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Abstract. The present work investigates the data-driven modeling of an electromechanical system with three degrees of 

freedom (3-DOF), that represents a test rig setup consisting of a slender structure subjected to torsional oscillations. It 

is proposed to identify system parameters using benchmark datasets of test rig setup with linear approximations and, 

additionally, nonlinear approaches. Three model structures are applied to the system for comparative purposes. First, 

the linear Black-box models are the AutoRegressive with eXogenous input (ARX) and the AutoRegressive Moving 

Average with eXogenous input (ARMAX), then, the last one is the Nonlinear AutoRegressive Moving Average with 

eXogenous input (NARMAX). Finally, the modeling is validated based on a comparison made between the results 

obtained through One-Step-Ahead and Free Run prediction models, and the actual data acquired was considered for 

this purpose. This work shows the results through correlation tests and presents the best model structure based on 

parameters variation and R2.  
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1. INTRODUCTION  

 

One of the most complex dynamical systems in industrial activities is the rotating machine. Studying the behavior of 

rotating machinery in the context of drilling oil wells has always been challenging in terms of increased safety, improved 

performance, and reduced costs. 

These activities are by far the most expensive and dangerous in the entire lifecycle of the oil industry and therefore 

require special attention to fully understand, model and control rotating machinery. A great example of the severity of 

this problem can be observed in oil well drilling systems, such as stick-slip phenomena caused by torsional vibration in 

the drill string, as presented by Cayre (2018) and Pires (2019). The system has nonlinearities that are not easy to model 

and can generate complex dynamic behaviors that linear identification models can fail to accurately predict. This creates 

the need for non-linear system identification, which can be done through black box models. 

 According to Schoukens (2019), black-box models are an efficient tool to model, analyze and study dynamical 

systems. Through the analysis of input and output experimental data samples, these models allow the identification and 

modeling of system behavior. 

Billings (2013) defined Nonlinear Autoregressive Moving Average Modeling with Exogenous Inputs (NARMAX) is 

part of the black box methods commonly used for system identification. NARMAX is used to obtain the characteristics 

of a non-linear system through a set of parameters. Noël (2017) presents this model as an application tool for large systems 

and emphasizes its complexity when considering the dimensions of the system. 

Schoukens (2019) considers the AutoRegressive model with exogenous input (ARX) as the simplest method in the 

set of black box models. This method evaluates system output as a combination of past inputs and outputs. Differently 

from the NARMAX method, the ARX is specifically used for analyzing linear systems. 

Jing (2021) mentioned that the AutoRegressive Moving Average with eXogenous input (ARMAX) model is also 

applied for modeling industrial systems, but unlike the ARX model, it includes stochastic dynamics in its analysis. This 

model is useful for systems with input disturbances. 
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Hence, in this study the main objective is to model the dynamics of a 3 DOF electromechanical system that simulates 

the drilling process. The purpose is to obtain a model for representing the fast dynamics which these devices may achieve 

by testing and comparing linear (ARX and ARMAX) and nonlinear (NARMAX) black-box models. 

The remainder of this paper is organized as follows. Section 2 presents the equations of motion and experimental setup 

of the electromechanical system. Section 3 presents the equations of ARX, ARMAX, and NARMAX models. The results 

for ARX, ARMAX and NARMAX methods are compared in Section 4. Section 5 provides the conclusions and points 

out open questions for future work. 

 

2. EXPERIMENTAL SETUP 

 

2.1 Mathematical Model 

 

This study shows the grey-box modelling of a reduced scale test rig to emulate the drill-string dynamics. The test rig 

is described by a nonlinear three degrees of freedom model according to Figure 1. The experiment consists of an 

electromechanical system subjected to a voltage as input signal 𝑢𝑚. The angular displacement and velocity of the three 

inertias 𝑦𝑚(𝜃̇1, 𝜃2̇, 𝜃3̇) are the output signal. The modeling and equations of motion of the experiment detailed below are 

based on the work of Cayres (2018) and Pires (2019). Therefore, the structure of the nonlinear state space model is: 

 

𝐽1𝜃̈1 + 𝑑1(𝜃̇1 − 𝜃̇2) + 𝑘1𝛿12 + 𝑇𝑟1
(𝜃̇1) = 0 

𝐽2𝜃̈2 + 𝑑1(𝜃̇2 − 𝜃̇1) + 𝑑2(𝜃̇2 − 𝜃̇3) + 𝑘2𝛿23 − 𝑘1𝛿12 + 𝑇𝑟2
(𝜃̇2) = 0 (1) 

𝑑2(𝜃̇3 − 𝜃̇2) − 𝑘2𝛿23 = 𝜂(𝐾𝑇𝑖 − 𝐶𝑚𝜂𝜃̇3 − 𝑇𝑓 − 𝐽𝑚𝜂𝜃̈3) 

𝐿 ⋅ 𝑑𝑖/𝑑𝑡 + 𝑅𝑖 + 𝐾𝐸𝜂𝜃̇3 = 𝑢𝑚  
 

where 𝑖 is the electrical current, L and R are the inductance and resistance, respectively. 𝜃𝑚 is the angular velocity of the 

inertia 𝐽𝑚. 𝐶𝑚 and 𝐾𝑇 are the torsional damper and the motor torque constant, respectively. 𝐾𝐸  is the tension constant and 

𝑇𝑓 is the internal friction torque. 𝐽𝑖 for i=1,2 is the moment of inertia of discs. The relations between the subsystems are 

given by 𝜏𝑠 = 𝜂𝜏𝑚 and  𝜃̇𝑚 = 𝜂 𝜃̇3. 𝛿12 = 𝜃1 − 𝜃2 and 𝛿23 = 𝜃2 − 𝜃3. 𝑘1 and 𝑘2 are the spring constants, just as 𝑑1 and 

𝑑2 are the damping constants. 

 
 

Figure 1. Schematic design of the dynamical system and Measurement setup. (Adapted from Pires, 2019). 

 

2.2 Available Data Sets 

  

The data set used in this work is provided by Ms. Ingrid Pires (Pires, 2018) and Mr. Walisson Pinto (Pinto, 2020) who 

performed the experiments in a laboratory of PUC-Rio. The data set (input and output) is recorded by the National 

Instruments cDAQ system and resampled with Matlab®R2020a to obtain a regular sampled frequency. The input u(t) is 
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the voltage [V] and the output y(t) is the angular velocity [rad/s] of encoder 3 (see Figure 1). After resampling, the data 

set is left with 8,000 data samples, shown in Figure 2, for all estimation and validation tasks performed in this study. 

 

 
 

Figure 2. Comparison of the time history of the input and output measured and resampled data sets 

 

Then, after removing the initial transient of the data, the available data set is splitted into estimation and validation, 

with 1500 samples each.  

 

3. GENERAL METHODOLOGY 

 

3.1 Identification Procedures 

 

The identification procedure consists of a series of basic steps, and the development of each one influences the 

efficiency of the tested model. These steps facilitate the organization of the analysis as well as the review of the processes 

in case of rework. Based on this, the identification procedure is summarized as follows: 

 

Step 1: Design the experiments to obtain information about the system and provide the input and output data. 

Step 2: Choose within the mathematical models which can be applied to model the structure representing the system. 

Step 3: Estimate the parameters of the model to adapt it as well as possible to the system data. 

Step 4: Validate the chosen model and test whether it correctly describes the modeling of the available data. 

 

The system identification procedure illustrated in Figure 3, is used to estimate, and predict the system parameters 

based on the chosen approaches for estimation and validation data sets. 

 

 
 

Figure 3. Diagram of the System identification procedure. (Adapted from Ayala et al., 2018) 

 

3.2 Model Structure Representation 

 

Now, the three model structures considered for the identification process are ARX, ARMAX and NARMAX. 

According to Billings (2013), the ARMAX model, including subsets of AR, ARMA and ARX model, are the most 

frequently used representation for the identification of linear systems or whose inherent behavior can be characterized by 

a linear approximation close to a system operating point. 
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The ARX model structure is given by the equations: 

 

𝑦(𝑘) + 𝑎1𝑦(𝑘 − 1) + ⋯ + 𝑎𝑛𝑎
𝑦(𝑘 − 𝑛𝑎) = 𝑏1𝑢(𝑘 − 1) + ⋯ + 𝑏𝑛𝑏

𝑢(𝑘 − 𝑛𝑏) + 𝜉(𝑘), (2) 

 

And the ARMAX model structure is defined as: 

 

𝑦(𝑘) + 𝑎1𝑦(𝑘 − 1) + ⋯ + 𝑎𝑛𝑎
𝑦(𝑘 − 𝑛𝑎)  = 𝑏1𝑢(𝑘 − 1) + ⋯ + 𝑏𝑛𝑏

𝑢(𝑘 − 𝑛𝑏) + 𝜉(𝑘) + 𝑐1𝜉(𝑘 − 1) + ⋯ +

𝑐𝑛𝑐
𝜉(𝑘 − 𝑛𝑐),  

(3) 

 

where 𝑢(𝑘) and 𝑦(𝑘) (𝑘 = 1,2, . . . , 𝑁) are sampled observations of input and output, 𝑛𝑎 is output order in ARX, 𝑛𝑏 is 

input order in ARX and 𝑛𝑐 is the moving average (MA) order 

The NARMAX models are the most popular representations for nonlinear dynamic system identification in the 

discrete-time domain (Billings,2013). This model is an expansion of past inputs, outputs, and noise terms as expressed 

in: 

 

𝑦(𝑘) =  𝐹[𝑦(𝑘 − 1), 𝑦(𝑘 − 2), . . . , 𝑦(𝑘 − 𝑛𝑦), 𝑢(𝑘 − 𝑑), 𝑢(𝑘 − 𝑑 − 1), . . . , 𝑢(𝑘 − 𝑑 − 𝑛𝑢), … , … , 𝑒(𝑘

− 1), 𝑒(𝑘 − 2), . . . , 𝑒(𝑘 − 𝑛𝑒)]  +  𝑒(𝑘), 

(4) 

 

where 𝑦(𝑘), 𝑢(𝑘), and 𝑒(𝑘) are the system output, input, and noise sequences, respectively; 𝑛𝑦,𝑛𝑢, and 𝑛𝑒are the 

maximum lags for the system output, input, and noise. 𝐹[·] is some nonlinear function, and 𝑑 is a time delay typically set 
to 𝑑 = 1 (Billings, 2013). 

 

3.3 Validation Methods 

 

The final step in system identification is the model validation. This is a very important step to define whether the 

model fits the data for the intended use without any bias (Zakwan et al., 2017). In this paper, two validation approaches 

are considered: model predicted output (MPO) and correlation tests. First, the MPO validation tests are done by comparing 

the simulated with the measured data. Then, the multiple correlation coefficient tests (R²) indicate the adequacy of the 

model. Both validation tests are performed for the One Step Ahead (OSA) and the Free Run (FR) prediction simulation. 

The OSA and FR prediction algorithms are performed for the estimation and validation data sets to predict 𝜙 and 𝑦̂. 

Using the data points, a structure model was deliberately fitted to yield the identified model. The concept of one step 

ahead OSA prediction can be explained in Billings (2013, p.124). 

The OSA prediction is calculated as in Eq. (5), by using the recent measured data and the Free-Run (FR) simulation, 

with past values predicted from the model, (Ayala et al., 2018). 

 

𝑦̂ (𝑘) =  𝐹 [ 𝑦 (𝑘 − 1), 𝑦 (𝑘 − 2), . . . , 𝑦 (𝑘 − 𝑛
𝑦1

),    𝑢1 (𝑘 − 1), 𝑢1 (𝑘 − 2), . . . , 𝑢1 (𝑘 − 𝑛
𝑢1

), …, 

   𝑢2 (𝑘 − 1), 𝑢2 (𝑘 − 2), . . . , 𝑢2 (𝑘 − 𝑛
𝑢2

), …,   𝑢𝑗 (𝑘 − 1), 𝑢𝑗 (𝑘 − 2), . . . , 𝑢𝑗 (𝑘 − 𝑛
𝑢𝑗

)] 

(5) 

 

where 𝑦̂(𝑘)is  the OSA  predicted output. 

The residual analysis is performed to verify if all the model characteristics have been captured and fitted. This 

validation method is applied to confirm that there is no predictable information in the residuals, Billings (2013). The 

residual 𝜉(𝑘) is given by Eq.(6). 

 

𝜉 (𝑘) = 𝑦(𝑘) − 𝑦̂(𝑘)   (6) 

 

The Multiple Correlation Coefficient (R²) is used to measure the accuracy of the model through the residuals. If R² = 

1, the data were reconstructed perfectly. However, R² > 0.9 is considered good enough for most cases. The R² coefficient  

is given by the Eq. (7), (Ayala et al., 2018). 

 

R² = 1−
∑𝑁

𝑘=1 [𝜉(𝑘)²]

∑𝑁
𝑘=1 [𝑦(𝑘)−𝑦̂(𝑘)]²′

 
 

    (7) 

 

Billings (2013) presents a set of correlation tests for input and output models that can be used to verify nonlinear 

models. In Eq. (8) the linear and nonlinear correlations of the inputs and outputs that must be respected for the residual 

model to be unpredictable are presented.  
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𝝓𝝃𝝃(𝜏) = 𝛿(𝜏), Ɐ𝜏  

(8) 

 

𝝓𝑢𝜉(𝜏) = 0,        Ɐ𝜏  

𝝓𝝃(𝜉𝑢)(𝜏) = 0,    𝜏 ≥ 0  

𝝓(𝑢²)′𝜉(𝜏) = 0,    Ɐ𝜏,  

𝝓(𝑢²)′ 𝜉²(𝜏) = 0, Ɐ𝜏,  

 

where 𝜙is the cross-correlation function, 𝜙𝜉𝜉 and 𝜙𝑢𝜉 tests are the linear combination, 𝜙𝜉(𝜉𝑢),𝜙(𝑢²)′𝜉 and𝜙(𝑢²)′ 𝜉² tests 

are the nonlinear combinations.To analyze if the conditions have met and if the model is validated, plots with 95% 

confidence bands are created. 

 

4. RESULTS 

 

The present section describes the results when applying the system identification methodology based on steps 3 

(estimation) and 4 (validation), as mentioned above. Both steps are performed by varying the model parameters 𝑛𝑎, 𝑛𝑏, 

𝑛𝑐, 𝑙, 𝜌𝑛and 𝜌𝑝, so the best order in each case can be achieved. If linear models do not provide satisfactory results, the 

results provide a basis for exploring nonlinear models, then this study starts by applying linear models ARX and ARMAX 

and ends up using the NARMAX model with the information previously advised, according to the Table 1 

 

Table 1 - Simulated cases varying parameter orders related to each system identification model. 

 

Model ARX ARMAX NARMAX 

Cases 1 2 3 4 5 6 7 8 9 

Param. 

Model 

order 

𝒏𝒂=9 

𝒏𝒃=5 

𝒏𝒂=12 

𝒏𝒃=5 

𝒏𝒂=12 

𝒏𝒃=6 

𝒏𝒂=12 

𝒏𝒃=6 

𝒏𝒄=3 

𝒏𝒂=18 

𝒏𝒃=9 

𝒏𝒄=9 

𝒏𝒂=29 

𝒏𝒃=9 

𝒏𝒄=10 

𝒏𝒂=7 

𝒏𝒃=6, 

𝒏𝒄=1 

𝒍=2 

𝝆𝒑=1·10ˉ⁴ 

𝝆𝒏=1·10ˉ⁴ 

𝒏𝒂=12 

𝒏𝒃=1 

𝒏𝒄=1 

𝒍=2 

𝝆𝒑=1·10ˉ⁴ 

𝝆𝒏=1·10ˉ⁴ 

𝒏𝒂=16 

𝒏𝒃=1 

𝒏𝒄=1 

𝒍=2 

𝝆𝒑=1·10ˉ⁴ 

𝝆𝒏=1·10ˉ⁴ 

 

 

The results are analyzed in terms of the time history comparison between the OSA, FR, and measured data, as shown 

in Figures 5, 7, 8, and 10. Also, the statistical validation tests based on correlation as in (4) are performed, as shown in 

Figures 6, 9, and 11. Finally, the 𝑅2metrics, as in (7), is shown in Table 2. 

First, the ARX model as in Eq. (2) is used to estimate the model parameters by performing numerical simulation using 

MATLAB software based on the least squares (LS) algorithm (Billings, 2013). The algorithm permits to vary model 

orders 𝑛𝑎, 𝑛𝑏 to improve the terms of 𝑅2. Figures 5 and 6 illustrate the time domain and correlation tests, respectively, 

comparing the OSA, FR and measured data. It is possible to verify that the model is statistically invalid in relation to the 

tests in (8). This shows that the autocorrelation of the residuals 𝜙𝜉𝜉  and the nonlinear term 𝜙𝜉(𝜉𝑢) are all well outside the 

95% confidence bands, suggesting that the system dynamics present in the data are not adequately captured by the model.  

 
Figure 5  - Plots of OSA and FR estimation response for ARX model (Case 3). 
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Figure 6  - Correlation tests of the inputs and outputs for ARX model (Case 3). 

 

The ARMAX linear model as in Eq. (3) is used to calculate the moving average of linear parameters (𝑛𝑎, 𝑛𝑏) and of 

the noise error 𝑛𝑐 terms based only on the output measurements. The numerical simulation of ARMAX is performed in 

R software based on the extended least squares (ELS) algorithm (Billings, 2013). Figures 7 to 9 show the results of the 

estimation and validation in the time domain and the correlation tests for the ARMAX best case. As noted, the model still 

shows that the autocorrelation of the residuals 𝜙𝜉𝜉  and the nonlinear term 𝜙𝜉(𝜉𝑢) are outside the 95% confidence bands, 

suggesting that the system dynamics have not yet been adequately captured by the model. 

 

 
Figure 7  -  Plots of OSA and FR estimation response for ARMAX model (Case 5). 
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Figure 8  -  Plots of OSA and FR validation response for ARMAX model (Case 5). 

 

 
Figure 9  -  Correlation tests of estimation and validation data for ARMAX model. (Case 5). 

 

Identification of the linear model reveals that the ARX and ARMAX models provided greater than 99% fit for the 

estimation data and greater than 90% fit for the validation data, indicating very good fits. However, the correlation tests 

in both cases fail for the nonlinear term 𝜙(𝑢²)′ 𝜉². Therefore, an effort to achieve better results is to explore the Nonlinear 
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ARMAX (NARMAX) model as in Eq. (4). The numerical simulation of the NARMAX model is also performed in R 

software based on the direct regression algorithm Orthogonal Least Squares (FROLS) (Billings, 2013). Figures 10 - 11 

show the results of the time domain estimation and validation and the correlation tests for the NARMAX best case. Note 

that the model only shows inconsistency in the nonlinear term 𝜙(𝑢²)′ 𝜉² which are outside the 95% confidence bands, 

suggesting that the system dynamics is almost fully captured by the model structure. 

 

  

   

Figure 10 -  Plots of OSA and FR validation response for NARMAX model (Case 9). 
 

 

 
 

Figure 11  -  Correlation tests of estimation and validation data for ARMAX model (Case 9). 
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Table 2 presents a summary of the best results for 𝑅2in OSA and FR simulation and the NARMAX model is the best 

model to capture full systems dynamics. 

 

Table 2 - The best 𝑅2in OSA and FR simulation results. 

 

Model 

Structure 
Cases 

OSA FR 

𝑹𝟐
𝑻𝑹𝑨 𝑹𝟐

𝑽𝑨𝑳 𝑹𝟐
𝑻𝑹𝑨 𝑹𝟐

𝑽𝑨𝑳 

 

ARX  

1 0.9928 0.9831 0.9459 0.9036 

2 0.9954 0.9819 0.9518 0.9091 

3 0.9954 0.9820 0.9516 0.9087 

ARMAX  

4 0.9971 0.9934 0.9504 0.9106 

5 0.9978 0.9951 0.9511 0.9107 

6 0.9978 0.9952 0.9494 0.9102 

NARMAX  

7 0.9943 0.9785 0.9449 0.9020 

8 0.9970 0,9898 0.9506 0.9024 

9 0.9977 0.9908 0.9516 0.9051 

 

5.  CONCLUSION 

 

This study shows that the identification problem becomes more challenging if the output signal 𝑦𝑚(𝜃̇1, 𝜃2̇, 𝜃3̇) used 

for identification is physically separated from the electrical subsystem, which means that it has more influence on the 

mechanical subsystem. In any case, the linear model approach proved to be insufficient to capture the entire dynamic 

behavior of the system. 

Therefore, it can be concluded that the system dynamics was well estimated by the study presented. Mainly, if the 

entire system identification procedure presented is considered. The procedure achieves the objective of evaluating 

different model structures with increasing model complexity and comparing the results to choose the best one. The system 

was well characterized by the NARMAX model approach. The NARMAX model, represented by case 8, fits the model 

well, as can be seen from the OSA estimate and the FR prediction model. Thus, for future works, many types of model 

structures available to approximate the unknown mapping (Neural network, Fuzzy Logic-Based Models, Wavelet 

Expansions) will be considered. Also, the study of the frequency domain system identification using nonparametric noise 

models and periodic excitations and its comparison with the time domain prediction error framework. 
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