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Abstract. In the aviation sector, there is a concern over developing new aircraft technologies that are more eco-friendly.
Among the advances, the increase of wing aspect-ratio in commercial aircraft and the incorporation of composite materi-
als may lead to slender structures contributing to weight and drag reduction. Furthermore, it also provides aerodynamic
surfaces that exhibit higher structural flexibility. This emphasizes the importance of the coupling between aerodynamic
and structural models into an aeroelastic one. One of the approaches consists of using a lifting-line based aerodynamic
model and an Euler-Bernoulli structural model. Hence, this article aims to develop an aeroelastic model based on the
ones mentioned above using a finite element approach for both domains, viz. aerodynamic and structural. The discretiza-
tion of both problems with the same numeric approach allows describing the circulation and the displacement fields with
a polynomial basis. The routines relative to each model were developed separately and implemented in Python using
the object-oriented paradigm. An existing Python code implemented to predict the aerodynamic response of finite wings
through the Finite Element Method - previously validated - was modified to compute the nodal forces. These will be
used in the structural code to calculate displacements and rotations. On the other hand, structural displacements affect
the wing aerodynamic behavior, producing new forces and moments that will deform the structure again. This iterative
process continues until it reaches a specified tolerance concerning aerodynamic and structural degrees of freedom in-
crements. A fixed-point algorithm is used for the iterative process. The techniques mentioned above allow obtaining
an interaction between the domains without interpolations, which can be interesting for dynamic analysis. In the end,
the developed code will be validated by comparison with available literature data. The implemented model comprises
a rectangular wing with span b = 9.144 m, chord ¢ = 0.3048 m, airfoil NACA 0012 with a lift curve slope of ay =
6.382 rad~'. The aerodynamic load is applied directly to the wing spar, which has an I-shape (I, = 716.1 x 1072 m*
S = 3.952 x 103 m?), manufactured in 6061 aluminum alloy (E = 68.95 GPa). Regarding the flight condition, the
speed is Us, = 91.44 m/s and the wing is analyzed for an angle of attack of o = 6.89 °. The proposed model was
compared with literature data and exhibits a maximum wingtip displacement difference of 0.06% of the wing semispan.

Keywords: fluid-structure interaction, lifting-line theory, beam theory, finite element method, load distribution
1. INTRODUCTION

High aspect-ratio wings tend to increase aerodynamic efficiency and reduce induced drag, thereby improving the per-
formance and reducing greenhouse gases (Nguyen,|2010). Because of its high aspect-ratio and constituent materials, these
wings can present significant structural flexibility, which must be considered in the evaluation of the aircraft performance
(Chang et al.| [2008; Nguyen and Ting, |2018; Nguyen et al.,[2017). For instance, High-Altitude Long Endurance (HALE)
vehicles have a high aspect-ratio, and therefore, they are submitted to large structural displacements during usual load
conditions (approximately 25% of the wing semispan) and present geometrical nonlinear behavior (Su and Cesnik| 2010).
Moreover, the large displacements can change stiffness and dynamic responses of the wing, and therefore, leading to a
failure in linear theory to correctly analyse its deformation (Patil ef al.,|1999).

The structural displacement changes the distribution of the aerodynamic loads, which influences the displacement
field. Therefore, there is a coupling between structural and aerodynamic models when considering wings as flexible
bodies. Hence, predicting the aeroelastic behavior for systems that display high flexibility is essential since the early
stages of the designing process. Low-cost computational tools can simulate the aeroelastic behavior of these systems,
reducing design process time and predicting undesirable characteristics. Simplified aerodynamic models based on the
lifting-line theory together with one-dimensional beam-like structures may lead to an optimized computational cost to a
wing project, being useful for conceptual and preliminary design stages (Cella and Biancolini} 2012).
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In this context, the present article presents the coupling of an aerodynamic model for nonplanar wings based on the
lifting-line theory with a beam-like structural model. Herein, both models are solved using a finite element approach,
which facilitates exchanging information between the models. The proposed model is validated using literature data.

2. AERODYNAMIC MODEL

The aerodynamic model adopted herein is based on the Lifting-Line Theory proposed by |Prandtl| (1923) and was
modified to take nonplanar wing effects into account. In this model, the lifting surface is represented by the combination
of horseshoe vortices positioned in its quarter chord locus (Houghton and Carpenter, |2003), which allows obtaining the
spanwise lift distribution. An unswept nonplanar wing is considered herein as depicted in Fig. [T} positioned in a Cartesian
coordinate system with unit vectors i,j and k associated with z, y and z axes, respectively. The position of the quarter
chord locus is given by z = f(y) for y € [~b/2,b/2] and it belongs to the 2 plane, with 7 as its normal direction and £
as its tangential direction. The wing has span b, area S, is subjected to an angle of attack «, and its wake is parallel to the
zy plane. Freestream flow has density po, and speed U, parallel to the xz plane.

yz plane

zz plane
P xy plane

Figure 1. Lifting-line model for an unswept nonplanar wing.

According to Biot-Savart law, an infinitesimal velocity dv at point B, located at (0,y, f(v)), is induced by an in-
finitesimal vortex filament dI at point A, located at (0, yo, f(y0)) (Fig. [I). The induced velocity dv is parallel to the r |
direction, in which r is the vector from A to B. A mathematical expression for dv may be found by applying the same
aforementioned law for this semi-infinite vortex system.
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Figure 2. Downwash effect on a wing section.
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An infinitesimal downwash dw; can be found by projecting dv on the & direction. As the induced velocity at an
arbitrary point can be obtained by adding the contributions of each spanwise vortex filament, the total downwash w; (y)
acting on each section can be described as:

ST R ) = fo)lf () + (y — ) dT
wily) = 4741” M ]Zb/z w0 + () —F@)P dwo

This integral exists only in a Cauchy sense, as proposed by Mangler| (1951), |Kythe and Puri| (2011) and [Mandal and
Chakrabarti| (2016), and it is noticeable that downwash reduces the effective angle of attack of a wing section, as shown in
Fig. 2l This model assumes that local lift £(y) varies linearly with the effective angle of attack . ¢ ¢(y) for each section.
The angle a.s;(y) may be defined as a.s/(y) = a + 6(y) — a;(y), in which 0(y) denotes the spanwise geometric
torsion distribution and «; the induced angle of attack. The angle «; is defined as «; = tan~!(—w; /Us) ~ —w;/Use,
considering that the downwash velocity magnitude is small when compared to the freestream speed. Therefore, the two-
dimensional lift coefficient Cy can be mathematically described as:

dyo D

w;(y)

o0

Ce(y) = ao(y)laess(y) — ar=o(y)] = aoly) |a + 6(y) + —ar=o(y) )

in which a( denotes the airfoil lift curve slope and ai;,—o(y), the airfoil angle of zero lift.

Figure [2] also reveals that the local relative wind may be approximated by the freestream flow, and it was assumed
that £(y) = ¢'(y) cosa; = ¢'(y). With these two informations, the lift per unit span can be related with the sectional
lift coefficient as £(y) = (1/2)psUZ2 c(y) Ci(y), in which c(y) is the section chord. Nonetheless, £(y) may also be
expressed as £(y) = pooUsol'(y) by using Kutta-Jouwkowsky theorem (Houghton and Carpenter, [2003), in which I'(y)
is the sectional circulation. Therefore, the sectional lift coefficient is given as C; = 2I'(y)/Usoc(y) and introduced in Eq.
2] resulting in:

2I'(y)
Uooc(y)

w;(y)
Uso

=ao(y) |+ 0(y) +

- OéL_o(y)] (3)

Equation [[|may be introduced in Eq. [3] resulting in the general lifting-line equation for unswept nonplanar wings:

2 _ - 1 o] TR 2 (f(y) — Fo)lf (y) + (y — o) dT
Teman(y)” V) = @ +H0) —ar—o) 47rUJ”f (M J[W w0 + () —F@)P dwo

where I'(y) is the unknown variable. Equation [ may be rewritten using auxiliary functions G(y), H(y), K(y) as:

dyo (4)

b/2 dl
GWE) —f K)o doo — Hy) =0 ©
—b/2 Yo
which corresponds to a second kind Fredholm integro-differential equation (Mandal and Chakrabartil[2016)). The auxiliary
functions in Eq. 5] are defined as:

8 5
Gy) = w0 @)@ L+ f'(y) (6)

H(y) = 4nUs[a +0(y) — ar=o(y)] V1+ f'(y)? (7

Lf(y) — f(wo)lf'(y) + (y — yo)
(Y —y0)? + [f(y) — f(vo)]?

and they depend solely on wing geometry, airfoil properties and flow parameters.

Equation [5|describes the general lifting-line equation in its strong formulation. For the purpose of applying the Finite
Element Method, the equation is rewritten in its weak formulation by using an arbitrary continuous weight function w(y),
homogeneous on the essential boundary conditions. Thus, the weighted-residual statement is written as:

K(y) = ®)

/Qw(y) [Q(y)F(y) —]élc(y,yo)j;dyo] dy = /Qw(y)"rl(y) dy )
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where Q) = [—b/2,b/2] is the domain that represents the wingspan. This 2 domain is split into n subdomains 2. for
e = 1,...,n called finite elements, in which Q; U Qo U...U Q. U...U 2, =Qand Q1N QN..N QeN...N Q, =0
(Zienkiewicz et al., |2000). Equation E] is then rewritten as:

(k)
Z/ ©( [Q( Z][ Ky, yo) a dyo] dy—Z/ ©)(y) dy (10)

The physical interpretation of the inner integral in Eq. [I0]is that it represents the sum of the aerodynamic influence of all
the subdomain €2, acting in subdomain €2..

The approximate solution is obtained by writing both weight and trial functions as linear combinations of p orthogonal
shape functions denoted by Nr(®)(y) = [Nr, (y), Nr, (y), -.., Nr, (y)]. The gamma subscript distinguishes these shape
functions from those used in the structural model, which will be presented later on. Hence, w(®)(y) and T'(®)(y) are
rewritten as:

r@(y) =Nr9(y) dr'@ and 0 (y) = Np@(y) dw(e) (11)

in which dp(®) represents the nodal values of the trial function and d., ©) the nodal values of the weight function. In this
paper, Nr(© )( ) is particularized to a linear-shaped function and will be denoted as LL2. Note that both functions are
approximated by the same orthogonal basis functions, as proposed by the Galerkin Method (Zienkiewicz et al., 2000).
Introducing Eq. [IT]into Eq. [T results in:

- PT eT e e ” dNI‘(k) .
> / do©@ Np© [g<e><y>Nr< >dr”—2][ Ky 90) 5 —de™ dyo| dy
e=1 Qe k=1 Qk yO

= T T
=3 [ N W a2
—1 Y

Local degrees of freedom dr® and weights dy may then be related to global vectors dr and d, by using a local
gathering matrix L(¢) and writing:

dr® =LOdp  and dy© = L©d, (13)

By introducing Eq. [[3]into Eq. [12] a global system of equations is obtained:

" T T
2 / dy "L Np© [9%) L dr*Z][ (v 0)
e=1 Qe

n

T T
:Z/ dy "L Np O 1O (y) dy  (14)

e=1 Qe

de( )

L*dp dyO] dy

and as d,, may be any function, this system may be rewritten as:

(Mr + Kr) dr = fp (15)
in which:
Mp = Y L ML =3 L@" / Nr(e)Tg(y)Nr(e)dyl L (16)
Qe
n n T . T dN(k)
=3 3 L@ KpEPIL® = ZZL@ / Nr Ky, yo) —— dyo dy | LY (17)
e=1k=1 e=1k=1 Qk Yo
n n T
o= YL 5 = 310" [ N HO ) dy 1s)
e=1 e=1 {2

The system of equations presented in Eq. 1 was implemented in Python, and solving it leads to the description of the
distribution of circulation I'(y). This distribution, in turn, allows calculating aerodynamic variables of interest, such as
the downwash distribution w(y), lift coefficient C'r,, and induced drag coefficient Cp, .
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3. STRUCTURAL MODEL

For the structural model, the wing is idealized as an Euler-Bernoulli beam. The finite element formulation for this
kind of structural element may be written using a variational approach. For that purpose, the beam total potential energy
is given by [Craig Jr and Kurdila (2006)) as:

1 R 2
=g [ B G5 ) dv= [ 0wy (19)

where E is the Young modulus, I, is the beam second moment of area with respect to the x axis, u, is the beam
displacement with respect to the z axis and ¢, denotes the distributed transverse load applied perpendicularly to the beam
element as shown in Fig. [3{b). Note that the domain 2 is the same as in the acrodynamic model, i.e., = [—b/2,b/2]
composed only by two-node elements. This domain is also partitioned in n subdomains 2. called finite elements that
satisfty the relations Q; U Qo U...U Q. U..U Q, =Qand Q1 N QN ...N QN ...N Q,, = (). Therefore, Eq. may
be rewritten as:

dQqu)

) 2 )
1 n n
= / EI,,)® dy — / ¢ ul® dy (20)
2 EZ:; Qe ( ) ( dy2 ) ez:; Qe

(@) (b)
Figure 3. Finite element used in the structural model: (a) point and distributed loads and moments and (b) structural
degrees of freedom.

Considering a finite element .., the u'”) displacement and its second derivative d?u'®’ /dy? may be approximated by:

2u£e)

uze) (y) = Nu(e)du(e) and — Bu(e)du(e) (21)

dy?
in which Nu(e) denotes the g orthogonal shape functions described by Nu(e) = [Nu, (%), Nuy (y), ..., Ny, ] used to ap-
proximate the solution, B,® = N, /dy? and d,(® denotes the vector that contains the degrees of freedom of the
beam element, i.e., d, (¢ = [u,, 0, u., 0.,]7,accordingly to Figure In this paper, Hermitian cubic polynomials
are used to describe Nu(e) (Fish and Belytschko} [2007)), and the u subscript denotes the difference between these shape
functions and those used in the aerodynamic model.

Introducing Eq. 21]in Eq. 20]leads to:

1 Qe a7
H:§;du()

and this equation may be rewritten as:

| (BL) B B dy]du@—Zdu(e)T[ [N g dy] 22)
QC QE‘.

e=1

1= T e T
i (e) (&) g.(e) _ (&) g (e)
II= 5 ; d,"” Ky'“dy Z d,'“ fy (23)

e=1
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In Eq. Ku(e) is the stiffness matrix for a finite element €2, and fu(e) is the equivalent nodal force vector for the same
finite element. These matrices are given by:

T
K = [ (L) BB dy -
Q

e

T
£,0) — / N @ ¢ dy (25)
Qe

The four degrees of freedom du(e) of an arbitrary finite element §2. may be related to global degrees of freedom d,
by using a gathering matrix L(¢) and a rotation matrix T(¢) and applying the relation d,@ = T L© d,. With this
method, Eq. 23| may be rewritten as:

1
o= 5duTKu dy — dy "ty (26)
in which K, is the global stiffness matrix and f,, is the global equivalent nodal force vector given by:
K, = ze: (L(G)TT(E)TKU(G) T(e) L(e)) (27)
e=1
e T T
e=1

with K, (® and £,® given by Egs. [24|and , respectively. The minimization of the total potential energy with respect
to d,, results in the following system of equations:

Ky dy = fu (29)

that represents the structural model used in this article and allows calculating structural displacements and rotations caused
by aerodynamic forces.

4. AERODYNAMIC LOADS

The fluid-structure coupling in the presented model is caused by aerodynamic forces and their dependence on the
structural shape. As the lift force generated by an airfoil is always perpendicular to the relative flow, the aerodynamic
load acting in an arbitrary finite element €. is perpendicular to itself, regardless of its orientation angle concerning the
horizontal plane Oxy. However, as this angle changes with structural deformations, new aerodynamic loads must be
computed, resulting in an iterative process that continues until an equilibrium wing configuration is reached.

To calculate f,(¢) = {Fz(f ), Méf), Fz(s ), Méz)] according to Egs. and the distributed load qﬁf) must be estab-
lished for every finite element as a function of the nodal circulation I'(®). Using Kutta-Joukowski theorem (Houghton and

Carpenter, [2003)), the load distribution function q,Sf") (y) is described for each finite element as:

0 (y) = poo Use T (y) = poc Uso N1 () dp'® (30)

in which dr(® are the nodal circulation values and Np(°)(y) are the shape functions from the acrodynamic model.
Introducing Eq. in Eq. in its matricial form provides means of calculating £,09):

£a = poc Use ( / N, Np dy) dr (31)
Qe

As the LL2 shape functions were chosen for the aerodynamic model and the Hermitian cubic polynomials were chosen
for the structural model, the integration of Eq[31]results in:

7/20 3/20

L)/20  L)/30
£, = poo Uy L dp' 32
o=l 3/20 7/20 | T (52)

—L© /30 —L)/20

With the aerodynamic loads translated to nodal forces and moments, the problem now consists on solving Egs. (13))
and (29) on the variables d,, and dr. Therefore, the model is implemented in Python, in which the fixed_point function
of the optimize module, contained in the SciPy library, is used to solve the problem. With this operation, the function is
constantly evaluated by using its previous results until a threshold is surpassed. In the present work, this tolerance is given
in terms of the L2-norm of displacements and circulation increments and it must be inferior to 1075,
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5. RESULTS

The developed code was applied to a rectangular wing chosen to validate the code with the results presented in Nguyen
et al.| (2017). The wing parameters are described in Tab. |1} its cross-sections are of a NACA 0012 airfoil, and it is at an
angle of attack of @ = 6.89°. As the aerodynamic load presented in [Nguyen et al.|(2017) is elliptical and the wing
is rectangular, a geometric twist had to be introduced, guaranteeing that the elliptical aerodynamic load shape will be
followed. Knowing that the distribution of the induced angle is constant in an elliptically-loaded wing (Anderson Jr,
2010), it can be found that:

(33)

in which Lg is the maximum value of the lift force located at the wing root, and it takes the value of Ly = 1460 N. Flow
parameters are density po, = 1.225 kg/m® and speed U, = 91.44 m/s, corresponding to M, = 0.2687.

Table 1. Aerodynamic and structural parameters of the wing (Nguyen et al.,2017).

Parameter Value
b [m] 9.144
¢ [m] 0.3048
AR [-] 30

ag [rad—1] 6.382
E [GPa] 68.95
I, [107°m?*] 716.1
S[1073m?]  3.952

A mesh convergence study was conducted to establish the minimum number of elements that verify a difference
inferior to 0.1 % concerning the maximum displacement u, . and lift coefficient C'y asymptotes (Fig. [). This last
parameter is given by:

) b/2

Cp = D(y) - kdy (34)

Uso Sw —b/2
where S,, is the wing area. In the convergence analyses, 13 cases were run by varying the number of elements /N from 10
up to 250. With the computed data, it was found that the difference in u,,,,, for N > 60 is inferior to 0.1 %. Similarly, the
variation of the lift coefficient C7, is less than 0.1 % for N > 40. The results can be further refined by considering a more
discretized structure. By taking NV > 200, the code does not exhibit considerable variations anymore. As the calculation
time was not drastically increased when using these discretizations, a mesh with 200 finite elements is considered in the
following results.
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2 A EEETEEs
=4 [ 2
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Figure 4. Influence of the mesh discretization on the lift coefficient and the wingtip displacement convergence.
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The comparisons of circulation and the wing displacement with respect to the z axis between the proposed model and
the literature data are seen in Fig.[5(a) and[5{b). The model presents a good match concerning the circulation distribution
and structural displacement. The maximum circulation value is found at the wing root and takes the value of I'y =
13.036 m?/s, and the calculated maximum wingtip displacement is u,, .. = 982.665 mm. These results yield maximum
absolute differences from the results of Nguyen et al.|(2017) of 0.00214 m?/s for the wing root circulation and 2.536 mm
for the wingtip displacement.

It is important to remark that the structural model considered herein is linear and not length-preserving, and therefore
cannot compute the reduction of the wingspan. [Nguyen ef al.|(2017) observed an increase in wing length of 116.6 mm for
the linear structural model, whereas the code presented herein exhibited a variation of 117.2 mm in the same parameter,
corresponding to 2.56% of the wing semispan, approximately. These measures yield a difference of 0.6 mm between the
predicted increase in length by Nguyen ef al.|(2017) and the results contained within this article.

The lift coefficient had a reduction from 0.7342 to 0.7190 when undeformed (planar) and deformed (nonplanar) con-
figurations are considered, respectively. [Nguyen et al.| (2017)) predicted that these coefficients would take the values of
0.7338 for the planar wing and 0.7166 for the nonplanar wing. Therefore, the code presented herein also shows a good
agreement when calculating C, as the differences between the computed coefficients and those provided in the literature
were 0.0004 and 0.0024 for the rigid planar and flexible nonplanar configurations, respectively.

104 —— Nguyen: linear od— Nguyen: linear
’ ® Present work ’ ® Present work
0.8 rl— 0.8
- 8
| 3
0.6 1 £0.6 4
S 3
~ Ny
= )
0.4 S 0.4
0.2 1 0.2 1
0.0 T T T T y 0.0 T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
2y/b [—] 2y/b [-]

(a) (b)
Figure 5. Comparison between the proposed model and [Nguyen et al.| (2017) results: (a) circulation distribution; (b)
displacement field.

Due to the approach used to solve the aerodynamic problem, quantities such as induced angle of attack, local lift
and local induced drag may also be computed for every element of the model. This is an advantage when compared to
other aerodynamic approaches based on a global approximation of the circulation field. The usage of the same numerical
strategy for structural and aerodynamic models also facilitates the development of a monolithic approach. Herein, a linear
structural model has been used, which is reasonable for wingtip displacements up to 10% of wing semispan. However, it is
not length-preserving, leading to a wing with higher span when compared to the nonlinear structural model. Consequently,
it presents a better aerodynamic performance, although this effect is not attainable. Using the formulation described in this
article, the incorporation of a nonlinear structural model is straightforward and does not change the aerodynamic model
described.

6. CONCLUSIONS

This article presents a formulation based on the Finite Element Method that predicts the lift distribution and the
displacement field of a flexible wing. The proposed formulation brings the aerodynamic and the structural models closer,
since the same approach based on the Finite Element Method is adopted for both problems. The results showed that a mesh
with more than 60 elements leads to an error inferior than 0.1% concerning the converged prediction of the maximum
wingtip displacement and lift coefficient. Furthermore, the code was validated with the numerical results available in the
literature, showing a maximum difference of 2.536 mm for the wingtip displacement, which corresponds to 0.06% of the
wing semispan.

Subsequent developments of the present research involve enhancing the formulation to include torsional and wingspan
reduction effects and deriving a monolithic model for static aeroelastic analyses, as the usage of the same numerical
strategy for the structural and the aerodynamic models facilitates this development. The authors also aim to compare
the computational predictions with experimental data, using the results of an experiment with a flexible wing that was
conducted by the research group, tested on a wind-tunnel facility, and assisted by non-intrusive measurement techniques.
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