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Abstract. Since van der Waals’ first publication, a lot of equations of state have been proposed to represent the PVT
behavior of pure compounds, as is the case with GEOS3C, which is a new form of generalized cubic equation of state that
uses a temperature function dependent on three adjustable empirical parameters. In order to obtain the parameters that
lead to the lowest errors of vapor pressure and saturated liquid volume predictions, it is possible to turn this problem into
a multiobjective optimization problem. In this context, a modified MOPSO algorithm was employed. This method has the
main advantage to provide a set of solutions that show the existing conflict in the attempt to minimize the properties of
interest. Substances from different chemical families were used to evaluate the methodology proposed in this work and
comparisons against experimental data were made. Results showed that the values obtained through multiobjective op-
timization for GEOS3C adjustable parameters provide better or equivalent predictions for all calculated thermodynamic
properties. In addition, it was possible to observe a correlation between the parameters in the viable regions of the Pareto
fronts: Cy assuming a constant value, whereas Cy and C5 are linearly dependent on each other.

Keywords: equations of state, parameters estimate, multiobjective optimization, thermodynamic properties.
1. INTRODUCTION

For many engineering applications, thermodynamic properties can be estimated accurately in situations where there
is no reliable experimental data. Although there are several empirical and generalized correlations for the calculation
of saturated liquid volumes, the estimation of saturation properties through equations of state has numerous advantages,
especially in the simulation of phase equilibrium problems. Process engineers, for example, use equations of state as
a tool to predict phase equilibrium problems and thermophysical properties of fluids in order to design equipments and
processes (Abdollahi-Demneh et al., 2010).

Since the emergence of van der Waals model, a lot of equations of state have been proposed to represent thermody-
namic properties of pure compounds and mixtures. In most of the situations, the use of cubic equations of state satis-
factorily keeps the commitment between accuracy and computational cost (Patel and Teja, 1982). In this context, Geana
and Feroiu (2000b) proposed a generalized form for the cubic equations of state, called by them GEOS3C, which uses
a temperature function dependent on three adjustable parameters (C7, Cs and C3). In their work, the authors obtained
these parameters by matching three points on the saturation curve (vapor pressures together with the corresponding liquid
volumes), at three fixed temperatures. This practice is very common in the area.

Recently, in the works of Menegazzo et al. (2019) and Mota (2019), authors proposed to estimate the parameters of
the equations of state studied by them through multiobjective optimization, adjusting the results of the equations of state
to two independent data set measurements (saturation pressure and saturated liquid volume of the pure components). The
first mentioned authors studied an associated equation of state (composed by a physical part, based on the Peng-Robinson
equation of state, and an associating part, calculated through a linear association approach), and the second one, the
Patel-Teja equation of state.

Following this methodology, in this work, the adjustable parameters of GEOS3C temperature function are estimated
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through multiobjective optimization in order to obtain lower errors for vapor pressures and saturated liquid volumes
predictions. A modified MOPSO algorithm, that uses the e-dominance criteria to avoid problems of purely numerical
dominance, a simplified storage management system to promote a better particles distribution and a fixed global leadership
for a certain number of iterations, was employed in this process. Substances from different chemical families were used
to evaluate the methodology proposed in this work, comparing the obtained results with experimental data available in the
literature.

2. GEOS3C EQUATION OF STATE

The general cubic equation of state (GEOS) has the following form

T T
p=fT @) (1)
V—-b (V-d)2+c
where P is pressure, R is universal gas constant, 7" is temperature and V' is volume.
The parameters a, b, ¢ and d, presented in Eq. (1), for a pure component are expressed by
RT, R2T? RT,
_ 2 _ c _ > _ c
a=ap(T.), b=Q P C—QcpigC and d=Qq P 2)
with
R2T2
e =0s—5. 3
¢ P, (3)

The subscripts 7 and c in the above equations represent, respectively, the reduced and critical properties of a certain
substance.
The new temperature function 5(7;.), proposed by Geand and Feroiu (2000b), has the following form

1+ Ci(1 = VT) + Co(1 = VT,)? + C3(1 = VT)?, Tr<1
B(Tr) = . 4)
1+Ci(1—-VT,), Tr > 1

In Geana and Feroiu (2000b)’s work, temperature function’s parameters (C7, Cy and C3) were estimated by matching
three points on the saturation curve (vapor pressures together with the corresponding liquid volumes), at three fixed
temperatures: triple point, boiling point and reduced temperature 7;. = 0.7. However, as it will be shown, it is possible to
turn this problem into a multiobjective optimization problem.

The expressions of the parameters €2, €23, {2, and €2 are obtained through the establishment of the following critical
conditions (Geana, 1986) atT,, =V, =1

oP, %P, oP,
P :1 p— f— p—
=5 (m)a b (aW)TT 0 and (fm)w e ®

which lead to the following expressions

1-B
Q=0-B? Q=2.—-B, Q.=(1~-B)*(B~-025) and Qy= 2. — ( 5 ), (6)
where Z, is the critical compressibility factor of a substance and
1+C,
B=——-. 7
Q¢ + Cl ( )

Finally, using experimental values for the acentric factor (w) and for the critical constants, . can be expressed by
a. = 5.808 + 4.93w. (3

3. MULTIOBJECTIVE PARTICLE SWARM OPTIMIZATION

A multiobjective optimization problem (MOP) can be defined as a problem that involves the simultaneous optimization
of two or more objective functions (Coello et al., 2004), ie, to find the vector &* = [z}, 23, ..., z}]T which will satisfy,

A n
respectively, the m inequality and the p equality constraints

gi(Z) >0,i=1,2,....m and h;(Z)=0,i=1,2,...,p, 9)



26'h ABCM International Congress of Mechanical Engineering (COBEM 2021)
November 22-26, 2021, Florianépolis, SC, Brazil

—

and will optimize the vector function f(%) = [f1(Z), f2(T), ..., fu(%)]T, where & = [x1,Z2,...,2,]7 is the vector of
decision variables.

In a typical MOP, the objectives are usually conflicting and can be handled by combining them properly to generate
the so-called Pareto optimal solutions. Coello and Lechuga (2002) introduced a new approach in which Pareto dominance
is incorporated to Particle Swarm Optimization algorithm, so that this heuristic could be able to deal with problems with
more than one objective function.

MOPSO version used in this work, named MOPSO Light (MOPSOL), maintains the structure of original PSO (Eber-
hart and Kennedy, 1995), introducing the following simplified modifications to the algorithm (Junior et al., 2020):

e Optimality criterion: s-dominance criterion, initially implemented by Laumanns et al. (2002), was adopted instead

of Pareto dominance, aiming to avoid problems of purely numerical dominance;

e Storage of global leadership: the set of leaders particles, that is, the set of nondominated particles, is stored in a
fixed size vector, similar to the external repository of Coello and Lechuga (2002), with the objective of promoting
a better distribution of the particles in the image;

e Choice of global leader: update of leader for each particle of the swarm is done without using any selection criteria.
Global leaders are assigned to the swarm particles sequentially from a randomly chosen first element. In addition,
to avoid an erratic movement of the swarm and to accelerate the convergence of particles towards the Pareto front,
global leaders are kept fixed for a certain number of iterations, which varies between 3 and 8.

3.1 Objective Functions

In this work, the objective functions used to obtain values for GEOS3C equation of state parameters that minimizes
the errors for vapor pressure and saturated liquid volume predictions are, respectively:

N, ex
5 [P - oy
Fi(C1,Co,Cy) = ) | =™ (10)
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and

N, ex
NV Vi
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where values for P are calculated using Wagner’s correlation (Wagner, 1977)

mw%:m+%+mmm+mwa (12)

S,

exp
K

and values for V;;* are calculated using Rackett’s correlation (Rackett, 1970)
[1+(1—T/R3)"4]

R
yerr=22__ 13
l,i R, (13)

In the above expressions, N, is the number of experimental points.

On the other hand, P¢?* are calculated based on the algorithm presented by Terron (2009), whereas values for V;

are calculated through the expression V%% = ilﬁz, with Z; obtained using Cardano’s method and Monroy-Loperena’s

€0Ss
N2

refinement (Monroy-Loperena, 2012).
4. RESULTS AND DISCUSSION

The main parameters adopted in MOPSO Light simulations are displayed in Tab. 1. It is important to mention that it
was not the subject of this study to analyse the influence of these parameters on the obtained results. The adopted values
are more than sufficient for the method to converge.

To evaluate the results obtained through multiobjective optimization, eight substances from different chemical families
were chosen, as it can be seen in Tab. 2. Critical properties and values for the constants required by Wagner and Rackett’s
correlations (W; and R;, respectively) were obtained from the Handbook of Green and Perry (2019).

Initially, an analysis of the minimum number of experimental points required to obtain stable Pareto fronts is made.
In Fig. 1, Pareto fronts obtained for Acetone considering different number of experimental points, 3 < N, < 30, are
presented. In Pareto fronts, the Mean Absolute Percentage Error (MAPE) of vapor pressure and saturated liquid volume
are plotted against each other. As it can be observed, in the zoom of Pareto fronts, curves tend to overlap each other for
Np > 7, ie, up this value there is no significant variation in the obtained results. Therefore, Np = 10 experimental points
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Table 1. Parameters adopted in MOPSO Light simulations.

Parameter Value
Total number of particles 1000
Repository size 200
Local learning factor, R; 2.05
Global learning factor, R 2.05
Minimum inertia weight, wy,;,, 0.4
Maximum inertia weight, Wy, a4 0.9
Non-linear modulation index, ¢ 1.2
Number of iterations 300
¢ value for e-dominance criterion 1.0e-05
Number of iterations with a fixed leader 3
Objective space domain [-5, 5]

Table 2. Chemical families and temperature and pressure ranges of the pure compounds tested.

Substance Formula Family Temperature [K] Pressure [MPa] N
Acetone C3HgO Ketone [178.50, 495.00] [2.3e-6,3.86] 23
Ammonia H3N Light Gas [195.50,400.00] [6.1e-3,10.30] 22
Carbon Dioxide COs Light Gas [216.59, 301.59] [5.2e-1,6.96] 35
Ethane CyHg Paraffin [90.35, 300.35] [1.1e-6,4.39] 43
Ethylene CyHy Olefin [103.99, 275.00] [1.2e-4, 4.27] 19
Methane CHy Paraffin [90.69, 185.69] [1.2e-2,3.95] 20
Nitrogen Ny Element [63.15, 125.00] [1.2e-2,3.21] 32
Oxygen 0O Element [54.36, 154.36] [1.5e-4,5.00] 41
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Figure 1. Optimization results for Acetone considering different number of experimental points: (a) Pareto fronts and (b)
zoom of Pareto fronts.

leads to stable Pareto fronts and this value was adopted in the following simulations. Similar results were obtained for the
other substances.

In Fig. 2, Pareto fronts for the two tested paraffins are shown, as well as a zoom in the viable regions, where chosen
parameters give meaningful physical results, keeping both errors under acceptable values. Similar results were obtained
for the other substances. In all tested cases, the viable regions were selected using as a cut-off criterion the set of values
of the errors associated to the vapor pressure and saturated liquid volume predictions corresponding to the Geand and
Feroiu (2000a)’s parameters. It is worth mention that in the figures of the viable regions, three points are highlighted:
lowest vapor pressure error (LVPE), lowest saturated liquid volume error (LSLVE) and intermediate (ITM), the latter
being determined by the greatest Euclidean distance from the line connecting the first two.

As it can be observed, ethane’s Pareto front is more sharp than methane’s and, therefore, one of the objectives (pressure,
in this case) varies more than the other over the curve. As an example, to obtain an improvement of 0.01% in the saturated
liquid volume prediction, it is necessary to give up 0.26% in the saturation pressure. In methane’s case, on the other hand,
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the relative change rates from one objective function to the other are balanced.
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Figure 2. Pareto fronts (PF) obtained for two types of paraffins, with a zoom in the viable regions (VR): (a) PF - Ethane,
(b) VR - Ethane, (c) PF - Methane and (d) VR - Methane.

The obtained values for the parameters C, C'y and C's of GEOS3C equation of state through multiobjective optimiza-
tion, for the three points mentioned above, are presented in Tab. 3.

Table 3. Optimal values obtained for the parameters of the GEOS3C equation of state for all tested substances.

Substance Gy & Cs
LVPED) LSLVE® ITM® LVPE LSLVE ITM LVPE LSLVE IT™M
Acetone 0.2090 0.1804 0.1800 1.0106 09111 1.0632 -0.9986 -0.6365 -1.0491
Ammonia 0.1836 0.1787 0.1784 09595 09145 09736 -1.0584 -0.8704 -1.0826
Carbon Dioxide  0.2403 0.2564 0.2556 0.3284 0.1481 0.2807 1.7839 2.9297 19311
Ethane 0.2186 0.2186 0.2186 0.3660 0.3446 0.3575 -0.1475 -0.0939 -0.1287
Ethylene 0.2076 0.2077 0.2075 03244 0.2691 0.3000 -0.0110 0.1591  0.0547
Methane 0.1037 0.1091 0.1090 0.2816 0.2416 0.2664 -0.0483 0.0852 -0.0141
Nitrogen 0.1402 0.1566 0.1565 0.2600 0.1599 0.2231 0.1426 0.4614  0.1986
Oxygen 0.1007 0.1600 0.1601 0.3493 0.1984 0.2390 -0.1433 0.0942 -0.0277

(1) Lowest vapor pressure error; (2) Lowest saturated liquid volume error; (3) Intermediate.

Finally, optimal Pareto set for ethane is presented in Fig. 3. Once again, similar results were obtained for the other
substances. As it can be seen in the projections’ graphs, C; parameter of the GEOS3C equation of state seems to assume
a constant value in relation to parameters Cs and C3. The two latter, on the other hand, seem to be linearly dependent on
each other. It is important to highlight that in a mono-objective optimization approach it would not be possible to observe
such characteristic, in view of the fact that only a single solution would be obtained.
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Figure 3. Optimization results for Ethane: (a) optimal Pareto set, (b) projection C7 x Cs, (c) projection C; x C3 and (d)
projection Cs x Cs.

4.1 Correlation Between the Parameters of the GEOS3C Equation of State

To analyse whether the hypothesis of correlation between the parameters of the GEOS3C equation of state is valid,
part of the viable regions of the Pareto fronts were selected, taking into account a more proportional gain between the
objective functions. In this analysis, C; parameter assumes a constant value, being the mean of the values obtained in the
viable regions of the optimal Pareto sets, whereas Cs and C's parameters are linearly correlated.

Linear relations provided by Matlab’s Curve Fitting Tool are displayed in Tab. 4, as well as the Sum of Squares due
to Error (SSE), which measures the total deviation between adjusted and predicted values, and the Multiple Correlation
Coefficient (R-square), which is the square of the correlation between the adjusted and predicted values associated with
each expression. It is important to highlight that both statistical parameters (SSE and R-square) present reasonable values
for all linear relations, since a low SSE indicates a good fit of the model to the data and, the closer to unity is the R-square,
the better the linear model is adjusted to the sample.

In Fig. 4, the linear relation displayed in Tab. 4 for oxygen is plotted against the obtained optimization results for
parameters C2 and C3 in the viable regions, as well as the respective residuals. Similar results were obtained for the other
substances. It is noted that in the considered regions there is a good agreement between the results of the multiobjective
optimization and the linear relation provided by Matlab, since the residuals oscillate around zero.

In Fig. 5 a comparison between the viable regions obtained through multiobjective optimization and the Pareto fronts
obtained with the assumed correlations between C7, Cs and C's parameters of GEOS3C equation of state is presented for
carbon dioxide and oxygen. Similar results were obtained for the other substances. As it can be seen, there is a good
agreement between both data sets and, therefore, the consideration made here seems acceptable, ie, parameters Cy, Cs
and C3 of GEOS3C equation of state are correlated in the selected interest ranges of Pareto fronts.
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Table 4. Linear relations between the parameters of the GEOS3C equation of state provided by Matlab’s Curve Fitting
Tool for all tested pure compounds.
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Substance Linear Relation SSE R-square
Acetone C3=-254C5 +1.65 1.79e-4  9.98e-1
Ammonia C3=-3.75C5 +2.56 3.00e-3  9.99¢-1
Carbon Dioxide C3 = —7.23C5 +4.00 4.10e-3 1.00
Ethane C3 =—-250C4+0.76  2.10e-3  9.80e-1
Ethylene C3=-3.07C5 +0.98 1.70e-4  9.95e-1
Methane C3=—-3.74C5+0.99 1.40e-3  9.99-1
Nitrogen C3=-3.95C5 +1.09 2.40e-3 9.99e-1
Oxygen Cs = —3.00Cy +0.69 1.40e-3  9.96e-1
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Figure 4. Correlation between C5 and C5 parameters of GEOS3C equation of state in the viable region of Pareto front for
Oxygen: (a) linear approximation and (b) associated residuals.
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Figure 5. Comparison between the viable regions of MOPSOL and the Pareto fronts obtained with the linear approxima-
tions: (a) Carbon Dioxide and (b) Oxygen.

4.2 Thermodynamic Properties Calculation

Utilizing the values for the parameters C, Cs and C'5 of GEOS3C equation of state obtained through multiobjective
optimization, displayed in Tab. 3, as well as the ones available in Geana and Feroiu (2000a)’s work, the following ther-
modynamic properties were calculated: saturation pressure (Ps), saturated liquid volume (V}), saturated vapor volume
(V,,), enthalpy of vaporization (A H"VP), entropy of vaporization (ASVP), internal energy of vaporization (AUV?P), heat
capacity at constant pressure of vaporization (ACy“P) and heat capacity at constant volume of vaporization (AC}“P).
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The vaporization properties were calculated using the residuals functions provided by Geand and Feroiu (2000b) in the
Appendix, for a given temperature and pressure, and the ideal gas contribution to the heat capacities at constant pressure
and volume was calculated using the function recommended in Poling ef al. (2001).

In order to make a quantitative comparison, the relative Average Absolute Deviations (AAD%) were calculated. For a
given property Y, AAD% expression is

N
100

(Yieor = Y)

Ve : (14)

i=1

where Y,**? correspond to the experimental values, Y2 to the values obtained using the equation of state and N to the
number of experimental points.

Experimental values for the properties were obtained in Green and Perry (2019) and Linstrom (2005) references. Tem-
perature and pressure ranges, as well as the number of experimental points, used in thermodynamic properties calculation
are displayed in Tab. 2.

In Tabs. 5-6, the relative average absolute deviations of the calculated thermodynamic properties for each tested
substance are presented. For a matter of space, only the results for the parameters of the GEOS3C equation of state
obtained through multiobjective optimization that lead to the lowest deviations are shown, in the columns labeled “Opt”.
Subscripts p, v and ¢ refer to the parameters associated to the lowest vapor pressure error, the lowest saturated liquid
volume error and intermediate, respectively, presented in Tab. 3.

The following observations can be made: (1) There is a good improvement for some of the tested substances with
respect to the properties directly used in the multiobjective optimization problem (P; and V}), as well as AHYP, ASv*P
and AU"V?P. As an example, the AAD% associated with V; prediction for oxygen had a reduction from 6.60% to 3.06%,
the AAD% associated with P prediction for ethane had a reduction from 0.62% to 0.39%, and the AAD% associated with
AHYP ASYP and AU"P predictions for acetone had a reduction from 2.68, 2.59 and 2.77% to 1.25, 1.42 and 1.28%,
respectively; (2) For the saturated vapor volume V,,, both sets of parameters give equivalent results in most cases; (3)
AAD% are relatively high for the heat capacities at constant pressure (C’Il)’”) and volume (C%?) in the liquid and vapor
phases, respectively. This was already expected since it is known that classical cubic equations of state are not able to
predict the correct divergent behavior of these properties near the critical region (Geana and Feroiu, 2000b).

Table 5. AAD% of some thermodynamic properties for all tested substances as a function of different values for the
GEOS3C equation parameters - Part I.

Substance Ps Vi Vo AT AST

Opt.™W GF® Opt. GF Opt. GF Opt. GF Opt. GF
Acetone 3.79, 240 6.14, 692 149, 148 125, 268 142, 259
Ammonia 0.51; 057 422, 433 228, 227 217, 231 219, 230
Carbon Dioxide = 0.27; 030 140, 190 3.82, 373 5.05 508 5.06;, 5.08
Ethane 0.39; 062 390, 432 157, 154 159, 158 1.64, 1.6]
Ethylene 0.98, 0.63 351, 354 174, 176 193, 203 195, 207
Methane 0.29; 032 223, 231 228, 226 268, 278 272, 2.80
Nitrogen 0.35, 046 224, 255 247, 245 320, 3.00 3.24;, 3.05
Oxygen 0.56,, 092 3.06, 6.60 195, 184 285 275 291, 278

M Optimization resuls. Subscripts p, v and ¢ refer to the parameters associated to LVPE, LSLVE and ITM, respectively;
(2) Geani & Feroiu (2000).

Finally, in Fig. 6, some of the calculated thermodynamic properties of ammonia as functions of the reduced temper-
ature are presented. As it can be observed, there is a good agreement between experimental data and the ones obtained
through the use of the GEOS3C equation of state, using both sets of parameters (Geand & Feroiu and intermediate), for
the properties directly used in the multiobjective optimization problem (Fig. 6 (a)—(b)). Similar results were obtained for
Vi, AHYP ASY*P and AU?P (not shown here). However, for the heat capacities at constant pressure and volume of
vaporization (Fig. 6 (c)—(d)), that depend on the second derivative of GEOS3C temperature function, results are slightly
divergent at some parts of the curves, which justifies the high AAD% obtained previously.

5. CONCLUSIONS

In this work, a new methodology to estimate temperature function’s parameters (C7, C2 and C'3) of GEOS3C equation
of state is proposed, using multiobjective optimization. A modified version of MOPSO algorithm was employed in this
process, taking into account the parameters that lead to the lowest errors of vapor pressures and saturated liquid volumes
predictions.
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Table 6. AAD% of some thermodynamic properties for all tested substances as a function of different values for the
GEOS3C equation parameters - Part II.

Substance Ay CIZ’ C;’j C'l’ Cy
Opt.(H)  GF®  Opt. GF Opt. GF Opt. GF Opt. GF
Acetone 1.28, 277 5206, 57.65 9490, 9481 56.59, 6472 87.90; 87.86
Ammonia 2.11, 225 2857, 30.15 8726, 8722 30.11, 3259 7349, 7354
Carbon Dioxide  5.06; 515 13.67, 1425 73.19, 73.12 2829, 36.29 7048, 70.83
Ethane 1.55, 1.55 4538, 4562 89.76, 89.73 4179, 4248 7452, 74.60
Ethylene 191, 201 36.99, 3829 87.82, 87.84 29.09, 3090 70.14, 70.13
Methane 2.67; 2779 39.54, 39.89 83.65; 83.65 37.61, 3848 68.62, 68.76
Nitrogen 3.18; 297 30.24, 33.69 8047, 8037 2446, 27.08 6275, 6298
Oxygen 2.81; 2774 3795, 3948 8428, 84.15 2871, 32.85 6299, 6392
(&) Optimization resuls. Subscripts p, v and 7 refer to the parameters associated to LVPE, LSLVE and ITM, respectively;
(2) Gean & Feroiu (2000).
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Figure 6. Thermodynamic properties as functions of the reduced temperature for ammonia, using the GEOS3C equation
parameters of Geana and Feroiu and the intermediate ones obtained through multiobjective optimization: (a) Ps, (b) V],
(c) ACy?? and (d) ACHP.

Through the obtained Pareto fronts results, it was possible to notice a linear correlation between Cs and C's parameters
in the viable regions. Besides, C'; showed to assume a constant value. This kind of analysis was only possible due to the
fact that in a multiobjective optimization problem a set of solutions is obtained, instead of a single one.

Substances from different chemical families were used to evaluate the methodology proposed in this work and com-
parisons with experimental data available in the literature were made. The results showed that the new sets of values
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obtained for the parameters of the GEOS3C equation of state through multiobjective optimization provide better or equiv-
alent predictions for the calculated thermodynamic properties in almost all cases tested, having the main advantage of
being possible to choose those that privilege a given property of interest.

In a future work, authors intend to expand the results for more substances and from different chemical families in
order to analyse if the observations made here can be applied to a significant group of pure compounds.
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