possible to notice the presence of a 

supersonic region and a subsonic region close to the wall of the plate, due its no-slip condition. With an angle of 

deflection 20°, there is an abrupt reduction in speed due to changes in momentum and energy, see Figure 19. Analyzing 

property distributions, it can be seen that the shock wave impinges on the wall and is reflected as expansion waves. This 

phenomenon causes pressure increase and causes the inversion and separation of the boundary layer. The boundary 

layer has an elevation, the flow expands and then the boundary layer reattaches. Moreover, there is the formation of 

compression waves, which collide and form the reflected shock near the separation point, see Figure 19.  

 

 
Figure 13 Pressure distributions at Mach number 4 and 

10°. 

 
Figure 14 Temperature distributions at Mach number 4 

and 10°. 

 
Figure 15 Pressure distributions at Mach number 4 and 

20°. 

 

 
Figure 16 Temperature distributions at Mach number 4 

and 20°. 

 
Figure 17 Mach number distributions at Mach number 

4 and 10°. 

 

 
Figure 18 Numerical Schlieren at Mach number 4 and 

10°. 
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Figure 19 Mach number distributions at Mach number 

4 and 20°. 

 
Figure 20 Numerical Schlieren at Mach number 4 and 
20°. 

 

4.  CONCLUSION 

 

The objective of this work was to study the limits of the geometry angles to predict the conditions which the 

boundary layer separation occurs when it interacts with an impinging shock wave. A code was developed using the 

MacCormack method to simulate the supersonic flow. The following remarks can be made: 

 The increase in the Mach number of freestream and the angle of the incident shock wave cause higher values of 

pressure, temperature and heat flux at the trailing edge. Pressure and temperature have higher values near the plate, 
and they have severe variations near the plate.  

 The boundary layer separation was observed at Mach 3, 15° and 20°, at Mach 4, 20°, and at Mach 5, 20°. The 

separation can be evidenced through the negative values of the skin friction coefficient, negative velocity in the 

wall and the plateau of the pressure curve.  In these conditions, it was noticed that the shock wave impinges on the 

wall and is reflected, increasing the pressure, causing the inversion of the flow and separation of the boundary 

layer.  

 The increase in Mach number and the decrease in the angle of deflection lead to a reduction in the separation zone. 

As future work, the impinging shock wave/boundary layer interaction will be analyzed using a shock tunnel to 

visualize the phenomenon and compare it with the numerical results. 
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