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Abstract. The capability of handling unsteady flow over complex geometries with efficiency and high-order accuracy
is quite often desirable for the aerospace industry. Recent research on high-order overset flux reconstruction methods
have shown successful results over moving boundary problems without the need of remeshing. The ability of accurately
handling such type of requirements is very important, for instance, when addressing rotary wing flows and similar prob-
lems. In the present study, a high-order flux reconstruction solver is implemented coupled with a high-order conservative
interpolation approach and a kd-tree algorithm over the mesh nodes for data communication in the overset regions. The
flow is modelled by the 2-D Euler Equations discretized in space with a spectral difference method, a Roe approximate
Riemann solver with Harten's entropy correction for the flux reconstruction over the cell faces, and an explicit strong
stability-preserving Runge-Kutta for time discretization. In the overset grid scenarios, two grids are generated: a back-
ground Cartesian mesh including all the fluid box domain and a near-body quadrilateral mesh. In order to determine
which cell of the donor grid embeds a specific node in the receiver grid, both mesh nodes are implemented with a tree
data structure expecting the logarithmic time complexity of O(k.logN) in the geometry search, where k is the order of flux
points over the boundary interfaces of the receiver mesh and N the order of nodes in the donor grid. Furthermore, the
solution is interpolated from the donor cell to the receiver grid point based on the donor cell polynomial expansion at
the solution points and, then, imposed in a weak manner as a boundary condition to exactly reconstruct the flux with the
approximate Riemann solver, as for any other interior face. The implementation is tested for different validation problems
from the 5th International Workshop on High-Order CFD Methods (HiOCFDS5). Additionally, accuracy and convergence
studies are being performed on both single and overset grid approaches and compared to results in the literature.
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1 INTRODUCTION

Unsteady aerodynamics are present in several applications in the aerospace industry such as rotary wing flows, fluid
structure interactions and flight control. The majority of these unsteady flows are dominated by vortices, which in order
to be accurately represented at an acceptable cost and robustness, efficient high-order methods were developed in the past
years (Wang, 2002; Wang and Liu, 2002; Liu et al., 2006; Wang et al., 2007; May and Jameson, 2006; van den Abeele
et al., 2007; van den Abeele, 2009; Moreira, 2016). Moreover, recent studies on high-order methods considering curved
geometries have demonstrated the necessity of a suitable representation of the physical boundaries to achieve not only
convergency but also the desirable phenomena of the application, (Aguiar, 2018). In order to fulfill the high-order accuracy
requirements for complex geometries both the solver and the approximation of the geometry must then be high-order.

For instance, the flow around a helicopter blade or a flexible wing often require the simulation of moving boundaries.
In a single mesh approach undesirable costs can emerge once at each boundary movement a remeshing procedure have
to be computed. Therefore, as overset meshes can isolate the boundary in a near-body mesh that co-moves with the
object while the rest of the fluid domain stays static in a background grid, no remeshing is needed, however data must be
communicated between both meshes. In order to achieve the coupling, a donor-receiver relationship must be established
so that the flow solution can be interpolated in the overset region. The first step is represented as a geometric search
problem, which maps the outer boundary of the near-body mesh to the background and the second step requires that the
solution at each time iteration is interpolated from the background to the near-body grid and vice-versa. Additionally, a
cell-cutting procedure is needed to identify which cells at the background mesh are completely overlapped by the object or
by the near-body mesh tagging them as hole cells, where the solver computation is not necessary. Recent works proposed
different techniques for these steps and highlighted the main difficulties (Galbraith, 2013; Crabill et al., 2016; Duan and
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Wang, 2017, 2019, 2020).

The present work proposes an approach to handle overset high-order unstructured grids using a high-order Spectral
Differences method for space discretization and an explicit Strong-Stability Preserving Runge-Kutta for time integration.
For the overset coupling, a kd-tree algorithm is used as the geometric searching method due to its well established loga-
rithmic time complexity (Bentley (1975); Skrodzki (2019)) and for the interpolation the face-based approach discussed in
Duan and Wang (2017).

The sections of this paper are organized as follows. Section 2 describes the governing equations used in the present
work. Section 3 reviews the Spectral Differences method and polynomial representation for high-order meshes. Section 4
contains all the overset grid treatment including the geometric search procedure and conservative high-order interpolation.
Section 5 shows the results comparing single and overset grid test cases. Finally, conclusions and future extensions of the
present project are discussed in Section 6.

2 EULER EQUATIONS

The flow simulations presented in this project consider the 2D Euler Equations to model the conservative properties
of the fluid in time. The conservation laws represented by the Euler Equations combined with the equation of state for
perfect gases form the proper equations system to describe compressible and inviscid flows and can be written as
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where @ is the vector of conserved variables, F' and G the inviscid flux vectors given by
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The p is the density, p is the pressure, E' is the total energy, u and v the velocity components in x and y direction,
respectively. The pressure is defined by the equation of state for perfect gases as

1
p=(—1) |E=gp +v7)|, (3)
where the isentropic coefficient of air () is 1.4.

3 NUMERICAL DISCRETIZATION

This section is a brief description of the space and time discretization approaches used in the present work. A more
elaborated overview can be found in Liu et al. (2006), Wang et al. (2007), May and Jameson (2006), van den Abeele
(2009), and Moreira (2016).

The space discretization procedure of the presented governing equations throughout all simulations in this work was
made by a high-order Spectral Differences method (SD) due Wang et al. (2007). The formulation can properly handle
quadrilateral cells given an arbitrary solution accuracy order in an efficient manner by transforming each cell from its
physical z,y domain into a particular computational £, 7 domain over the interval [—1, 1] allowing high-order solution
interpolation as presented in Wang ef al. (2007) and May and Jameson (2006). The governing equations in the physical
space are then transformed into the computational space, and are rewritten as
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where the conservative variables in the computational space are defined by Q = |.J| Q, the flux vector F = |.J|[J]'F,
and J the Jacobian matrix of the coordinate transformation given by
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This transformation also permits a high-order quadrilateral representation for curved boundaries by considering N
equally spaced nodes in the quadrilateral computational space to construct the space transformation Jacobian matrix. The
space projection from the physical to the computational space for each quadrilateral is then computed by

(N+1)? (N+1)?
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where m iterates through all nodes of a N-th order quadrilateral and L' is the (N+1)-th order Lagrange polynomial
basis, i.e,
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Furthermore, two sets of intra-cell grid points are allocated, named as solution points (SP) and flux points (FP). The
former set storages the nodal values of the conserved variables () and are located at the Gauss-Legendre quadrature points.
The latter storages the nodal values of the flux vectors F' and G splitted in two flux point groups located at a combination
of the Gauss-Legendre and Gauss-Legendre-Lobatto roots to achieve a stable method according to van den Abeele (2009).
Figure 1 illustrates the cell domain transformation as well as the intra cell grid disposal.
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Figure 1. Quadrilateral in computational space for second-order Spectral Differences, p = 1.

The conserved solution can then be constructed at any target position within the cell computational domain by a nodal
interpolation using a Lagrange polynomial basis as

Np
Qi(&,n) = Z LELE(m)Qij - ©)
j=1

where ¢ is the i-th cell index, j the j-th solution point at the i-th cell, IV, the number of basis functions required to construct
a p order polynomial interpolation, and L? is the p-th order Lagrange polynomial basis.

The solution vector at the flux points is computed through the Eq. 9 and since its value is only contiguous within the
cell domain, solution discontinuities at the cell interfaces can emerge. Hence, the normal flux at the edges flux points is
then reconstructed through a Riemann solver which for all simulations in this work a Roe scheme was used. Since only
the normal component can affect the conservation properties through the cells interface, the tangential part of the flux is
averaged. The basic formulation for the flux reconstruction can be written as

Fu= S(FL + Fr) on+ 4@ - Qu)} o

where L and R subscripts represent respectively the left and right cells of an edge and |A| is a representation of the
Jacobian matrix of the flux vector which for Roe scheme is assumed to be constant between the two cells at the interface.
Details on the Roe Riemann solver can be found in Roe (1981).

Moreover, after all the flux vectors have been computed - by the Riemann solver at the edges and by Eq. 2 at the
other flux points - each component of the reconstructed flux divergence is then interpolated similarly as in Eq. 9, however,
considering the respective flux point group as

Npt1
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where j is the j-th flux point of the i-th cell, the superscript p + 1 indicates that for each flux component the interpolation
is one order higher than the solution interpolation at Eq. 9 providing the same p-th polynomial order after the divergence
computation, F is the flux vector and M represents the Lagrange polynomial basis.

At the end, the solution is computed by the discretized governing equation written as

862 ) Np+1
WW + ; VM(¢,m;) ¢ Fip =0. (12)

The time integration is calculated by an explicit Strongly-Stability Preserving (SSP) Runge-Kutta scheme described in
Gottlieb et al. (2018) and Ruuth et al. (2002). Additionally, curved boundary treatments based on NURBS are considered
in the mesh generation following the work described in Aguiar (2018).

4 OVERSET GRIDS

For overset grids simulations, two quadrilateral meshes are generated. A Cartesian grid for the overall fluid domain
and a smooth near-body grid. This configuration provides a considerable processing cost reduction during the simulation
in particular for moving boundaries cases, once only the near-body grid have to be remeshed as discussed in Duan and
Wang (2017), Duan and Wang (2019) and Crabill et al. (2016). In order to solve the numerical iterations, data must be
shared within the overset region so that it preserves the conservative property and high-order accuracy in both the donor
and the receiver meshes. Two steps are important to formulate the data communication: a geometric search to establish
the donor-receiver relationship and a conservative high-order approach for the data interpolation.

4.1 Geometric search

The definition of a donor-receiver relationship is necessary to communicate data from cells in the background mesh
to nodes over the external boundary in the near-body mesh and to cut off cells in the background mesh that is completely
overlapped by the near-body mesh domain. In order to simplify both applications, two types of cells are defined, respec-
tively: fringes and holes. Fringes will receive and communicate data while holes will be passed during the iterations and
no equation will be solved for them.

Background Mesh

O

Hole Cells

Fringe Cells

(a) Overset meshes setup: background mesh in black and (b) Definitions of cell types: fringes (red) are used to interpo-

near-body mesh in orange. late solution while holes (blue) bypass the solver. The green
cell is the same fringe cell in red as before, but changed to em-
phasize near-body fringes.

Figure 2. Overset grid setup and cell type definitions for a illustrative cylinder example.

The geometric search problem applied to the context of overset grids aims to define an efficient manner of finding
which cell in the donor mesh embeds a specific node in the receiver mesh. In the present project, a kdtree algorithm
described in Bentley (1975) is used for this purpose requiring a tree data structure for the node vectors in both meshes.
A tree representation is well suited for this application due to its logarithmic time complexity by splitting the domain by
half in each search step according to Skrodzki (2019). Figure 4 illustrates the tree structure in the fluid domain.



26'h ABCM International Congress of Mechanical Engineering (COBEM 2021)
November 22-26, 2021, Florianépolis, SC, Brazil

Figure 3. Kd-tree geometrical view for a given set of points.

At the end of the search process starting at a specific node from the receiver mesh, the nearest node at the donor is
found and an additional step is necessary to determine which cell that owns the nearest node in fact embeds the donor node.
For each cell candidate, a loop throughout its edges is done checking whether the receiver node is inside the candidate by
validating the sign of the cross product between the edge and the target node as it can be seen in Fig. 4(b).
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Cell does not embed the target cell edge
Candidate
Edge 1 Edge 2 Edge 3 Edge 4
Cell
® — \ -‘
oo : d x
s \ ©
7’ A
s\ N\
s, N ’ -
' N \ rd
’ N P Cell does embed the target
, .
N v
A .’ [
N -
\ P /
N
v
(a) Donor-receiver neighborhood in the physical (b) Procedure of finding which cell of the nearest node embeds the target node.

space.

Figure 4. Donor cell searching procedure given the target node (red triangle) and the nearest donor node (blue circle).

If all the signs are positive respecting the edges’ node order, the cell candidate is embedding the receiver node and
a fringe flag is attributed to this cell. The fringe cells are determined for the background mesh by applying this search
process for each flux point in the ghost cells at the external boundary of the near-body mesh. For the hole cells, a random
node in the near-body grid is then selected until its donor cell output in the background satisfy the conditions of not being
a fringe and being completely overlapped by the near-body mesh. This cell is flagged as a hole cell and it is used as input
for a breadth-first search algorithm which propagates the hole flag until all interior cells within the fringe closed circuit
are visited. At last, new ghost cells are created at the fringe-hole interfaces in order to correct the flux normal to its edges
by communicating data from the near-body mesh. The same donor-receiver relationship procedure is done to determine
which cells at the near-body mesh embeds all flux points in these ghosts as well.

4.2 Conservative high-order interpolation

After the link between the meshes has been established, the data communication is imposed through a face-based
approach which uses the donor solution points to interpolate the conservative variables to the flux points located at the
fringe cells ghosts. Then the interpolated solution is used as a weak boundary condition and due to its similar disconti-
nuities at the cell and ghost interfaces, the same Riemann solver is used to reconstruct the flux. Therefore, all the data
communication is restricted to the fringe cells’ ghosts.
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Donor Computational Space

| | Receiver ]
: Computational Space

Receiver Cell

(a) Donor solution points (blue squares) interpolation to the (b) Flux reconstruction procedure at a ghost cell flux point in
receiver ghost cell at a target flux point. the receiver computational space.
Figure 5. Data communication steps including the spaces transformations (left) and the imposition of the interpolated
solution as a weak boundary condition using flux reconstruction (right).

For each ghost cell tagged as an overset boundary type, a loop through its flux points is done. For each of these
flux points, the physical target coordinates can be determined through the transformation defined by its neighbor cell
(receiver) using the Eq. 7. Furthermore, the same Eq. 7 can be used to transform the receiver point from the physical
to the donor computational space, however, a non-linear system of equations has to be resolved, which for the present
work, a Newton-Raphson is used. Once the receiver flux point is properly projected into the donor computational space,
the solution is then interpolated through the Eq. 9 preserving the same high-order polynomial representation used by
the Spectral Differences method. Additionally, for high-order meshes the Jacobian of the transformation is not constant
within the cell domain, but a function of the target £, 7 coordinates and also has to be computed in order to project the
solution back to the physical space. The receiver coordinate transformation is then used to obtain the solution at the ghost
cell flux point in the receiver computational domain where the Riemann solver is used to reconstruct the flux by Eq. 10.
Figure 5 illustrates the interpolation procedure.

5 RESULTS

The results are divided in two test cases: Ringleb flow and inviscid cylinder flow. The former is intended to validate
the high-order solver capabilities implemented in the present work and the latter as a comparative test case between the
single mesh and overset mesh results. An important notation is used throughout the results section to notify the solver
accuracy and mesh orders. For instance, a P2Q2 mesh considers a three-point interpolation - a parabola, thus the P2 - to
achieve a third order Spectral Differences with a second order quadrilateral mesh (Q2).

5.1 Ringleb test case

The Ringleb flow is a common candidate to state the level of accuracy in high-order solvers due to its analytical
solution for the Euler Equations derived from a hodograph transformation (Shapiro (1953)). Another interesting property
of the Ringleb flow is that the transition from supersonic to subsonic region does not generate a shock, then no limiter is
needed for this test. The analytical solution is used as initial condition and only depends on two parameters: the velocity
magnitude U and the stream function interval [knin, kmaz]. The results obtained in this section considered U = 0.5,
kmin = 0.7 and k4, = 1.5. The boundary conditions are imposed with a subsonic inlet at the top, a subsonic outlet at
the bottom and the exact analytical solution at the inner (left) and outer (right) walls.

Figure 6(a) shows the P3Q4 mesh, forth-order mesh and solver, with 12 cells based on the validation test case of the
International Workshop on High-Order Methods in CFD (Wang et al. (2015)). The Mach analytical field are shown in
Fig. 6(b) and can be compared with the numerical Mach field in 6(c) after 1E+5 iterations. The residue history achieved
machine precision around the 3E+4 iteration as it can be seen in Fig. 7.

5.2 Cylinder test case

A subsonic inviscid flow over a cylinder is considered to compare the single and overset mesh results. The simulation
is setup with a free-stream Mach number of 0.2 in order to observe a double symmetry at the horizontal and vertical axis
for the Mach field solution when solving the Euler equations. The mesh domain is given by 100 cylinder radius with
the overall initial condition of Mach = 0.2, p = 1 and p = 1 assuming y = 1.4 for the air. The boundary conditions
imposed is a subsonic/supersonic inlet - depending on the normal face velocity - forcing the free-stream Mach at the

entrance, a outlet at the exit forcing p = % for subsonic and internal solution extrapolation for supersonic, and a non-slip
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() (b) (©
Figure 6. Ringleb Mach solutions: analytical (left) and numerical P3Q4 (right) after 100,000 iterations.
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Figure 7. Ringleb residues: L; (blue), Lo (orange) and L, (red).

wall at the cylinder. For the overset case, an additional boundary is imposed to communicate the solution from both
meshes at all overset ghost cells at each time iteration in order to reconstruct the flux in the Riemann solver step. The
meshes generated for these tests considered a 20x32 mesh for P1Q1 and P4Q4 single mesh cases and a 64x64 P1Q]1 for
the overset. Figures 8, 9, and 10 shows the meshes. The reason for this local refinement in the overset mesh is due to
difficulties in edge cases where the fringe cells are only partially enveloped by a donor cell and since the neighbor cell
is deactivated (hole) the solution does not converge. This issue was critical for high-order mesh and no stable results
were obtained so far for high-order overset grids. Another difficulty presented in the simulations is the sensibility in the
refinement order between the cells at the outer near-body mesh and the background mesh fringes. When the background
mesh refinement is too closed or higher comparing to the outer near-body, the fringe cells closed-circuit is not formed and
the Breadth-First-Search starts to tag fluid cells as holes.

R

R o
LK %y
R %

(a) Cylinder single mesh P1Q1. (b) Cylinder single mesh P4Q4.
Figure 8. Cylinder single meshes with 1:100 cylinder radius ratio.
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(a) Cylinder single mesh P1Q1 close-up.
Figure 9. Cylinder single mesh body close-up showing the curved representation for a high-order mesh.

The future extensions intend to work on this problems to improve the robustness of the proposal. However, converged
results could be achieved by adjusting the mesh refinement for the P1Q1 mesh. 10. Figure 11(a) shows the background
fringe cells circuit in red and the background hole cells in blue. Furthermore, Fig. 11(b) shows the fringe cells at the
near-body mesh that are used to interpolate the solution to the background mesh edges that lie between fringes and holes.

(b) Cylinder overset mesh close-up P1Q1.

(a) Cylinder overset mesh P1Q1: a Cartesian back-
ground mesh and a near-body mesh over the cylinder.
Figure 10. Cylinder overset mesh overall and close-up views.
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Figure 11. Cylinder overset mesh close-up with fringe (red) and hole (blue) tagged cells.

The solution for the three case tests converged and their Mach field results can be seen in Fig. 12 comparing the P1Q1
single and overset meshes and in Fig. 13 for the high-order P4Q4 single mesh. The solution for low-order meshes are not
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symmetrical as expected in both single and overset meshes, but the P4Q4 high-order mesh achieve the double symmetry
once can handle a better geometric representation of cylinder.

—4.0e-01

(a) Mach solution for cylinder single mesh, P1Q1. (b) Mach solution for cylinder overset mesh P1Q1.
Figure 12. Mach field solution.

Figure 13. Mach solution for cylinder single mesh, P4Q4.

6 CONCLUDING REMARKS

The solver has been successfully validated through the tests for both low and high order achieving the expected results
in the literature. The overset results obtained have demonstrated the capability of the kd-tree for the geometric searching
problem as well as the face-based approach for the interpolation. The mesh generation for the overset cases is crucial
in order to achieve the presented results once several edge cases can appear around the overset region in particular for
high-order meshes where only a part of the fringe flux points at the same edge are inside a donor cell. Therefore, the flux
can not be reconstructed for this scenario and future work extensions must be done to handle this problem properly adding
robustness to the presented technique.
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