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Abstract. This work objective is to evaluate the heat transfer in the stagnation point of a space vehicle with a blunt body
geometry during its entrance into the atmosphere. These data are extremely important for the development of a thermal
protection system. The five approximate methods used were: Tauber, Van Driest, Fay-Riddell, Detra-Hidalgo, and Sutton-
Graves, all these methods were implemented in a programming language known as Fortran 90/95 along with the Standard
Atmosphere of 1976 and other four methods to obtain the air properties after the normal shock wave, where one of these
methods is the perfect gas model and the other three are the thermodynamic equilibrium. The integration of the heat
flux with respect to the trajectory time results in the heat load, in the present work it was considered three different wall
temperatures in the vehicle: 1000 K, 2000K, and 3000 K. Lastly, it’s shown the graphics of the heat flux with respect to
trajectory time, and then a comparison between the heat load for each method. The heat flux method that presented the
highest values of heat load was Detra-Hidalgo with 264.0 MJ/m? for a wall temperature of 1000 K and 209.0 MJ/m? in a
3000 K wall temperature.
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1. INTRODUCTION

Whenever a space vehicle (SV) is re-entering the atmosphere, it becomes exposed to high temperatures (Regan and
Anandakrishnan, 1993), therefore developing a thermal protection system (TPS) is a must, but first is necessary to evaluate
the maximum value of heat flux, along with the heat load, data such as this are crucial for design aspects.

There are two ways of analysing the heating problem in the stagnation point of an SV re-entering the atmosphere,
by using computational fluid dynamics (CFD) or approximate methods. Even though CFD simulations are excellent in
outputting results, it takes a lot of time to converge, meanwhile, approximate methods show good results with a time
convergence lower (Anderson Junior, 2006).

Considering the information above, this work’s main objective is to show how data are obtained about the aerodynamic
heating that happens in the stagnation point of the Brazilian microsatellite SARA while considering the approximate
methods. It is important to mention that this numerical analysis was accomplished through the programming language
Fortran 90/95 (Chapman, 2018), and is restricted to a space vehicle with a blunt body geometry (Anderson Junior, 2006),
re-entering with a 0° angle of attack.

Through the trajectory is possible to obtain the properties of the air at any point of altitude using the Standard Atmo-
sphere of 1976. Since in most of the trajectory time the SV Mach number is higher than 1, a shock wave is going to be
formed ahead of the SV nose, this phenomenon alters the air properties and it needs to be accounted for, this can be done
through the perfect gas model or the thermodynamic equilibrium.

The last step consists of applying the convective heat transfer methods or approximate methods, which were: Tauber,
Van Driest, Fay-Riddell, Detra-Hidalgo, and Sutton-Graves. The approach using Detra-Hidalgos’s method presented the
highest values of heat flux and heat load for all the three wall temperatures tested.

2. METHODS

To come to the heat flux values and compare them, it is necessary to first obtain the properties of the air before
and after the normal shock wave as represented in Fig. 1. The only approach that uses the properties directly from the
thermodynamic equilibrium is Fay-Riddell’s method.

Over the years, one method of obtaining the high-temperature properties of air through the thermodynamic equilibrium
suffered three modifications. The difference between every new version was that the polynomial relation responsible for
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returning the data received a higher order. All three variants were used in this work so that it was also possible to compare
the results.

Figure 2 shows the trajectory of the microsatellite SARA (Toro et al., 2004). This SV starts its entrance about 300 km
of altitude with a velocity of around 7600 m/s, it is also notable that it reaches the maximum velocity at 93 km of altitude
or with a time trajectory of 1475 seconds. The total trajectory time is close to 2000 s.

The streamline conditions shown in Fig. 1 are achieved by using the trajectory information and the U.S. Standard
Atmosphere of 1976 (COESA, 1976). It is important to mention that the SARA nose radius (Rgy ) is 0.2678 m, and it
was only considered the aerodynamic heating below 92 km of altitude.
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Figure 2. Trajectory of the microsatellite SARA (Toro et al., 2004).

2.1 ATMOSPHERIC MODEL OF 1976

Regan and Anandakrishnan (1993) described how to use the U.S. Standard Atmosphere of 1976 (COESA, 1976), this
atmospheric model will provide information such as temperature, pressure, and density as a function of altitude. In this
model, the atmosphere was divided into layers. The behave of the temperature as a function of altitude will be different
in every layer and the rate of change between these two variables is known as thermal lapse rate, or,

dr
Lz, =—|, 1
zi= i (1)
at Eq. 1, T is the molecular temperature (K), Z is the geometric altitude (km) and the subscript ":" denotes the layer.

The temperature 77, which is the streamline temperature, or the temperature before the normal shock is calculated
with the following equation:

Tyv=Ti+ Lz - (Z — Zy), 2

Z (km) is the altitude value at which the SV is at a specific time. Once the thermal lapse rate is equal to 0, the temperature
T has the same value as T;, meanwhile P; (N/m?) and p; (kg/m?) are calculated by:

neren] (55) (1-b o).
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Analysing Eq. 3 and Eq. 4, P; (N/m?) and p; (kg/m?) are the pressure and density at specific layer, g represents the
gravitational acceleration with approximate value of 9.81 m/s2, R is the universal gas constant (8314.0 J/kmol-K) and b
has a constant value of 3.139-10~7/m. Whenever L; = 0, T1 must be calculated using Eq. 2, meanwhile P; and p; are
found through:

p=p [( Lz ) (2 - 2) +1}[(R'L2i>.(l+b(£i&))] eap Ké‘q,'b ) '(Z—Zi)} 7 5)

R-T, Lz;
e [(RLZ}z) (Z—-7Z) + 1:|_[(szzi)'(R'?Zi-‘rl‘f‘b(;;i_Zi))] eap {(Rg -LbZi) (Z- Zi):| . ©)

Table 1 indicates the information necessary to use the previous equations. Since this work is limited to 92 km of
altitude, to obtain the temperature (77) and the thermal lapse rate (L z;) from 91 km until 110.0 km of altitude,

7 7 97 1/2
Ty =T.+A- 1—( - 8) : (7)
9 97 —1/2
dfTﬁié Z — 7y . Z — 7y ®)
dzZ a. Qe Qe ’
where T¢, A. and a. are constants, and its values are 263.1902 K, -76.3232 K and -19.9429 km respectively.
Table 1. Atmosphere layers information up to 91 km of geometric altitude (Regan and Anandakrishnan, 1993).
Layer index Geometric altitude Z (km) Molecular temperature 7; (K) Thermal lapse rate Lz; (K/km)
0 0.0 288.150 65
1 11.0102 216.650 0‘0
2 20.0631 216.650 +1' 0
3 32.1619 228.650 +2.8
4 47.3501 270.650 0 0
5 51.4125 270.650 _2' 7
6 71.8020 214.650 _2‘0
7 86.0 186.946 0 0
8 91.0 186.946 ’
The speed of sound (vs) in m/s and Mach number (1) are found through:
Vs = (7 : Rair . T1)0.5 3 (9)
My =1, (10)
Vs

where the heat capacity ratio v assumes the constant value of 1.4 and R,;, represents the constant of the air with an
approximate value of 287.05 J/kg-K, v is the trajectory speed (m/s).

2.2 PROPERTIES OF THE AIR AFTER THE SHOCK WAVE

As demonstrated by Anderson Junior (2003), the air properties after the normal shock can be found considering the
perfect gas model, these correlations will only vary with the values of the properties before the normal shock, so,

p2 (y+1)-M?

RN e B W 1
pr 24 (7—1)-M? (11)

P. 2.
s 2
P1 ’Y+1

T, ) 2-7] [2+(71)~M12
L= |1+ (M?-1)- . , 13
Ty S v+1 (y+1)- M} 4

(M? —1), (12)
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for this model, + still has a constant value of 1.4. In the Eq. 11, p, (N/m?) will be the density after the normal shock. The
same is done in Eq. 12 and Eq. 13, where the variables P» and 75 represent the pressure and temperature after the normal
shock.

Figure 3 establishes a representation of these variables, whereas a similar illustration is found in the book of Anderson
Junior (2006).

The high values of Mach number which the SV experience create a very strong shock wave due to its blunt body
geometry, this turns the region ahead of the nose into a high temperature zone, the problem relies on the fact that at high
temperatures the present molecules in the air such as oxygen and nitrogen start to dissociate or even ionize (Anderson
Junior, 2006), this reaction of breaking molecules consumes a great amount of energy to the extent that the temperature
in that point will be lower than the values presented in the perfect gas model since it does not account for these reactions.

Using the thermodynamic equilibrium is possible to find more realistic data about the properties of the air after the
normal shock (Anderson Junior, 2006). All this can be made through tabulated data and polynomial correlations as
demonstrated in the works of Tannehill and Mohling (1972), Tannehill and Mugge (1974) and Srinivasan et al. (1987),
the difference between these works is that in every last one, an even higher degree polynomial correlations was created.

Velocity (v3), enthalpy (h3) and density (p3) represented in Fig. 3 are found from momentum, energy equations and
continuity (Anderson Junior, 2003), however pressure (F5) and temperature (75) are obtained as functions of other two

properties.
Normal Shock

Standard Perfect Gas Thermodynamic
Atmosphere Equilibrium

1976

Vi V2 Vi
P, P P
hi h: h:
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T, T: T:

Figure 3. Representation of the properties to be calculated.

The procedure for the use of any thermodynamic equilibrium model mentioned before is very similar, therefore, this
work will only describe the implementation of the newest model, which is the one presented in 1987 (Srinivasan et al.,
1987). The steps shown below are also present in the book "Hypersonic and high-temperature gas dynamics" (Anderson
Junior, 2006). Firstly, the flow is considered to be one-dimensional and steady, this way:

P11

V3 ) (14)
P2
2 P1
P2:P1+P1'U1'(1_>7 (15)
P32
v} 2
hy =yt L 1_(P1) , (16)
2 p3
For this model, pressure is determined as a function of internal energy and density, or:
Py = P(es, p3), (17)
Py =p3 ez (Jros7 — 1) (18)

The heat capacity ratio for the thermodynamic equilibrium is not constant, this way, J;19g7 is calculated using the
following polynomial correlation:

Y1987 = a1+ axY +a3Z +asY Z + a5Y2 + a6Z2 + CL7YZZ + agY22 + a9Y3 + CL1()ZB+
((111 —+ ang + (1132 —+ (114YZ —+ CL15Y2 + (116Z2 —+ a17Y2Z —+ angZz —+ a19Y3 —+ aQOZS)/ (19)
[1 + €.I‘p(CL21 + a2Y + as3Z + Cl24YZ)],

in this equation, a1, as, ..., az4 are constants that are found in tabulated data (Srinivasan et al., 1987) and depend on the
values of Y and Z:

Y = log;o(pz/po), (20)
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Z =logy(e3/78410.4), (2D

in Eq. 19 the signal adopted in £ will depend on the constants that are being used, pg in Eq. 20 is the density at 273.15 K
and 101.325 kN/m?.
To evaluate the temperature (75), Eq. 22 is used, where Z is given by Eq. 23, therefore:

log,o(T5/273.15) 1987 = by + b2Y +b3Z +b4Y Z + bsY2 + b6 Z2 +b7Y2Z + bsY Z? +bgY> + b1oZ3+

(b1 +b12Y + 0132 +b14Y Z +b15Y? + b1 2% + b7 Y22+ (22)
bisY Z% 4+ bioY? + bao Z%) /[1 £ eap(bor + beoY + bogZ + bos Y Z)],
Z=X-Y, (23)
X = logo(P5/101325). (24)

Since the value of ps is not known, a numerical routine must be created in order to obtain these properties (Anderson
Junior, 2006). First, the ratio p1 /p3 is assume to be a low value such as 0.1, with that, pressure (P5) and enthalpy (hs) are
calculated from Eq. 15 and Eq. 16. The next step is obtain the internal energy (e3) from,

es = hy — (P2/p3), (25)

now with the values of Y and Z from Eq. 20 and Eq. 21 the heat capacity ratio (719s7) is calculated and a new value of p3
is determined with Eq. 18, with all that, a new ratio p;/p3 is generated, this entire process must be repeated from 3 to 5
times so that a good convergence is acquired. With all these properties calculated, the temperature (75) from Eq. 22 can
be obtained.

3. APPROXIMATE METHODS AND HEAT LOAD

Before describing the convective heat transfer approximate methods is of great importance to define the wall temper-
ature (77,) of the TPS, in this work, T, is considered to be constant over the entire trajectory and assume three possible
values: 1000 K, 2000 K, and 3000 K.

3.1 TAUBER

Equation 26 was proposed by Tauber et al. (1986), where the heat flux ¢; is given in W/cm?, N and M are constants
that if the stagnation point is being considered, assume the values of 0.5 and 3 respectively. C is determined using Eq. 27,
p1 needs to be in kg/m? and v; must be given in m/s.

g =pN -0 M. C. (26)

C=1.83-10"% Rsy - (1 — hy/ho). (27)

In Eq. 27, Rgy represents the nose radius of SARA (m), also shown in Fig. 1. h, (J/kg) and h,, (J/kg) are the total
and wall enthalpy, thus,

2

ho = hy + % (28)
h = ¢ - T, (29)

at Eq. 28, h; is the air enthalpy (J/kg) before the normal shock, and ¢, in Eq. 29 is the specific heat capacity with a
constant value of 1004.5 J/kg-K. This approach considers a fully catalytic surface.

3.2 VAN DRIEST

Van Driest (1956) suggested the following expression to obtain the heat transfer ¢,; (W/m?) in a spherical nose and
laminar flow,

d’UQ
dx
Pr is the Prandtl number with a constant value of 0.71, the coefficient of viscosity po (kg/m-s) is found through the

Sutherland equation (Anderson Jr., 2006). In Eq. 30, dvs /d2 and h,,, are the velocity gradient and adiabatic wall enthalpy
k),

Goqg = 0.763 - Pr=06 . (pypup)t/? . - (haw — hw), (30)

dve 1 [2-(B—P) 31)
dxr  Rgv P2 ’
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haw = ha +1(ho — h2), (32)

ho is the enthalpy after the normal shock in J/kg and r is the recovery factor which represents the square root of the Prandtl
number.

3.3 SUTTON-GRAVES

Another simple way of finding the heat transfer in the stagnation point is represented in Eq. 33, where A is a constant
determined by Sutton-Graves (Alber, 2012) with an approximate value of 1.75-10~% kg®%/m. g5, will be given in W/m?.
This method is valid for wall temperatures from 300 K until 1111 K and pressures of 101.325 N/m? up to 1.013-107 N/m?.

. A 0.5 3
g = ———— 9, . 33
Gig = =" 33)
3.4 DETRA-HIDALGO

Equation 34 was adjusted so that Detra and Hidalgo (1961) method will work with the units of Rgy and vy in m
and m/s respectively, the result of this equation (qg;,) is W/cm?, p, represents the air density at ground level (kg/m?3) and
hwsoo (J/kg) is the wall enthalpy at 300 K. This method is limited to v, of 1828.8 m/s up to 7924.8 m/s and density ratio
p1/po from 8-10° until 1.

=

865 0.30481-u1>3‘1° o1 ( ho — ha )
= 1.1356 - : S P R 34
ddn L/O.3048—1-R5V ( 104 Po \ho — husoo G

3.5 FAY-RIDDELL

At last, the method proposed by Fay and Riddell (1958) is shown below, it is also the only method that considers the
thermodynamic equilibrium in a direct way to obtain the required variables and returns the heat flux ¢}, in W/m?, hence,

d’UQ

. _ h
qrr = 0.76 - Pr 06 (pQ/LQ)OA ) (pwﬂw)o'l ’ dr : (hoe - hw) : [1 + (L60'52 - 1) D] ) (35)

hoe

if the stagnation temperature is close to 2500 K, a change can be made in Eq. 35 as demonstrated in the work of Ilich ez al.
(2017), for this case, the dissociation of nitrogen will not happen, therefore, Lewis number (Le) is equal to 1, and Eq. 35
becomes,

. _ [ dv
qpr = 0.76 - Pr 06. (pQMQ)OA : (pwﬂw)&l ) T; “(hoe = huw). (36)

Analysing Eq. 36, the density p,, (kg/m3) and ., (kg/m-s) are properties evaluated in the wall of the SV, h,. is the
enthalpy found at the outer edge of the boundary layer in J/kg, therefore,

Do ‘w?m

hoe = h? + 37

3.6 HEAT LOAD

The integration of any previously approximate method with respect to the trajectory time results in the heat load Q.
To implement this, a trapezoidal rule can be used, so,

ty . .
Q=/ q;udt%At~<qu+c1'2+cjs+...+f)7 (38)
tv

i

t; and t are the initial and final time respectively, ., is the heat flux as function of time. On the other side of Eq. 38, At
is an increment of time in seconds and ¢,,, n=1, 2, 3,..., F, are values of heat flux in every instant of the trajectory time.
Assuming that the values of ¢,, are given in W/m?, @) will be found in J/m?2.

4. RESULTS AND DISCUSSIONS

Figure 4 shows the validation of the streamline conditions from the Standard Atmosphere of 1976 (COESA, 1976).
Other information such as enthalpy (h1) and Mach number (M) are easily obtained from these data.
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Figure 4. Validation of the data obtained through the U. S. Standard Atmosphere of 1976 (COESA, 1976).

Regarding the properties after the normal shock, Fig. 5 demonstrate a comparison between the pressure and tempera-
ture calculated from the perfect gas model and the thermodynamic equilibrium of 1987 (Srinivasan et al., 1987).

The results considering the pressure were very close through the entire time that the normal shock was present, how-
ever, the maximum temperature generated with the perfect gas model exceeded the value of 30000 K at 85 km of altitude,
this output is unrealistic, a proof of this is that the thermodynamic equilibrium of 1987 (Srinivasan et al., 1987) returned
6060 K as the maximum value of temperature at 65 km of altitude.

The information in Fig. 5 is limited above 20 km because below this altitude the Mach number (M) becomes lower
than 1. The increment of time used in Eq. 38 was 5 seconds, and the reason for this is that the most critical moment
of heating in SARA’s stagnation point is below 92 km (1500 s) of altitude, since the normal shock is no longer present
around 20 km (1790 s), the time gap between these two points is 290 seconds, by using 5 seconds of increment it would
give 58 points to calculate the all the results, this number of points is enough to create a good precision.
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Figure 5. Comparison between the properties after the normal shock for the perfect gas model and thermodynamic
equilibrium of 1987 (Srinivasan et al., 1987).

4.1 HEAT FLUX

For the thermodynamic equilibrium, the heat capacity ratio is not constant as the perfect gas model, taking this into
account Fig. 6 shows a comparison between this ratio (¥) for every thermodynamic equilibrium model used. One notable
aspect in the behavior of the heat capacity ratio, is that as the  values get closer to 1.4 which is the value for the perfect gas
model, the temperatures after the normal shock (75) for these models will also become closer to temperature 75 obtained
through the perfect gas (Fig. 5), all this happens at about 36 km.

The results for the heat fluxes (MW/m?) with respect to the trajectory time (s) considering a wall temperature of 1000
K are shown in Fig. 7, where Detra-Hidalgo method presented the highest results among the approximate methods, and
Van Driest the lowest. Therefore, at an altitude of 58 km (1660 s) the maximum and minimum values of heat flux were
1.99 MW/m? and 1.52 MW/m?2,

The numbers 1, 2, and 3 in the legend of the figures below represent the three thermodynamic equilibrium models
used along with the Fay-Riddell approach. The number 1 stands for the model of 1972 (Tannehill and Mohling, 1972), 2
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for 1974 (Tannehill and Mugge, 1974), and 3 for the model of 1987 (Srinivasan et al., 1987).

The behavior of all the curves is very similar because all the approximate methods depend on the same properties of
air before the stagnation point, therefore, this outcome is expected.

Still considering the wall temperature of 1000K, Tauber and Sutton-Graves approach showed results very close to
each other as indicated in the red and blue curves. Even though Fay-Riddell method was evaluated using three different
thermodynamic equilibrium models, no great differences were found in the heat fluxes, the reason behind this is that
maybe SARA doesn’t get exposed to extreme conditions where differences among these data would be able to be noticed.
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Figure 6. Variation of heat capacity ratio for every thermodynamic equilibrium model.
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Figure 7. Approximate methods results for 7;, = 1000K.
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Figure 8. Approximate methods results for 7;, = 2000K.
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The same analysis can be done to the wall temperatures of 2000 K and 3000 K, where the maximum results between
Detra-Hidalgo and Van Driest for T, = 2000 K in Fig. 8 were 1.90 MW/m? and 1.44 MW/m? at 58 km (1660 s). Fig. 9
shows the results for 7}, = 3000 K where the maximum value for Detra-Hidalgo was 1.77 MW/m? and for Van Driest
1.35 MW/m? at the same point of altitude.

Sutton-Graves results are not present in the last two wall temperatures because as stated before, this method is only
valid for wall temperatures up to 1111 K. Nevertheless, no great differences were found between Fay-Riddell’s approach
in each specific wall temperature. The negative heat fluxes in all three wall temperatures after 1730 s (36 km) are explained
by the fact that at that instant the temperature in the wall is higher than in the air ahead of the SARA frontal nose, thus,
the heat transfer occurs in the opposite direction.

Something interesting to note is that considering the peak of heat flux, the Van Driest approach presented inferior
results when compared with the Fay-Riddel method, which considered the dissociative effects of oxygen. This information
is important because show how much these approximate methods are developed to present the most realistic situation.

L1 1 1 I L1 1 1 I 11 1 1 I L1 1 1 I L1 1 1
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Figure 9. Approximate methods results for 7;, = 3000K.

4.2 HEAT LOAD

Table 2 shows the heat loads obtained in every approximate method. As expected, Detra-Hidalgo’s method presented
the highest results in every wall temperature considered, where the maximum value found was 264.4 MJ/m? for a wall
temperature of 1000 K. Fay-Riddell’s method presented the lowest value with 157.7 MJ/m? when the wall temperature
was 3000 K, where once again the effects of the dissociation of the oxygen take responsibility since a fraction of the
energy is consumed to separate these molecules.

By analyzing any of these methods is possible to see that as the wall temperature increases, the heat load decrease in
a proportional way, creating the idea that these properties are practically inversely proportional, and this happens because
the heat transfer is always more prominent when there is a higher difference of temperature.

Table 2. Heat load values (MJ/m?) for every approximate method.

Approximate Method T,=1000K | T,, =2000K | T, =3000 K

Tauber et al. (1986) 244.5 226.7 209.0

Van Driest (1956) 200.0 184.7 169.4

Sutton and Graves (Alber, 2012) 250.7 - -

Detra and Hidalgo (1961) 264.0 248.1 232.2

1 - Fay and Riddell (1958) 214.4 191.9 172.4

2 - Fay and Riddell (1958) 214.8 192.3 172.7

3 - Fay and Riddell (1958) 208.9 181.8 157.7

5. CONCLUSION

The methods presented in this work should be used to create an initial analysis about the aerodynamic heating in a SV
in order to develop a TPS. If safety is the most important matter, Detra-Hidalgo method must be adopted since dealing



F. Silva and F. Gomes
On The Use Of Numerical Approximate Methods For Predicting The Heat Transfer During The Atmospheric Re-Entry Of A Blunt Body

with the highest values of heating will automatically counter inferior ones, in any case, other factors must receive attention
such as the heating caused through radiation, this topic was not taken into account in this work because SARA does not
achieve great values of velocity where radiation heating would be dangerous to the SV structure.

It was possible to see that models such as the perfect gas do not fit for the determination of the properties of air at high
temperatures, in this case, other models that consider the dissociation and ionization of air must be consulted, such as the
three thermodynamic equilibrium present in this work.

If in a given project stage what is request is to have a notion about the aerodynamic heating at the stagnation point,
the Tauber method should be used, since its implementation is simple and does not require the use of any thermodynamic
equilibrium model. Also, this approach has no limitation on wall temperatures.
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