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Abstract. The absolute nodal coordinate formulation (ANCF) is the state-of-art in the computational modeling of flexible
multibody dynamics. However, as the accuracy requirements of the ANCF model become more stringent, or the number
of bodies raises, the number of ANCF elements increases, bringing the model to be artificially high-dimensional. To
improve the computational efficiency of the ANCF for large systems, a model order reduction based on the proper orthog-
onal decomposition (POD) and Galerkin projection is proposed. Also, to permit the reduced-order model (ROM) to be
adaptative to the variation of system parameters, a methodology based on an interpolation of the ROMs in a manifold is
used. Finally, two numerical examples of flexible systems undergoing large reference motions and large deformations are
used to verify the accuracy of the proposed methodology.

Keywords: flexible multibody system dynamics, Absolute Nodal Coordinate Formulation, parametric model order reduc-
tion, proper orthogonal decomposition

1. INTRODUCTION

Multibody dynamics is the subject concerned with the modeling and analysis of bodies that can undergo large displace-
ments and rotations. It has been applied in numerous industrial and technological fields such as robotics, space structures,
biomechanics, precision machines, mechanisms, and vehicle dynamics. Since many of these systems are traditionally
built using stiff components, they have often been analyzed and designed within the framework of rigid body dynamics.
However, with the development of lighter materials and the need for weight alleviation and higher operating speeds, it
became necessary to develop methodologies that take into account the effect of the, possibly large, deformation of the
system components on their own dynamics. This led to the field of flexible multibody dynamics, which has attracted
increasing attention over the past three decades (Shabana, 1997b).

In the late nineties, Shabana and co-workers (Shabana, 1997a; Shabana et al., 1998; Escalona et al., 1998) proposed
the Absolute Nodal Coordinate Formulation (ANCF) as an accurate and non-incremental finite element methodology to
model flexible multibody systems subjected to both gross reference motion and large deformations. Since then, the ANCF
has been recognized as a benchmark in the dynamical modeling of flexible multibody systems (Shabana, 2013).

A remarkable fact about the governing equations obtained using the ANCEF is their high nonlinearity and large dimen-
sionality. The nonlinearity arises due to the presence of finite rotations in the gross motion and the occurrence of large
deformations. The high dimensionality, in turn, caused by the finite element discretization process in the space. Usually,
as accuracy requirements become more strict, the resulting dimension of the model also increases.

In addition, some problems, such as the control of flexible robot arm systems, may require real-time simulations.
An optimization analysis for flexible multibody dynamic systems, in turn, may require several repetitions of nonlinear
structural analysis for each time step (Kim and Cho, 2018). To meet all of these requirements, a methodology that can
increase the computational efficiency of the analysis of large-scale systems is mandatory.

One such methodology is the technique of reduced-order modeling. The fundamental idea of model order reduction is
to replace the high dimensional full-order model (FOM) with a reduced-order model (ROM) that accurately captures the
dynamics of the original system (Brunton and Kutz, 2019). One of such methods is the proper orthogonal decomposition
(POD), which is a data-driven method capable of generating modes that are tailored specifically to the particular system.
Based on the singular value decomposition (SVD), the POD generates a set of orthogonal modes (the POD modes)
which is optimal, in the sense of the Eckart-Young theorem (Brunton and Kutz, 2019), for representing numerical and
experimental data (Kerschen et al., 2005).
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However, the POD-based ROM can be constructed only after simulating the high-fidelity FOM. Hence, its usefulness
is more evident when one needs to perform successive simulations, such as the case of dynamical simulations of a system
with parameter variation. In this case, it is advantageous to build a parametric ROM, such that the modes obtained through
the simulation of the FOM can be interpolated to capture the parameter variations (Amsallem and Farhat, 2008; Amsallem
et al., 2009).

In this context, this work presents a parametric POD-based model order reduction for the dynamics of multibody
systems modeled in the framework of the absolute nodal coordinate formulation. First, in Sect. 2, the ANCF formulation
is outlined for the beam element used in this study. It is also discussed the numerical method adopted to integrate the
resulting set of differential and algebraic equations. In Sect. 3, the use of POD and Galerkin projection to reduce the
dimensionality of the model is presented. Then, in Sect. 4, an adaptation of ROMs to new sets of parameters based on
interpolation on a manifold is presented. In Sect. 5, the presented methodology is applied to two flexible systems, namely,
a four-bar mechanism, and a free-falling double pendulum. Finally, some concluding remarks are outlined in Sect. 6.

2. BRIEF DESCRIPTION OF THE ANCF

In the ANCF formulation, no infinitesimal or finite rotations are used as nodal coordinates. Instead, absolute displace-
ments and displacement gradients at the nodal points are used as the element nodal coordinates (Gerstmayr et al., 2013).
The kinematics of the ANCF element is expressed in terms of the shape function matrix S(x) and the vector of nodal
coordinates, e(t). Using both, the global position vector of an arbitrary point on the ANCF element can be described as:

r(t,x) = S(x)e(t), (1)

where x describes the position of the point in the local frame of coordinates of the element.
The mass matrix M® of an ANCF element (which is always constant) can be derived as (Gerstmayr et al., 2013):

M° = / pSTSav, )
1%

where p and V are the density and volume of the element, respectively.
The dynamic governing equations of a flexible multibody system can be expressed as a set of coupled differential and
algebraic equations:

{ Mg + CoA = F*(t,q,q) — F™(q) = Q(t,q,q) 3)
C(t,q) =0

where M is the mass matrix of the system, Fit(q) is the highly nonlinear vector of internal forces, Cq = dC(t,q)/dq is
the Jacobian matrix of the kinematic constraints vector C(t, q), A is the vector of Lagrange multipliers and F&<*(¢, q, q)
is the vector of generalized external forces. The system’s matrices and vectors are assembled from the individual matrices
and vectors of the rigid and flexible bodies that make up the system through the use of a standard finite element procedure.

To solve the set of differential and algebraic equations of Eq. (3), the HHT-I3 implicit method is used. This method uses
the traditional and well-known HHT (Hilber-Hughes-Taylor) method to transform the differential equations of motion into
nonlinear algebraic equations (Negrut et al., 2007, 2009). These are solved simultaneously with the nonlinear constraint
equations using, for instance, an iterative Newton-Raphson method to determine the state of the system. The HHT-13
integrator has adjustable numerical damping properties, while it remains stable and second order convergent (Arnold and
Briils, 2007).

Using the HHT method, the differential-algebraic equation system presented above can be recast as:

«

1 ..
FO) = —— (M) + (CEA = Quis —

1+«

1
Wc(qn+la tn—i—l) =0

“)
FQ) =

where h = t,,11 — t,, is the step-size, n and n + 1 refer to two consecutive time instants, and « and 3 are two parameters.
The parameter o controls the amount of numerical damping that is added to the system. The smaller its value, the
more numerical damping is added. In order to obtain a stable solution using the implicit HHT method, o must satisfy
—0.3 < a < 0. The parameter £3 is given by (1 — a)?/4. Note that the constraint equation is scaled by 1/(3h?) to get
equation F(?) in order to avoid a bad condition number of the Jacobian matrix in Eq. (5) when h — 0.

Within the framework of the Newton-Raphson method, which can be adopted for solution of Eq. (4), at iteration k, the
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following system of linear equations needs to be solved:

FM  grp1) 7 LA (k)
8(’:’1,1“ 8)\n+1 Adn+1 (k) _ athLl ( q)n+1 A(ln+1 (k) _ F(l) (k) )
aF(2) 8F(2) AAn-i-l AAn-‘,—l F(z)

(Cq)n-i-l 0

8(.in+1 aAn—i—l

The Jacobian OF (") /OQn+1 is calculated by numerical differentiation. Whenever necessary, the numerical differenti-
ation is performed through a complex-step derivative approximation (Martins et al., 2003).
The algorithm is implemented with a variable time step size. The reader is referred to Hussein ez al. (2008) for details.

2.1. Beam element

In this section, the finite element formulation is developed for the particular case of two-dimensional beam elements
modeled according to the Euler-Bernoulli theory.

Figure 1 shows the beam element considered here. The nodal coordinates of the element are defined with respect to
the inertial frame X; X5. The global position vector of a point on the elastic line of the beam is defined in terms of the
element’s nodal coordinates as:

r(t,z) = {r rg}T = S(z)e(t). (6)

The shape function matrix and the vector of nodal coordinates of the element can be written as (Shabana, 2013):
. ) 1 0 x
S=[(1-32+2%1y 1(§-22+E, (32 -28)1, (& -], Iy= {0 1] , &= T (7N

T .
ande =[e; es e3 e4 e5 eg ey eg] , with:

87”1 87“2
€1 = Tl\xzo, ez = Talz—o0, €3 = 5 ) €4 = - )
oz |,_, or |,_,
(97’1 87“2
e5 = T1|e=1, €6 = T2|e=1, €r = 45— ; €g = —— ; 3
or |,_, or |,_,
with [ being the underformed length of the beam.
Using Eqgs. (2) and (7), the mass matrix of the beam element with mass m can be analytically evaluated as:
r13 111 9 131 q
i3 0 25 0 % 0 -5 O
13 RSV 9 0 _ 131
35 210 70 420
rZoog o9 _12 0
105 120 140
zog 1 0 2
M = m 105 5 120 " 140 | 9)
1z 0
105 2
L 105 J

Regarding the modeling of the internal forces, several formulations can be found in the literature (Nachbagauer, 2014).
The main aspects of the approach adopted here are summarized below. The reader is referred to Berzeri and Shabana

Figure 1: ANCF beam element under consideration.
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(2000) and Berzeri et al. (2001) for additional details. The vector of internal forces related to the beam element can be
expressed as:

Ft¢ — (Kf + Kj)e, (10)

where Ky and K7 are the longitudinal and transverse stiffness matrices, respectively. While the transverse stiffness matrix
is linear, the longitudinal stiffness matrix is highly nonlinear on the nodal coordinates of the element. Their expressions
are given below:

12 0 6 0 —-12 0 6 0 o 0 % 0 —o 0 € 0
12 0 6 0 —-12 0 6l g 0 A 0 - 0 ¥
42 0 -6/ 0 22 0 9 —#B —o 0 & 0
KC—EI a2 0 -6l 0 22 . FEA 2 0 -Z 0 & 1
tT B 12 0 -6 0| LT a4 o —¢ o> D
sym 12 0 -6l sym o 0 =%
42 0 F 0
412 F
with:
- %(& +b* — 141? — 6a,d, — 6b,d, — 6a,d, — 6b,d, + 24d*)
= m(b2 — a® + 2azb, + 2ayby — 141> — 24a,d, — 24a,d, + 36d°)
1
— M(GQ — b + 2a,b, + 2a,b, — 141> — 24b,d,, — 24b,d,, + 36d°)
1
9 = m(12a2 + b — 3a,b, — 3ayb, — 281 + 3a,d, — 3b,d, + 3a,d, — 3b,d, + 18d°)
1
&= — %(3& + 3b% — dayb, — 4ayb, — 141% + 6a,d, + 6b,d, + 6a,d, + 6b,d,) (12)
1
F = @(aQ + 120 — 3azb, — 3a,b, — 281> — 3a,d, + 3b,d, — 3a,d, + 3b,d, + 18d*)

dy =es—e1, dy=es—ez, az=les, ay=les, by = ler, by =les,

d=\/d2 +d}, a=./ai+ai, b=,/b2+0b]

These expressions hold even for large deformations. In the previous equations, E is the Young’s modulus of the
material, I is the second moment of area and A is the cross-sectional area of the element, with all assumed to be constant.

3. POD-BASED MODEL ORDER REDUCTION

To promote a dimensionality reduction of the dynamic equations of motion, the proper orthogonal decomposition
(POD) approach is used in this study. The POD is a data-driven strategy based on the singular value decomposition (SVD),
which generates a set of orthogonal modes (the POD modes) that are optimal, in the sense of the Eckart-Young theorem
(see Brunton and Kutz (2019)), for representing the simulation data, potentially allowing for a significant reduction of the
number of modes needed to characterize the system dynamics, cf. Eq. (3).

To construct the POD modes, the set of equations given by Eq. (3) is numerically integrated over time. If q(ty) is the
vector of generalized coordinates at time ¢, the following snapshot matrix can be constructed from the simulation data:

X =la(th)—a aq(tz)—q - q(tm)—al, (13)

where q is the vector of time-averaged generalized coordinates. It is assumed that the m time instants are evenly spaced
throughout the total simulation time. The system is assumed to be n-dimensional, so that g € R™ and X € R™*"™, Since
the snapshot matrices considered throughout this paper are built from system responses (global position vectors and their
gradients with respect to x), the discussion is limited to real matrices.

The SVD provides a unique matrix decomposition of the snapshot matrix in terms of the orthogonal matrices U and
'V and the matrix 3 with nonnegative entries on the diagonal, as follows:

op 0 - 0 T
1
0 :
X=USVT = (¢ 9 - ]| 7 e (14)
T
0 0 op| tVm
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where U € R"*™ ¥ ¢ R™*™ and V € R™*™,

The matrix 3 is composed by the singular values of X, o;, which are arranged in descending order. The energy
content of X (defined according to the Frobenius norm) can be shown to be equal to the energy of its singular spectrum,
Z;’;laf (Kerschen and Golinval, 2002). Because of this, it follows that the matrix U provides the optimal set of modes to
approximate X in a Lo-norm sense. The columns of this matrix contain the orthogonal POD modes necessary to form a
basis to approximate the dynamics of interest. These modes are arranged from the most dominant to the least dominant,
from left to right, in accordance with the organization of the singular values (descending order).

Thus, a low r-rank truncation can be obtained by selecting the first r-columns of U to construct the optimal basis
modes, as follows (Brunton and Kutz, 2019):

q;:[¢1 Py - ¢T], (15)

where {11,...,1,.} are used to construct the orthogonal basis which is able to approximately capture the dynamic
behavior which is described by Eq. (3).
Using these modes, it is possible to approximate the generalized coordinates ¢(t) of the system by means of:

q(t) ~ WE(t), (16)

where £ € R" is the time-dependent vector of reduced generalized coordinates of the ROM. Thereafter, by using the
Galerkin projection, Eq. (3) can be recast as the following set of equations with reduced order r» < n:

{ CITMEE + UTCIN = OTF (¢, WE(t), WE(1) — WTFR(WE(1)) = BT Q(t, WE(t), TE(L))

C(t,TE¢(t) =0 a7

Regarding the HHT-I3 numerical integration technique, Eq. (5) gets transformed to the following set of equations,
with reduced order:

(k)

OF) .
‘I’qu’ ‘I’T(Cg)ﬂri’l A£71,+1 (k) _ ‘I’TF(I) (k) (18)
(Cq)ni1® 0 Adna] e

q/n+1

Care has to be exercised regarding the algebraic constraint equations. It is known that the POD modes inherit some
attributes present in the data used to construct them. This can lead to redundant constraint equations, which need to be
taken care of. Since the snapshot matrix X in Eq. (13) is constructed from data gathered from the full-order system,
the data set contains generalized coordinates that fully satisfy the constraint equations. As a result, the obtained POD
modes contain constraint information, so that at least some constraint equations may be automatically satisfied in the low-
dimensional subspace. This leads to singularities in the Jacobian matrix of Eq. (18), since (Cq)n+1 ¥ (and, equivalently,
\IIT(CE),LH) may contain all-zero rows (columns). In order to remedy these singularities, a simple approach based on
the work of Luo et al. (2017) is adopted in this study. Before starting numerical integration, the matrix Cq W is evaluated
for the initial time instant ¢;. If an all-zero row is identified, the corresponding constraint equation and the associated
Lagrange multiplier are eliminated from the problem. These constraint equations, and the corresponding constraint forces
are no longer computed at any time in the ROM.

4. ADAPTATION OF ROMs TO ACCOUNT FOR MODEL PARAMETER VARIATIONS

Problems such as design optimization, uncertainty analysis, control, and many other applications generally involve
repeated analysis under parameter changes. However, the above-discussed POD-based ROM lack robustness in such
cases, as discussed by Amsallem and Farhat (2008). Therefore, performing dynamic calculations using ROMs calls for
the construction of a new ROM every time a system parameter is varied.

In this study, an interpolation method based on the Grassmann manifold is applied for adapting ROMs to new sets
of parameters. This method has been proposed and successfully applied in the fields of aeroelasticity and structural
dynamics. Roughly speaking, the data to be interpolated is mapped onto a tangent space to the Grassmann manifold, then
the mapped data is interpolated in this space, and, finally, the interpolated result is appropriately transported back to the
original space. For more details, the reader is referred to (Amsallem and Farhat, 2008) and (Amsallem et al., 2009). The
implementation aspects of the interpolation algorithm, are depicted in Fig. 2, and described below.

1. The sampling points Sy, S1, - .., Si of the manifold are specified with respect to the parameters Ao, A1, . .., Ag,
such that each sampling point S; (i = 0,1,..., k) corresponds to a matrix U; (i = 0,1,..., k) of POD modes of
the same dimension.

2. A point Sy of the manifold is chosen as a reference for the interpolation. It is noticed that the method is not sensitive
to the choice of the reference point.
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3. Each sampling point S; is mapped to a point ); in the tangent space by using a matrix ¥; through the following
logarithm map:

L;%,R! = (I-U,UDU; (UL, (economy-size SVD) (19)
v, =L, tanfl(Ei)RiT
4. A new point y, related to the desired parameter ), is obtained by interpolating the points Xo, x1,-- -, Xk In

this work, the Lagrange interpolation formula is used to compute the matrix W representing y. The Lagrange
interpolation formula is given by:

b - A
- 4 upy
v=>|w [] | (20)
i=0 0<j<k " J
J#i

5. Lastly, the matrix U s mapped from the tangential space back to the Grassmann manifold, so that one is able to
obtain Uy, the matrix of POD modes associated with the parameter A. This is achieved through the exponential
map:

{ LXRT = ¥ (economy-size SVD) @1

Upew = Uof{cos(i) + I:sin(i)

It is noteworthy that the important orthogonality property of the modes is kept. Once the matrix U ., is obtained, the
POD-based ROM can be constructed as discussed earlier.

5. NUMERICAL EXAMPLES

In this section, the above-discussed methodology is applied to the simulation of two multibody dynamics problems: a
four-bar mechanism and a free-falling double pendulum. These are benchmark problems extensively studied and validated
with other conceptually different flexible multibody dynamics formulations.

In all simulations, the numerical damping parameter « is set as —0.1. Although the numerical integrator has a variable
time step, the results are presented with a time step of 1 x 1073 s.

5.1. Four-bar mechanism

First, the multibody dynamic analysis of the four-bar mechanism shown in Fig. 3 is performed. The geometric, elastic,
and inertial properties of the four-bar links are listed in Tab. 1 and are the same as used by Berzeri and Shabana (2000)

_ X= 105s(5) o (s5)=xs
logs,(S1) = E
T5,G(Na, Ny)

Figure 2: Graphical representation of the interpolation of four subspaces in a tangent space to a Grassmann manifold.
Reprinted from Amsallem and Farhat (2008).

B

Figure 3: Four-bar mechanism under analysis.
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and Kim et al. (2017). The crank, coupler and follower links are discretized using 20, 50 and 40 ANCF beam elements,
respectively, resulting in a total of 452 degrees of freedom and 8 kinematic constraints. The system starts from rest with
the orientation angles initially given by 6; = 0°, 6 = 30° e 83 = 60°, and is driven by a moment M,ppiica applied to the
crank, expressed as (Yakoub and Shabana, 1999):

10 sin(3t) Nm, t<0.2728s

Mapplied = A X { 465'88382986716.32419415 Nm, ¢>0.2728s

(22)

A parametric study is carried out by altering A, which is varied by 0.25/0.5/0.75/1 in the dynamic analyses which are
conducted to construct the ROM of the system.

Figure 4 shows the y-position occupied by the revolute joint between the coupler and the follower (point B in Fig. 3).
The plots presented in this figure illustrate some of the data which was used to obtain a ROM of the system.

Table 1: Geometric, elastic and inertial properties of the flexible four-bar links.

Property Link 1 Link 2 Link 3
(crank) (coupler) (follower)
Number of elements 20 50 40
Length (m) 0.2 0.9 0.5196152
Mass (kg) 0.6811 2.4740 1.4700
Second moment of area (m*)  1.257x10~7  3.068x10~7 3.976x107%
Cross-sectional area (m?) 1.257x107%  1.960x107%  7.068x10~*
Young’s modulus (Pa) 1x10° 5x10° 5%x108

After the construction of the ROM, a new dynamic analysis was performed with a randomly selected parameter A\ =
0.935. The order of truncation of the POD modes matrices was chosen so that at least 99.9% of the variance of all
simulations in the training set would be captured. In this way, the dynamic simulations were carried out via the ROM with
33 generalized coordinates, and none of the constraint equations. This represents a reduction of the order of the system of
equations given in Eq. (5) by 92.8%.

The dynamic response of the four-bar mechanism considering the updated value for A is shown in Fig. 6 for four
equally spaced time instants. Figure 5 shows the y-position of the revolute joint between the coupler and the follower
links for the ROM and the full-order model (FOM). It indicates a high degree of accuracy of the ROM over the analysis
time.

0.6 T T T T T ‘ 0.6 T T T T T
@ O
o
R e o4
E‘ —— \ = 0.25 g
0.2 ||—e= =050 7 0.2
A=0.75
A=1.00
0 T | 1 | | 0 | |
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
t [s] t [s]
Figure 4: Y-position of the joint between the coupler and Figure 5: Y-position of the joint between the coupler and
the follower for the training dynamic analyses. the follower links for the system under perturbation.

0.4 B 4 11 :
021 - -4 F -4 F 8
>

O | - [ [ I [ I .
0.2 ‘  t=0s |1 ‘ t=0.367s | | ‘ t=0.733s | | ‘ t=11s |
0 0.5 1 0 0.5 1 0 0.5 1 0 0.5 1

X [m] X [m] X [m] X [m]

Figure 6: Evolution of the four-bar mechanism under analysis.
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5.2. Free-falling double pendulum
@ o ]
O

x
Figure 7: Double pendulum under analysis.

The second example considered here is related to a flexible double pendulum which experiments free fall under the
action of its own weight (Fig. 7). The first pendulum is restrained to the ground through a pin joint at point O, and the two
pendulums are connected by means of a pin joint at point A. The gray and red bodies have a Young’s modulus of 80 MPa
and 1 MPa, respectively. Both have a square cross-section with dimensions of 30 mm and a length of 0.5 m. The system
begins to fall from an horizontal configuration, from rest, under gravity’s influence (¢ = 9.81 m/s?). Each pendulum
is modeled using 80 ANCF beam elements, resulting in a total of 648 degrees of freedom and 4 kinematic constraints.
Transient dynamic analyses are performed until the final time of 1.3 s.

The parametric study is carried out with respect to the mass of each body. The initial masses of the bodies are given
by 0.304 kg and 0.2455 kg, respectively. For the construction of the parametric ROM, training dynamic analyses were
performed by scaling the masses successively by the factors 0.5/1.0/1.5, resulting in a total of 9 simulations (full-factorial
experiment). Since there are two parameters to interpolate, the Lagrange interpolation formula given in Eq. (20) must be
adapted to handle the two-dimensional case at hand. If two parameters A\;(¢ = 0,1,...,m) and n;(j = 0,1,...,n) are
associated to the matrix \ill-j, the matrix W related to the desired parameters X and 7j can be computed as:

B m n 5 ~ 5 m ’)“\ o )\S R n 77 o T}s
U= 3 (L VL@),  whee LO=T] {5 n@=I[,— (23)
i=0 j=0 ;;9 T s ;;9 7 s

Figure 8 shows the time evolution of the y-position of the end point of the the double pendulum (point B in Fig. 7) for
the dynamic analyses conducted to gather data for constructing the POD-based ROM.

After construction of the ROM, a new dynamic analysis was performed considering a randomly selected set of masses
equal to 0.2642 kg and 0.1500 kg for bodies 1 and 2, respectively. The order of truncation of the POD modes matrices
was chosen so that at least 99.9% of the variance of all simulations in the training set could be captured. In this way,
the dynamic simulations were carried out using the ROM with 11 generalized coordinates, and none of the constraint
equations. This represents a 98.3% reduction in the order of the system of equations given in Eq. (5).

Various postures assumed by the flexible double pendulum, whose links have the randomly selected masses, can be
seen in Fig. 9. Figure 10 shows the time history of the y-position of the end point of the double pendulum, computed
using the ROM and the FOM. The results of the two approaches match almost perfectly over the time period which has
been considered.

It is interesting to investigate the behavior of the ROM over a longer time window than the one used to construct the
snapshot matrix seen in Eq. (13). For such, additional simulations, with the same randomly selected set of masses, were
performed considering the final time instant equal to 3.0 s. Figure 11 shows another comparison for the y-position of the
tip of the flexible double pendulum, calculated using the ROM and the FOM. These simulation results are quite close to
each other over the longer time window considered now.

y [m]

t [s]

Figure 8: Y-position of the end point of the the double pendulum for the training dynamic analyses.
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Figure 9: Evolution of the flexible double pendulum under analysis.
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Figure 11: Y-position of the end point of the the double
Figure 10: Y-position of the end point of the the double  pendulum for the system with randomly selected masses.
pendulum for the system with randomly selected masses. Simulation over a longer time window.

6. FINAL REMARKS

In this work, a method of parametric model order reduction is presented for the dynamic simulation of flexible multi-
body systems based on the absolute nodal coordinate formulation. The reduced-order modeling is achieved using the
proper orthogonal decomposition and Galerkin projection. The parametric ROM is obtained based on an interpolation
procedure performed on a Grassmann manifold. The methodology is validated through the analysis of two flexible
systems undergoing large reference motion and deformation, namely a four-bar mechanism, and a free-falling double
pendulum. In order to avoid singularity problems, the redundant constraint equations resulting from the reduction of the
model can be systematically detected and eliminated. The parametric ROMs proved to be able to reduce up to about 98%
of the model order while maintaining great accuracy.

In future considerations, it is pertinent to investigate some method for sampling and interpolating the nonlinear terms
present in the model, so that the computational cost of the ROM scale favorably with the order of the approximation, even
with complex nonlinearities. Some possible candidates are the gappy POD, the discrete empirical interpolation method
(DEIM), and the missing point estimation (MPE).
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