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ELASTIC WAVE BAND GAPS IN 2D FRACTAL PHONONIC CRYSTALS
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Abstract. The wave propagation in a 2D fractal phononic crystal solid is investigated. This special type of phononic
crystal is capable of filtering elastic waves in multiple ranges of frequency, called band gaps. The band structures are
obtained by the plane wave expansion (PWE) approach considering wave propagation in the xy plane in order to obtain
the propagating modes. The multiple Bragg-type band gaps between XY and Z modes are opened up in different frequency
bands depending on the fractal order. This fractal order influences significantly the band gap positions and widths. The
results can be used for elastic wave attenuation using 2D fractal periodic structures.
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1. INTRODUCTION

Recently, there has been growing interest in synthetic materials, also known as phononic crystals (PCs) in many
acoustic and structural problems. PCs are constituted from two or more materials with wide difference between their
properties, these property contrasts creates band gaps in the frequency response. Currently, they can be used in many
applications such as noise and vibration control, filters, resonators, and acoustic waveguides. PCs are periodic structures
and it is natural to choose a unit to represent the entire infinite domain.The Floquet-Bloch theorem can be easily used in
this type of structure, as there are periodic boundary conditions. Therefore, initially, this article is based on the study of
the unit cell structure and its division into fractals of up to third stage (or second iteration, Fig. 1).

Various methods have been developed in order to evaluate band structures of PCs, the Boundary Element Method
(BEM) was used by Li et al. (2018), H. Page et al. (2005) used the Multiple Scattering Theory (MST) to tune and
determine the dispersion of ultrasonic pulses in 3D PCs. Vasseur et al. (1994) and Yao et al. (2009) applied Plane Wave
Expansion (PWE) for different types of thin plate defects and supercell arrangement configuration alternatives, the PWE
also is used for calculate band structures for fractals phononic crystals, as seen in the work of Huang et al. (2017).

Two-dimensional metamaterials are composed of plates with resonant cylinders, which have been shown to attenuate
waves much larger than their characteristic unit cell size, thereby opening the wavelength band gap. However, the gap
bandwidth is closely related to the quality of the resonator, which limits the function of metamaterials in mass-sensitive
applications (Bilal et al., 2017). In order to overcome this limitation, Bilal et al. (2017) theoretically shows that the
trampoline phenomenon expands the width of the first part of the gap to 4 times the linear resonance gap. They provided
an experimental demonstration of the trampoline phenomenon on a 3D printed board composed of pillars and holes made
of a single material. They show through numerical and experimental results that the trampoline board increases the width
of the partial and full bandwidth range, while reducing the mass of the board by about 30% in the configuration studied.

In this paper, we will approach the structures with traditional fractal geometry that, due to their exact self-similarity,
are called deterministic fractals. By exact self-similarity is meant the no change of the structure after an isotropic transfor-
mation, that is, which occurs with the same intensity in all directions. For example, consider a fractal called Sierpinski’s
triangle (base geometry of traditional fractals), as shown in Fig. 1 (a). Its basic structure starts with a completely filled
equilateral triangle. At first, take the midpoint of the three sides and form four congruent triangles with the vertices of
the original triangle. Then, the center triangle is removed, completing the first stage of the basic construction process.
This undo will produce three congruent triangles whose sides are half the sides of the original triangle. Repeat the above
process for each of these three triangles. Repeat the same process for the obtained triangles (Assis, 2008; Kuo and Piazza,
2011).
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Figure 1. Distribution strategy of self-similar fractals for the generation of PCs. Reprinted [adapted] from Reha and
Bouchouirbat (2018).

For the implementation of PCs in this work, we used fractals quasi-Sierpinski carpet and an adapted version of the
distribution for square and circular inclusions.

2. MATHEMATICAL FORMULATION

2.1 Plane Wave Expansion

This section presents briefly the PWE formulation for a 2D PC thin plate and the fractals distribution parameters, more
details can be found in references Vasseur et al. (1994) and Huang et al. (2017). The PC shown the scheme including
geometric for square and circular cross-section for the inclusions, presented in Fig. 2(a-b). It is an infinite periodic array
of inclusions attached periodically in a host matrix made with isotropic materials. The PWE method is used to determine
band structure, also known as dispersion relation. The wave propagation is restricted to the plane (x − y), the system is
obtained solving the eigenvalue problem only for First Irreducible Brillouin Zone (FIBZ) (Fig. 2(c)).

(a) (b) (c)
Figure 2. (a) Square and (b) circular cross section for iteration 1 in fractal quasi-Sierpinski ; (c) First irreducible Brillouin

zone (FIBZ).
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The govern differential equation for a bending thin plate with uniform thickness is given by Sigalas and Economou
(1992):
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where w is the transverse displacement in the z-direction, D = Eh3

12(1−ν2) is the flexural rigidity with E being the Young’s
modulus and ν is the Poisson’s ratio. The other parameters are given by α = ρh, β = Dν, and γ = D(1 − ν). These
parameters are periodic functions of the position vector r(x, y). Using Floquet-Bloch’s theorem, the displacement fields
of flexural waves in the PC thin plate can be expressed as:

w(r, t) = ej(k·r−ωt)wk(r), (2)

where k = (kx, ky) is the Bloch wave vector, ω is the angular frequency, t is the time and j =
√
−1. The parameter wk

is a periodic function with the same spatial periodicity as the structure and can be expanded in Fourier series as

wk =
∑
g1

ejg1·rAg1
, (3)

where g1 = 2π
a (n1, n2) is 2D reciprocal lattice vector for square lattice with n1 and n2 ranging from 0,±1,±2, ...,±n,

a is the lattice parameter and Ag1
is the corresponding Fourier coefficient.

The plate parameters, α(r), β(r), D(r) and γ(r), also expand in a Fourier series as:

H(r) =
∑
g2

ejg2·rHg2
, (4)

where H(r) is only one plate parameters and the corresponding Fourier coefficient is given by:

Hg2 =

{
fHA + (1− f)HB for g2 = 0
(HA −HB)Fg2 for g2 6= 0

, (5)

where g2 = 2π
a (n̄1, n̄2), with n̄1 and n̄2 range from 0,±1,±2, ...,±n, Hg2

refers to a Toeplitz matrix. The function f
is defined as the ratio between the cross sectional area of a cylinder and primitive unit cell, i.e., filling fraction of each
inclusion. Fg2 is the structure function, defined as:

Fg2 =
1

S

∫
S

e−jg·rdr2, (6)

where S refers to the area of the unit cell and the integral operator being calculated over the cross section of the material
A.

1. For circular cylinder inclusions with radius ro, we have:

f =
πr2o
a2 and Fg2 = 2f

|g2|ro J1(|g2|ro) , (7)

with J1(|g2|ro) is the Bessel function of the first kind.

2. For square section of width 2 · l

f = 2l2

a2 and Fg2 = f sin (g1l)
(g1l)

· sin (g2l)
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, (8)

Substituting Eqs. (2) - (4) in Eq. (1), after some mathematical manipulations, we can express the following eigenvalue
problem:
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where g3 = g1 + g2. Furthermore, Eq. (9) can be rewritten in a matrix form:

ω2PAk+g1 = QAk+g1 , (10)

where ω is the eigenfrequency and can be obtained by solving Eq. (10) for each real value of Bloch vector k within FIBZ.
Yao et al. (2009) and Vasseur et al. (1994) show more details for deriving this formulation.

The squared unit cell center (size a) is the coordinate origin. The number of grids for the L-stage is N = M2L, where
M is the initial grid number of the 1st-stage, and K is the number of gray sub-squares in the x or y direction. For the gray
sub-squares in the central scatter, the central position of each sub-square can be defined as ri = rb + a

ML (s − 1), s =
1, ...,KML−1, where i = x, y; rb = a(1−KML−1)/2ML represents the initial position of the first scale. Fig. 3 showns
the scheme example for distribution and positioning of fractals from the second stage.

Figure 3. Distribution and positioning of fractals from the second stage. Reprinted [adapted] from Huang et al. (2017).

2.2 Band Structures for PCs

We calculate first the band structure of a PC thin plate composed by square section (Fig. 2 a). Single unit cell was
calculated with 441 plane waves (−10 ≤ nx,y ≤ 10). For the other cases, we use the supercell method linked at PWE
composed by 3 × 3 square inclusions and 1089 plane waves (−16 ≤ nx,y ≤ 16) (i.e., when we implement the cases
for stages 2 and 3 of fractals). The next steps consist of evaluating each iteration of fractal distribution and the influence
along the PC band structures.

(a) (b)
Figure 4. Iteration 1 and 2 in fractal quasi-Sierpinski for inclusions: (a) square and (b) cylinder.

3. SIMULATED RESULTS

The results found in Liu et al. (2007) and Huang et al. (2017) were replicated in the commercial finite element (FE)
software COMSOL (·) and compared with those obtained by the implementation of the PWE (o) method proposed in this
work and used for the phononic crystal case based on the Sierpinski carpet plane fractal in the first stage. The material
parameters used in this article are listed in Tab. 1. The results are shown in Fig. 5. In the initial analysis, the PWE method
was implemented only for a first-stage quasi-Sierpinski fractal, and will be implemented in the future for stages 2 and 3
of the fractal.

Table 1. Material properties

Material Density [kg/m3] Young’s Modulus [GPa]
Rubber 1,300 1.175

Pb 11,600 40

The convergence between the modes seen in the band structure calculated by PWE is very good when observing the
first modes calculated by FEM in COMSOL (Fig. 5). However, as the frequency increases, it can be observed that the
answers found no longer overlap. We use 441 plane waves are used in the following calculations. For low frequencies,
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Figure 5. Band structure comparison between COMSOL FEM and PWE of PC fractal with quasi-Sierpinski distribution
for square inclusions.

up to 800 Hz, we found a good convergence. However, from 1000 Hz forward, there is already a small shift between
responses.

The band structure shown in Fig. 6 was calculated only via finite elements, where we evaluate the behavior of the PC
from filling fraction increase from the variation of stages 1, 2 and 3 of the Sierpinski carpet. The bandgaps of the structure
bands are easily verified by increasing the fill fraction. Thus, a first full bandgap appears at frequency ranging from 380
to 560 Hz (Fig. 6 (a)).

Figure 6. Band structure of phononic crystal fractal with quasi-Sierpinski distribution for square inclusions.

In Fig. 6 (b), the first bandgap that appeared at low frequency does not exist and one large full-band gaps appeared
in the middle frequency range of 1335 to 1708 Hz. In addition to this wider bandgap, it was also possible to observe
the appearance of five more bandgaps with a small bandwidth, in the region of highest frequencies 1935, 2172, 2576 and
2785 Hz. On the third stage PC, in general, there was a small increase in the first bandwidth gap. The five bandgaps that
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appeared in the second stage were also found here. However, the bandgaps that existed in the mid/high frequency range
also had an increase in the frequency range where wave propagation attenuation occurs: 2009, 2894, 2468, 2655, and
2702 Hz.

As the first stage presented for the PC with square inclusion, as the initial filling fraction was the same, the response for
the circular case is similar, presenting the first complete bandgap in the frequency range ranging from 395 to 577 Hz (Fig.
7 (a)). In Fig. 7 (b), the first bandgap that appeared at low frequency does not exist and two large full-band gaps appeared
in the middle frequency range of 1410 to 1590 Hz and 1895 to 2087 Hz. In addition to these two wider bandgaps, it was
also possible to observe the appearance of four more bandgaps with a small bandwidth, in the frequencies of 935, 1220,
1700 and 2576 Hz.

Figure 7. Band structure of phononic crystal fractal with quasi-Sierpinski distribution for cylinder inclusions.

For the second stage fractal, a different answer is found. The first low frequency bandgap continues to be eliminated
when the filling fraction is increased and now two wider bandgaps appear: the first from 1425 to 1538 Hz and the second
from 1733 to 1958 Hz. And three other bandgaps with a width small band at: 1115, 1638 and 2611 Hz.

In the third stage (Fig. 7 (c)), it is observed that the two wider bandgaps that appear at middle frequencies in Fig. 7 (b)
disappear, having only a bandgap from 1610 to 1703 Hz. At high frequencies there is the existence of three more small
bandgaps at: 2115, 2468 and 2654 Hz.

4. FINAL REMARKS

The PWE method was used to evaluate PC band structures with quasi-Sierpinski fractal distribution. At first, PWE
was implemented only for the first stage of the fractal, the other stages are under development. A good convergence was
observed, mainly for low frequencies between the responses obtained by PWE and FE COMSOL (responses validated
with the work of Huang et al. (2017)). The influence of different fractal distribution stages was investigated, as well as
the behavior of fractals from circular inclusions.

Fig. 6 and 7 show the relationship between the increase in the filling fraction and the presence of wider and larger
bandgaps, since there was an increase from 1 to 5 bandgaps for the square inclusion case and to 4 for the inclusion cases
Circular. For both cases, the filling fraction has a significant impact on the bandwidth and in frequencies of bandgaps.
The increase in the PC filling fraction and the implementation of circular shapes were significant modifications and were
observed in the band structure of the Sierpinski carpet.
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