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Abstract. The growing production of data has made possible to use machine learning algorithms on mechanical engi-
neering problems that were not previously viable due the lack of data. Traditional numerical simulation sometimes might
have a huge computational cost, in such way that real time simulation might not be possible. Highly monitored locations
usually have a lot of sensors creating a log of historical data, for example temperature inside a data center along time, in
a such way that modeling the physical conditions inside this site is more viable using machine learning techniques than
traditional numerical simulation. Since machine learning algorithms do not require mathematical models of the physical
problem to get real results, the use of these techniques would facilitate the entire process of modelling the problem when
comparing to traditional simulation. In this work, a machine learning model focused on lid driven cavity flow, is devel-
oped using feed-forward neural networks based on data results obtained by traditional numerical methods, such as first
order projection method. The use of these techniques does not require the use of Navier-Stokes equation to create reliable
results. This means that, the algorithm is able to create its own mathematical model based only on data. Also, machine
learning algorithms, after the training process, do not require a lot of computational power to process data, in such a way
that the simulation time has been drastically reduced when compared to conventional numerical simulation methods. The
final results precision, using machine learning techniques, has not been significantly affected in a way that is possible to
obtain reliable results through this method.
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1. INTRODUCTION

Fluid mechanics experiments and simulations traditionally deal with a vast amount of data. The growth of data
available nowadays permeates the most diverse scientific areas. A great confluence is taking place with the combination
of growth of data, advances in computational technologies and reduction of computational costs, abundance of open
sources solutions available and large investment looking for data-driven solutions. Due this, machine learning begins to
make rapid advances in the context of fluid mechanics (Brunton et al., 2020).

Machine learning provides fast tools to solve fluid mechanics challenges, such as experimental data processing, shape
optimization, turbulence analysis, and control tools. Despite the growing impact of machine learning algorithms on fluid
mechanics today, in the early 1940s, Kolmogorov envisioned the study of turbulence as one of the main fields of appli-
cation of machine learning (Brunton et al., 2020). In the late 1980s, at one of the great advances in machine learning
models, the development of error back-propagation models allowed the advancement of multi layer neural networks (Ag-
garwal, 2018; Brunton et al., 2020), which raised the possibility of usability of the tool. Thus, in the early 1990s, several
applications of neural networks for fluid mechanics emerged, such as the identification and configuration of multiphase
flows (Bishop and James, 1993; Brunton et al., 2020).

In recent years there has been a new wave of advances in the field of machine learning for fluid mechanics. Part of
this interest is due to the great advances in the area of deep learning in recent years. The application of fluid mechanics
problem solving with the aid of machine learning algorithms is the most diverse, such as temperature control in mission
critical environments such as data centers (Song et al., 2014), prediction of premature arrival of injected fluids in oil
reservoirs (Bai and Tahmasebi, 2020), predict aneurysm growth (Jiang et al., 2020), predict thermal conductivity and
dynamic viscosity of magnetic nanofluids (Esfe et al., 2015).

In this work a neural network is trained to solve the classical lid driven cavity flow. In section 2 the machine learning
methodology and model description is presented among a brief historical path of the classical numerical methodology. In
section 3 results are shown. In section 4 a brief conclusion is presented.
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2. METODOLOGY

2.1 Lid Driven Cavity Flow and Traditional Approach

Since early 1960’s (Kawaguti, 1961; Burggraf, 1966), the classic problem of the lid driven cavity flow, Fig. 1, has
been used as benchmark for 2D Navier-Stokes numerical solution (Ghia et al., 1982; Erturk et al., 2005; Marchi et al.,
2009).This is a two-dimensional theoretical problem where the driven force of the fluid flow is given by the movement
of the top wall, due the no slip condition, the near wall fluid starts the motion creating a central vortex on the cavity
(Burggraf, 1966).
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Figure 1. Ilustration of the lid driven cavity flow. Only the top wall moves while all other three are fixed.

The governing equations of this phenomena are the incompressible Navier-Stokes equations, given by

∇ · u = 0, (1)

and,

∂u

∂t
= −u · ∇u−∇p+

1

Re
∇2u, (2)

where∇ is the nabla operator, u is the vector velocity, t represents time, p is the pressure field and

Re =
ρUD

µ
, (3)

is Reynold’s number, where ρ is the specific mass, U is the flow speed, D is the side lenght of the square cavity and µ
is the kinematic viscosity of the fluid.

This classical benchmark is used to verify how accurate a solution is for the 2-D Navier-Stokes equation. There are
many methods to solve unsteady Navier-Stokes equation using finite difference method. The data-set used in this paper to
train the feed-forward neural network was generated using a first order projection method developed by Chorin (1968) to
solve the unsteady equation. This method was applied using a Python code with Numpy and Numba libraries. This work
only studies laminar flow, the data-set contains results with Reynold’s number starting at 20 and increasing up to 1000
with a step of 20, i.e., Re = 20Γ where Γ = {1, 2, 3, ..., 49, 50}.

To select the number of elements of the mesh it is necessary to analyse the mesh convergence increasing the number
of elements up to a point where there are no significantly changes on the final result. On this work, however, this study
was not made since the final result obtained by the machine learning approach will be compared only with the numerical
result. It was selected a mesh shape with (26 × 27) elements to solve horizontal component of velocity (u), (27 × 26)
elements to solve vertical component of velocity (v) and (27 × 27) elements to solve pressure field (p). The difference
between the number of elements is due a staggered grid implemented (Chorin, 1968; Bell et al., 1989).

2.2 Machine Learning Approach

The most basic neural network is the multi layer Perceptron, based on Rosenblatt (1958) Perceptron’s. The Percep-
tron’s conception consists on a single neuron with adjustable synaptic weights (w). A neuron, on neural networks context,
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is a node where all data is united by linear regression and added a bias (b). In such a way that Perceptron’s might be
written as:

z =

m∑
i=1

wixi + b (4)

Where m is the total of neurons on the layer. Let x0 = 1 thus w0x0 = b, rewriting Eq. (4):

z =

m∑
i=0

wixi (5)

An schematic view of Rosenblatt (1958) perceptron’s might be seen on Fig. 2.
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Figure 2. Schematic view of Rosenblatt’s Perceptron.

The synaptic weights are updated using the stochastic gradient descend method given by (Aggarwal, 2018; Geron,
2019; Goodfellow, 2016):

wnew = w − η∇wf(w). (6)

Where η is the learning rate and f is the loss function used to find the optimal value of the synaptic weights. Loss
functions are used to identify how far are predicted values (ŷ) from real values (y) among the total of samples (t). The loss
function used in this paper is the Mean Squared Error (MSE) described by (Aggarwal, 2018; Geron, 2019; Goodfellow,
2016):

MSE =
1

t

t∑
i=1

(ŷi − yi)2 (7)

2.3 Model Description

To solve the lid driven cavity flow problem, three different multi-layer Perceptrons (MLP) were modeled using an
open source library called TensorFlow. A MLP is only an association of Perceptrons used to gain more complexity to
solve more complex problems, each of these MLPs would be responsible to solve one of the main properties evaluated on
this problem:

• The first one solves horizontal velocity component (u)

• The second one solves the vertical velocity component (v)

• The third one solves the pressure field (p).

All of them were modeled using the same amount of inputs in a way that the first layer have 2 neurons. One is inputted
with Reynold’s number and the second one with the time step, as the data-set contains transient results. The main goal of
these models is to solve the entire cavity mesh as the numerical method would do, so the output must be the entire mesh
so the output layer for velocity models must have 702 neurons and for the pressure field 729 neurons. This difference is
due to the staggered grid used on the projection method (Chorin, 1968; Bell et al., 1989). The number of neurons on the
hidden layer were chosen in such a way that all layers are linearly spaced. The Tab. 1 describes the model used.

Table 1. Model characteristics

Model Mesh shape Input Neurons Hidden Neurons Output Neurons
u (26× 27) 2 352 702
v (27× 26) 2 353 702
p (27× 27) 2 366 729
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To obtain the correct synaptic weights, the MSE function, described in the Eq. (7), was chosen as loss function.
The chosen optimizer was the stochastic gradient descent with learning rate η = 0.05, since validation loss have been
monitored during training, overshooting was prevented with early stopping. For the early stop criteria, it was chosen that
training should be terminated when reaching the minimum loss function given 30 new epochs, being restored the value of
the synaptic weights from the moment that the lowest value was reached. Only the hidden layer has an activation function,
the chosen one being the Rectified Linear Unit (ReLU).

3. RESULTS

3.1 Loss Function

The monitoring of the loss function is extremely important to identify how efficient was the training process. Figures
3, 4 and 5 illustrate the behavior of the function for the three models during training. Note that the parameter chosen for
η does not exceed the convergence threshold and was not too small either, since convergence occurred in approximately
200 epochs for the three cases.

Figure 3. Loss function for Model u

Figure 4. Loss function for Model v
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Figure 5. Loss function for Model (p)

Thus, all three models were trained in a satisfactory manner, making it possible to predict the behavior of a fluid
through neural networks. The final result of the loss function for each of the models is illustrated in the table 2.

Table 2. Results after train.

Model Loss (MSE)
u 0,0009149
v 0,0011427
p 0,0014869

3.2 Comparison Between Numerical and Neural Networks

For a better view of the obtained results, an arbitrary value present in the test data-set was chosen to perform the
comparison between the result obtained numerically and through the neural network, as this result comes from test data-
set, it was not previously seen by the model. The chosen value has Re = 220 and t = 5.78, that is, these are the input
values for the neural network.

(a) (b)
Figure 6. Streamlines and pressure field for Re = 220 and t = 5.78. It is shown results obtained by Neural Networks (a)

and Numerical (b)

Note that the results presented in Fig. 6 are very similar. The possibility of using the trained neural network as a
way of predicting the behavior of the fluid confined in a cavity becomes clear. There are some regions that show some
divergences, such as the vortex located in the lower right corner of the cavity. In the numerical case it is more defined
while the case obtained via neural networks presents discrepancies. Furthermore, observing the pressure field, it is noted
that in the central region the shape of the drop present in the numerical result is more defined when compared to the result
obtained via neural networks.

To improve the comparison of results, the values obtained for u in the region of the vertical center-line (x = 0.5) were
observed, displayed in the Fig. 7.



R.W.C. Rodrigues Filho and A.P. Rosa
A Machine Learning Approach to Solve the Lid Driven Cavity Flow

Figure 7. Comparison of velocity component (u) given x = 0.5 for Re = 220 and t = 5.78

There are few differences when comparing the two results, showing once again the possibility of using neural networks
with multi layer perceptron architecture to solve the proposed problem.

Following the same procedure, this time for velocity (v) and horizontal centerline (y = 0.5), the results presented in
Fig. 8 were obtained.

Figure 8. Comparison of velocity component (v) given y = 0.5 for Re = 220 and t = 5.78

Once again, it is shown that the results obtained through neural networks show little divergence when compared to the
numerical solution.

To visualize the last trained model, the results obtained for the pressure along the lines (x = 0.5) and (y = 0.5) in the
Fig 9 and 10 respectively
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Figure 9. Comparison of (p) given y = 0.5 for Re = 220 and t = 5.78

Figure 10. Comparison of (p) given x = 0.5 for Re = 220 and t = 5.78

For both cases, the behavior of the curve obtained through the neural network algorithm is similar to the behavior of the
curve obtained numerically, however, the values have a greater discrepancy when compared to the results of velocities.
This had already been evidenced in the Fig. 6, when observing the drop shape existing in the central region of the
numerical result.

The simulation time using the numerical method cited on section 2, final time 5.78 and Reynold’s number 220 is
18.4 seconds. While using neural networks, after training, the time elapsed is only 0.16 seconds, over 100 times faster.
However, to train the algorithm it is necessary to create a large data-set, in this case with 75000 simulations, which in
this case took around 8 days. Also, the training process takes around 2 hours for each model, giving a total time of 6
hours. The neural network training was done using Google Colab and numerical simulation on Linux 5.11.0-27 core i7
8th generation. So, the process of creating a model takes a longer time when compared to a single numerical simulation.
Nevertheless a neural network model is a long time use alternative to get faster results, for example during the process of
design decision in an engineering project.

4. CONCLUSION

The results show that Neural Networks might be a useful tool for a faster analysis of CFD models. A simple model
with only one hidden layer might not be the best approach in a way that it seems necessary to do a deeper analysis using
Deep Learning approaches, i.e., using more hidden layers to get better results. Also, an analysis of the results may indicate
the necessity of a larger number of epochs to improve pressure results.
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This is a preliminary study and there are future analysis that must be done to improve the case study. Such as, analyze
different neural networks architecture.
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