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Abstract. The present paper investigates the waypoint-based guidance of an under-actuated multirotor aerial vehicle
(MAV) subject to bounded disturbances with unknown bounds. To address the problem, we adopt a hierarchical control
structure, in which the attitude and position control loops are nested inside an outer-loop guidance. A reduced-order
closed-loop dynamic model describing the inner control loops is obtained on the basis of a translation-rotation time-scale
separation assumption and considering the use of inverse dynamic stabilizing position and attitude control laws. This
model represents the dynamics of the stabilized heading and three-dimensional position, which are the four trackable
degrees of freedom of an under-actuated MAV. The afore-described model is employed in the design of the guidance law
using a multivariable adaptive global sliding mode control (AGSMC) technique. In particular, to effectively guarantee
a global sliding motion, the switching-gain adaptation law is designed to be monotonically increasing. The proposed
method is evaluated using numerical simulation, which verifies its effectiveness to robustly guide a vehicle, under com-
pletely unknown disturbances, along a specified waypoint sequence.

Keywords: sliding mode control, multirotor aerial vehicle, waypoint-based guidance.
1. INTRODUCTION

Thanks to their good maneuverability, vertical takeoff and landing capability, and relative simplicity, multirotor aerial
vehicles (MAV) have recently attracted interest for critical urban-air-mobility applications, such as air taxi (Rajendran
and Srinivas, 2020) and delivery (Park et al., 2016). In many of these tasks, it is interesting to use target points, so-called
waypoints, to indicate where the MAV have to go. Among the important aspects of the MAVs in such applications, two of
them are the stabilizing performance during the task, and the robust guidance of the vehicle along a desired trajectory. The
first has been investigated in many works in the last years (Akbar and Uchiyama, 2017; Zhang and Chen, 2005; Santos
and Cunha Jr, 2019; Nemati and Montazeri, 2018), but there are still few papers related to the second one (Shekhar et al.,
2015; Santos et al., 2015).

The vehicle dynamic equations are nonlinear and contain the unkown terms, represented by disturbances and uncer-
tanties. The disturbances are mainly caused by wind-structure interactions, while uncertainties represent parametric errors
and inaccuracy of the model. Shekhar et al. (2015) proposes a model predictive control with variable receding horizon to
cope with disturbances and uncertainties, resulting in an effective but complex control algorithm. Santos et al. (2015) ap-
proaches the waypoint-based position guidance problem for an MAV, which is subject to constant perturbations, is solved
using a model predictive controller. Nowadays, with the advance in robust control, particularly on the sliding mode con-
trol (SMC) methodology, it is possible to ensure robustness w.r.t. more general disturbances using a simpler approach.
However, in a real application of SMC, it is possible to perceive an oscillation with finite frequency and amplitude, the
so-called chattering (Lee and Utkin, 2007). This phenomenon is originated by the unmodeled dynamics and discrete-time
implementation, being amplified by an excessively large switching gain. Therefore, in the design of the SMC, it is desired
to obtain sufficiently large switching gain to compensate the disturbances, but without incurring a high overestimation,
which would cause an undesirable level of chattering.

The adaptive sliding mode control problem has been intensively investigated in the last decade (Huang et al., 2008;
Lee and Utkin, 2007; Plestan et al., 2010). Such a control method, in which the control gain is obtained by an adaptive
law, allows disturbance/uncertainties bounds to be unknown and becomes a suitable choice for practical applications.
Hence, a guidance law based on an ASMC technique would guarantee dependability for an MAV subject to unknown
disturbance/uncertainties bounds, given stabilizing position and attitude control laws. However, in SMC the system
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trajectories have two phases: the reaching and the sliding one. It turns out that the robustness property enssured by the
SMC is only valid in the latter phase. In particular, to avoid the reaching phase and provide robustness during all the time,
Cong et al. (2014) have investigated a time-varying global ASMC formulation.

The present work deals with the waypoints-based guidance of an under-actuated MAV. In this task, the MAV needs to
visit all of the specified waypoints in a given sequence. To face the problem, we adopt the hierarchical control structure
represented in Fig. 1, in which the guidance is a supervisory outer loop. Furthermore, the stabilizing flight control laws
are known and suitably tuned to guarantee that the attitude dynamics are faster than the translation ones. To ensure
robustness during all the movement, we adopt the adaptive global sliding mode control (AGSMC) introduced in Cong
et al. (2014). Using this methodology we can obtain a new robust guidance law with a simpler design than the one in
Shekhar ef al. (2015). Moreover, the guidance law provides appropriate position and heading commands to guarantee
the robust tracking performance w.r.t. more general disturbances than the ones considered in (Santos et al., 2015). In
summary, the main contributions of the present paper are: 1) the proposal of a waypoint-based guidance structure in
which the supervisory loop provides position and heading commands to the stabilizing inner loops; 2) a robust guidance
law that makes an under-actuated MAV, subject to disturbances and uncertainties with unknown bounds, visit a specified
sequence of waypoints.

{w:}

d
| o |
; Vi=1,...,n
Guidance u Flight : R MAV
Control
X

Figure 1. Hierarchical control scheme. X is the system state, u is the command provided by the guidance law, d is the
disturbance input, {w; } is the trackable waypoint sequence, @; is the spin command to ith rotor, and n,. is the number of
rotors.

The present work is structured as follows. Section 2 presents the mathematical modeling of an under-actuated MAV
and defines the paper’s main problem. Section 3 formulates the proposed guidance law. Section 4 evaluates the proposed
method using computer simulation. Finally, the Section 5 concludes this paper.

2. PROBLEM STATEMENT

This section defines the waypoint-based guidance problem. Subsection 2.1 presents the notation. Subsection 2.3
presents the mathematical modeling of a stabilized under-actuated MAV. Subsection 2.3 defines the paper’s main problem.

2.1 Notation

Denote real scalar quantities, column vectors, and matrices by italic lowercase letters, boldface lowercase letters, and
boldface uppercase letters, e.g., a € R, a € R", and A € R™*", respectively. Denote the 3 x 3 identity matrix by I3 and
the standard unit vectors of R3 by e; £ (1,0,0), ez £ (0,1,0), and e3 £ (0,0, 1). Denote three-dimensional geometric
(Euclidian) vectors by italic lowercase letters with an over arrow, e.g., 7, and three-dimensional points by uppercase
letters, such as B. The 2-norm and co-norm are denote by ||.|| and ||.||_, respectively. Consider S, £ {A; %y, Y, 24} to
represent a Cartesian coordenate system (CCS), where %, ,, and Z, are orthonormal geometric vectors with origin at
point A. The algebraic vector resulting from the projection of 7 onto S, is represented by r, € R3. The ith component of
the vector r, is denoted by 7, ;. Given the vector r,, we define r, ;.; as a partition of the ry, i.€., rg ;:; £ (Tais oy Tayj)-
Given the matrix A;, the component in the ¢th line and jth column is denoted by A; ;;. Moreover, assuming A, as a
diagonal matrix, we define Ay ;.; £ diag (Ai, ..., Aj;). Assuming Sy as other CCS, the attitude matrix that represents
the attitude of S, w.r.t. S, is denoted by D% € SO(3) £ {D € R**3 : DD = I3}. An important property of the
attitude matrix is r, = pY/ “r,. Finally, consider the vector product @ £ 7 x ¢. Given the S, representations r, and v,
of 7 and #, respectively, we can compute the S, representation w,, of 1 by w, = [r, x|v,, where [r,x] € R3*3 is the
skew-symmetric matrix

O —T3 T2
A
[I‘a X] = T3 0 -7 y
—T9 T1 0

with r1, 9, and r3 denoting the components of r,,.
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2.2 Mathematical modeling

Consider a Cartesian Coordinate System (CCS) S, £ {G; Z,, ¥,, 7, } fixed on the ground at a known point G, with
pointing upward vertically. Also consider another CCS S, £ {B; %, y, 2} fixed on the MAV airframe at its center of
mass B, with T, pointing forward, and z} pointing upward, normal to the airframe.

The six degrees of freedom (DOF) dynamics of an MAV is commonly described by (Silva Jr and Santos, 2020):

1 1
=b/g . d
¥/ = Ef; —ges + Efg’ (1)
I-)b/g _ {wg/gx} Db/g, )
Wyt =t [(wal;/g) x} w/ S+ I (s 1Y) 3)

where rg/ ¢ € R? is the S, representation of the position vector of S, w.rt. S;, m € R+ denotes the mass of the MAV,

g € R, denotes the gravity acceleration, f, ; € R?andf ; € R3 are the S, representations of the control and disturbance

forces, respectively, DY/ ¢ SO(3) is the attitude matrix of S w.r.t S, wg/ 9 € R3 denotes the S;, representation of the
angular velocity of &, w.r.t. S, J, € R3*3 denotes the S representation of the airframe inertia matrix, and 73 € R3 and
Tg € R3 are the control and disturbance torques, respectively.

The MAVs considered here are equipped with fixed (not vectoring and constant-pitch) and parallel rotors. Therefore,
they possess under-actuated dynamics that can produce four independent control inputs (torque in 3,3}, and 23, and force
in Z). To deal with such unde-actuated dynamics, we adopt a well-known hierarchical flight control structure in which
the attitude control is nested inside of the position control loop (Silva Jr and Santos, 2020; Santos and Cunha Jr, 2019).
Moreover, assuming that there is a time-scale separation between these two loops, in which the former is much faster than
latter, the attitude and position control laws can be designed separately (Silva Jr and Santos, 2020).

The adopted stabilizing attitude and position control laws are, respectively (Santos and Cunha Jr, 2019):

S (Kld N Ksz/g LIt {(wall;/g) x} wg/g) 7 4)

£y = —m (Ks (x/7 = /%) + Kail/? — ges ), 5)

where 7§ € R3 is the S, representation of the control torque command, f'gc € R3 is the S, representation of the control
force command, K; € R3*3, K, € R3*3, K3 € R3*3, and K4 € R®*? are positive-definite diagonal matrices of the
tuning parameters, f‘g/ 9 € R3 is the S, representation of the position command, & € R contains the 1-2-3 Euler angles
corresponding to the attitude error D 2 DY ¢ SO(3), and @ £ wg/ b € R3 is the Sy representation of the angular
velocity error; S; represents the desired pose of Sp.

The time-scale separation ensures that the Z,—j3 plane converges quickly to Z3—5 and, therefore, we can consider that
@1 = Wy = 0. Moreover, assuming that oy and o are small and defining 6f £ f, — £ and 67 £ 7 — 7, by replacing
(4)—(5) into (1)—(3), we can obtain the following four-DOF closed-loop model:

.l._z/g _ —Kgl‘g/g o K4I'.Z/9 +K; (fg/g + 7) , (6)
U= —Ki 330 — Ka 330 + K133 (¥ + B) v

where v £ K;l (tﬁ + §f) /m € R3 and 8 £ (T{{l + 573) / (K1,33J,33) € R denote the disturbance/uncertainty forces
and torques, respectively.

2.3 Guidance objective

Consider the following definition of waypoints as well as of a waypoint sequence.

Definition 1. Define the ith waypoint w; € R* as a vector of three-dimensional position and heading, as well as the
sequence of waypoints {Wl, W2, oy Wy } where n,, is the number of waypoints.

The main problem of the present paper is enunciated below.

Problem 1. The problem is to design a supervisory outer loop waypoint-based guidance for a stabilized under-actuated
MAV described by (6)—(7) so as to robustly conduct it to visit the neighborhood of the waypoints of a given sequence

{wi, wa, .., wy, }.
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3. GUIDANCE LAW STRATEGY

We know that (@, &) depends on r, / 75 and, by applying a conventional AGSMC that provides a discontinuous rb/ 1:2s
the analyzed system violate the assumed tlme scale separation, since (@, &) presents a high frequency. Therefore in

this paper we use a partitioned formulation of the guidance law, in which rg{ i, is obtained by a quasi-AGSMC. The

commands 7 / J and 1) are obtained by an AGSMC, with independent switching gains.
Let us deﬁne the guidance errors as

2 b/g 2
X1 =Ty 10— Mg €RY,

b/g
Xg =T g/12 1.0 € R?,

b/g

Ty =7 /g—nSER

w_774€R7
$6é¢—ﬁ4€R,

>

Hl>

x3 3 —1m3 €R,

|l>

1>

Z5

where 7 € R* is the output of a third-order reference low-pass filter, which we use to provides a smooth command
trajectory. Consider Eq. (6)—(7) rewritten in the following state-space form:

x1 =f; (x), (3)
Xp = fo (x) + By (ur2 +dy2), )]
T3 = f3(x), (10)
i = fa(x)+ Bz (uz +ds), (11)
5 = f5(x), (12)
i = fo (x) + B3 (us + da), (13)

where X £ (X;, X2, T3, T4, T5, Tg) € R® is the system state, u = (¥ b/g, 1)) € R* is the control input, d = (v, ) € R*
is the disturbance input, B; € R?*? is a known matrix, B € R, and B; € R are known constants, and f; : R® — R?,
fo :R® = R? f3: R® - R, £, : R® = RY, f5 : R® = RY, f5 : R® — R! are known functions. The parameters B,
Bs, Bs, as well as the functions fy, f5, f3, f4, f5, and fg are given by

A
B, =Kj 1.9,

—K3 1.9X1 — Ky 1.0X0 — K3.1:211.0 — K4 12710 — 110,

Assume that ||d|| < p < oo, with unknown p.
3.1 Multi-input AGSMC formulation

Consider the sliding variables (Cong et al., 2014):

S1 (t) éal (t) —-P; (t) (o] (0) €R2 (14)
So (t) é0'2 (ﬁ) — P (t) o9 (0) eR, (15)
s3 (t) £ o3 (t) — P3(t) 03 (0) (16)
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where

(t) C1X1 + f1 ( ) S R2,
(t) £ C2$3 + f3 (X) € R,
o3 (t) = Caz5 + f5(x) € R,

with C; € R?*2, Cy € R, C3 € R representing some constant parameters, and

1>

(1>

Py (t)
Py (t)
Ps (t)

e—)\1t12 c IR4><47
e Mt e R,
e Mt e R,

[I>

[I>

where A1, Az, A3 > 0.

Lemma 1 (Exponential stability). If there exists a guidance law u that makes (s1 (%), s2(t), s3(t)) = (02x1, 0, 0), V¢ >
ts, then the system described by (8)—(13) has a globally exponentially stable equilibrium point at X = Ogx1.

Proof. Replacing (8)—(13) and (s1 (¢), s2(t), s3(t)) = (02x1, 0, 0) into (14)—(16), we obtain:

x; = —Cix; + Pl(t)dl(O), (17)
Ir3 = —021‘3 + Pg(t)Ug(O), (18)
T5 = —Csx5 + Pg(t)og(()). (19)

We know that, by definition, P1(¢) — 0444, P2(t) — 0, P3(t) — 0 as ¢ — oo and, if C;, Co, C5 > 0, then
(x1, x3, x5) = (02x1, 0, 0) is a globally exponentially stable equilibrium point of (8)—(13). Moreover, if (x1, 3, =5) —
(02x1, 0, 0) ast — oo, then (X1, @3, ©5) = (02x1, 0, 0) as t — oo and, therefore, (X2, z4, 26) = (02x1, 0, 0) aisa
globally exponentially stable equilibrium point of (8)—(9). O

Now, let us derive a guidance law based on the AGSMC methodology proposed by Cong et al. (2014). To address the
present multi-input guidance problem, we adopt the unit-vector control strategy (Shtessel ef al., 2014) and the adaptation
law proposed by Huang er al. (2008).

Proposition 1. The guidance law

of of, of
Uj_o = — (aXIQB:L) ((Cl + %, ) f; + o 12f2 — Pl( ) (0) + Iﬂ;l(t) sat(s1,€1)> , (20)
0 0 0
s — (8%32) ((02 9 ) fat 52 = Ba(0)02(0) + a0 sign(52>) 7 @
T4 ox
afs afs 0 .
with
Fa(t) = yallsi|[H([ls1]] = £1v2), 51 (0) >0, (23)
fa(t) = v2|s2|H(|s2| — €2), K2 (0) >0, (24)
fiz(t) = v3|s3|H([s3] —e3), r3 (0) >0, (25)
where H () is the Heaviside function 71, 2, 3 > 0, ensures that (xq, x5) is bounded, (x3, x4, x5, x¢) — (0,0,0,0),

K1(t) = Ki,maz> k2(t) = K2 maz, and k3(t) = K3 mae as t — 00.

Proof. Assume the Lyapunov candidate function

Vi(s1, #1) = = (Is1]l + |71))?, (26)

N | =

where 71 2 K1(t) — K1 max-
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Taking the time derivative of (26), replacing (8)—(13) and (20)—(25) into it, and considering [|s;|| & B(0,c1v/2)" we
obtain

V(Sh :‘%1) S —\/5 (Ii1 Hgi; H ) V1/2’ (27)

and, therefore, if

0> |7l

from the finite-time stability theorem of Bhat and Bernstein (2000), it ensures that ||s;|| — 5(0,£1v/2) and &; — 0 in
finite time.

If |[s1]| € B(0,e1v?2), Vt > tg, then &1 (t) = 0 and k() = K1,maz, ¥t > ts. On the other hand, if ||s1] ¢
B(0,11/2), then the adaptation law (23) makes 1 (¢) increase until

of
H 'p =1

We know that p < oo, therefore ¢* is also finite. Thus, there exists t; = t* + At in which ||s; || € B(0, ¢, V2), Vt > t,,
with a finite At. Therefore, we have that ||s; || — B(0,e1v/2) and #1 () — K1 mae in finite time, with settling time ¢.
Moreover, from (14), by knowing that x; = f1(Xx) = X3, and considering ¢ — oo, we obtain that (X1, X2) is bounded.

By a analogous development for (z3, 24, x5, zg) — (0, 0, 0, 0),
k2(t) = K2,maz, and K3(t) — K3 maq in finite time. O

Note that there exists a global quasi-sliding mode if and only if the guidance law (20)—(22) and the adaptation laws
(23)—(25) ensure that t; = 0. Therefore, the global sliding mode cannot be ensured by the AGSMC proposed by Cong
et al. (2014) without a priori knowledge about p.

4. NUMERICAL SIMULATION

To evaluate the proposed guidance algorithm, we consider an x-shaped quadrotor aerial vehicle with the parameters
of Tab. 1. The adopted guidance parameters are C; = I, Co = C3 =1, A1 = o =A3 =1, 71 =7 =73 =1,
k1(0) = k2(0) = k3(0) = 0, e = 0.081, e = 0.006, and €3 = 0.01. The control-law parameters are set as
K, = diag (60, 60, 3), Ky = diag (15, 15, 4.5), K5 = diag (3, 3, 3), and K, = diag (4.5, 4.5, 4.5).

Table 1. The parameters of the x-shaped quadrotor aerial vehicle considered in the simulations.

MAV parameters Value

Total mass 1 kg

Inertia matrix diag( 0.015, 0.015, 0.03 ) kgm?
Arm length 0.25m

Half frontal angle /4 rad

The disturbance forces and torques are sinusoidal functions with amplitude of Hfd lco < 0.2 N with frequency 1/27
Hz, and ||Tb |lo < 0.01 N with frequency 1/7 Hz. The specified waypoint sequence is

0 0 1 1 1
0 1 1 0 0
{wi} = T 1 1 0] o
/6 /6 /6 /6 /6

We use the Runge-Kutta 4th-Order solver, with sampling time/integration step 7' = 0.01s. The rotor dynamics, which
have not been considered in the control law design, are modeled in the present simulation considering first-order linear
models.

IB(y,r) C R™ denotes an open ball with center aty € R™ and radius r € R..
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Figure 2. MAV dynamics for three-dimensional position and heading commands.
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The results are presented in Figure 2—4. We observe that the quasi-AGSMC provides continuous guidance commands
in Fig. 2b and Fig. 2d, and the conventional AGSMC provides discontinuous ones in Fig. 2f and Fig. 2h. However, the
signals obtained by the quasi-AGSMC do not provide insensitivity w.r.t. disturbances, since the real trajectories do not
match the desired ones, and present a frequency similar to the fg . Moreover, there exists a period, at the beginning of the
flight, in which we do not have a switching performance in Fig. 2f and 2h. It indicates that the method proposed by Cong
et al. (2014) does not provide a global sliding mode to the system.

Note that the AGSMC guidance law provides commands with different dynamics w.r.t. the real trajectory. This differ-
ence is related to the disturbance compensation, since the guidance law supplies robustness to the trajectory. Moreover,
there is a switching performance in the commands, this results from the adopted SMC methodology. In addition, we
obtain all the results considering actuators with first-order linear models and, therefore, the high frequency presented in
the guidance commands is acceptable in real applications, since the signals obtained are already subjected to the actuator
dynamics.

04 02
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o 0% _-_51\/5 = 0412
S 2 el
n 02 1 w 0.1f
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Figure 3. Dynamics of the sliding variables and the switching gains along the flight.

In Fig. 3, we note that the system loses the sliding mode on the adaptation phase of x;(t), Vi = 1,2, 3 and, therefore,
the AGSMC proposed by Cong et al. (2014) does not provide a global sliding mode. Moreover, there exists the conver-
gence of k;(t), i = 1,2,3, and, therefore, the parameters €1, £2, and €3 were suitably chosen. The tuning of £; must be
precise, because a small value makes the guidance signal violate the time-scale separation, and a high value increases the
sensibility of the system to the disturbances. On the other hand, the values of €5 and €3 need only to ensure a convergence
of ko(t) and k3(t), respectively.



26'h ABCM International Congress of Mechanical Engineering (COBEM 2021)
November 22-26, 2021, Florianépolis, SC, Brazil

40 T T T T T T T 40 T T T T T T T
35 /\ /\ 1 35 /\ /\
i \/ \/ \/ o
i 1 e \/ \/ \/
g 3 —
5640 20 + _'d}robust ;b_b 20 F robust
o — . o wuusupm‘visc(l
usupervised <
T st — T st —
10 10
5r 5
0 . . . . . . . 0 | \ L . I \ L
0 5 10 15 20 25 30 35 40 0 5 10 15 20 25 30 35 40
time(s) time(s)
(a) (b)

Figure 4. Comparative of the system performance with the AGSMC guidance law and the unsupervised guidance.

From the Fig. 4, we observe that the MAV visits the specified waypoint sequence, but it gets away from the desired
trajectory for a brief period of time, between the origin and the first waypoint. This deviation is caused by the adaptation
phase of x;(t) and, as we can see, after the first waypoint the system has a better performance with the proposed guidance
law. Therefore, there is a profit with the use of the AGSMC guidance law w.r.t. the unsupervised guidance. However,
note that the trajectory obtained by the robust guidance law is not coincident w.r.t. desired trajectory, thanks to the
quasi-AGSMC of (20).

5. CONCLUSION

The paper proposed a simple and robust guidance law that makes the MAV visit a specified waypoint sequence. The
results presented here do not depend on the amplitude of the waypoints (since there is no assumption about this) and,
therefore, are valid for position waypoints with larger values than used in this paper, as long as all assumptions w.r.t.
Euler’s angles made here are satisfied. In future works, we will use a smooth second-order sliding mode to reduce the
sensitivity of the MAV w.r.t disturbances without violating the time-scale separation. Moreover, this guidance law will be
evaluated with a flight experiment in an indoor arena equipped with a motion capture system.
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