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Abstract. This work purposes the computational implementation of a geometrically nonlinear rotary beam formulation
which stems from the variational asymptotic method (VAM). The method VAM proposes the representation of a three-
dimensional formulation of a geometrically non-linear beam in terms of two complementary formulations: 1) a one-
dimensional formulation (1D), compact and geometrically exact along the beam reference line, and 2) a two-dimensional
analysis (2D), generally linear, set at each beam cross-section. The combination of the 1D and 2D formulations leads
to an accurate beam formulation, with high computational performance. The finite element method, associated with the
Newton-Raphson method, is applied to numerically solve the equations representing the one-dimensional beam formula-
tion for obtaining both the static and dynamic beam responses. This formulation will be used to describe the structural
behavior of one helicopter blade made of composite material with the cross-section airfoil known as the VR-7. The struc-
ture analyses involve obtaining either the internal forces and moments or linear and angular displacements, as well as
verifying the axial force that the beam’s rotation generates. Furthermore, the model allows describing the actual lift com-
ponent generated by the deformed blade, and, also, the natural frequencies can be shown in function of the angular speed
applied in the root of the blade, since the natural frequencies related to its vibrational modes are also induced by rotation.
Therefore, the methods adopted in this research will give accurate structure results for helicopter composite blade mod-
eled as a rotary beam and contributes for becoming more practical to numerically simulate structure components made
of composite material.
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1. INTRODUCTION

Beam theories are used to model structural components with either high aspect ratio or arbitrary material properties,
and they are widely used on all fields of engineering. In aeronautical engineering, the most common applications of beams
includes high aspect ratio wings, eolic turbine blades and helicopter rotor blades (Hodges, 2005). However, even though
classical beam theories work accurately for linear applications, helicopter rotor composite blades requests more advanced
theories in order to be accurately modeled, specially because composite blades are laterally flexible and operate in the
nonlinear range (Ghorashi, 2016; Hodges, 2006).

Modern numerical theories and tools, such as the full modeling using laminated shell elements, has increased the
capability of nonlinear structural analyses. However, this type of 3D analyses can be extremely expensive and time-
consuming due to the countless degrees of freedom that the blade would have to be properly modeled (Hodges, 2005).
Nevertheless, a good formulation that can replace 3D analyses without lack of accuracy is the Variational Asymptotic
Method (VAM). The VAM proposes the representation of a full formulation of a geometrically non-linear beam in terms
of two complementary formulations: 1) a one-dimensional formulation (1D), compact and geometrically exact along the
beam reference line, and 2) a two-dimensional analysis (2D), generally linear, set at each beam cross-section. This method
yields results with a high level of accuracy, in spite of a strong reduction in the number of degrees of freedom required by
a three-dimensional finite element model, which greatly reduces the computational time consuming. (Hodges, 1990).

The present work involves the computational application of a geometrically nonlinear beam theory which stems from
the VAM to model the behavior of a helicopter rotary composite blade made of the airfoil known as VR-7 under aerody-
namics load. This theory is derived from Hamilton’s principle (Cheng, 2002; Hodges, 2006) and it is used to model rotary
beams. The finite element method solves the 1D equations with implicit nonlinear formulation, whereas the 2D verify the
cross-section influence of each element (Hodges, 2006).

The solution provides the possibility to verify the internal efforts caused by the rotation and the external load over the
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length of the blade. The efforts can significantly alter the blade orientation, which will cause the external forces to change
its direction when applied in the beam’s deformed state. Furthermore, it is also possible to investigate how the natural
frequencies of the vibration nodes of the beam increase whenever the rotor angular speed rises.

2. STATE OF THE RESEARCH AND MOTIVATION

Nowadays, structure components made of composite materials are widely used in all areas of engineering, so there
is a demand for accurate and high efficiency analyses in the industry. Thus, this work developed a tool using Matlab®
that eases the application of composite material in rotary blades. The code can simulate any single blade in steady-state
rotation, with any external load.

The blade that was selected for this paper has rectangular plan-form and its cross section is the Boeing® Vertol
VR-7 Airfoil. The VR-7 airfoil belongs to the VR-XX airfoil family which is highly used in the helicopter rotor indus-
try (Dadone, 1982) and the VR-7 potential has been verified and reported (Dadone, 1976). The main uses of the VR-XX
airfoil family is on Boieng® Vertol Helicopters Series.

3. ROTARY BEAM STRUCTURAL FORMULATION

3.1 Coordinate Systems

The rotary beam representation requires three different coordinate systems that will be used in different moments to
solve the equations (Cheng, 2002; Shang, 1995). These systems are: 1) global coordinate system ai with axes a1, a2 and
a3 that rotates along the rotor and is defined by the rotor’s rotation plane; 2) undeformed beam coordinate system bi with
axes b1, b2 and b3 that is used to identify every beam’s element initial condition; and 3) deformed beam coordinate system
Bi with axes B1, B2 and B3 that is used to represent every beam’s element orientation on the deformed state after the
external load is applied.

Figure 1: The global coordinate system a1, a2 and a3 rotates with the rotor. The coordinate system b1, b2 and b3 represents
the undeformed beam state. The coordinate system B1, B2 and B3 represents the deformed beam state

The linear and angular displacements vectors, u and θ respectively, are measured on the global coordinate system ai.
However, the deformation, γ, curvature, κ, linear speed, V , angular speed, Ω, linear momentum, P, angular momentum,
H, internal force, F and internal moment, M, vectors are measured on the deformed coordinate systemBi (Cheng, 2002).
It is worth to mention that even though the internal forces and moments are measured on the beam’s deformed state Bi,
the static equilibrium condition is calculated on the beam’s undeformed state bi (Ghorashi, 2016). To keep the Lagrangean
strain definitions, the external loads, force, f̄ , and moment, m̄, are also applied on the deformed state Bi, even though f̄
and m̄ are calculated using the undeformed state.

The use of the reference coordinate systems previously mentioned requires the usage of coordinate transformation
matrices. These matrices are following listed:

• Cba: transformation matrix from coordinate system bi to ai;

• Cab: transformation matrix from coordinate system ai to bi;

• CaB: transformation matrix from coordinate system ai to Bi;

• CBa: transformation matrix from coordinate system Bi to ai.
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The rotation matrix, C, can be obtained by Eq. (1).

C = CabCBa (1)

So, the rotation matrix can be written in function of the angular displacements θ as shown in Eq. (2).

C(θ) =

(
1− θ

Tθ
4

)
∆− θ̃ + θTθ

2

1 + θTθ
4

(2)

The angular displacements, θ, are expressed in terms of Rodrigues’ Parameters (Hodges, 2006). Also, the operator (̃)
transform a vector to its dual matrix, that is, if e = [e1 e2 e3]T so

ẽ =

 0 −e3 e2
e3 0 −e1
−e2 e1 0

 (3)

3.2 Cross Sectional Bi-dimensional Energy Analyses

The VAM involves bi-dimensional analyses, which are made by establishing structural parameters from kinetic energy,
deformation energy and work of external efforts. The energy equations requires the cross-sectional 6x6 stiffness and
6x6 inertia matrices that are obtained by taking into account the shape of the the section and its material proprieties
distributions (Cesnik, 1994).

3.2.1 Stiffness Matrix and Potential Energy Density

In beams made of materials with arbitrary proprieties, in which linear deformations and curvatures needs to be con-
sidered is all three directions, the cross-sectional stiffness matrix is a 6x6 matrix entirely populated. In that case, the
constitutive material equation that associate forces F and moments M with the deformations γ and curvatures κ, is
written as:



F1

F2

F3

M1

M2

M3


=


S11 S12 S13 S14 S15 S16

S21 S22 S23 S24 S25 S26

S31 S32 S33 S34 S35 S36

S41 S42 S43 S44 S45 S46

S51 S52 S53 S54 S55 S56

S61 S62 S63 S64 S65 S66





γ11
2γ12
2γ13
κ1
κ2
κ3


(4)

where γ11 is the extension strain of the beam’s medium line, γ12 and γ13 are the transverse shear strains of the cross
section, κ1 is the twist angle, and κ2 and κ3 are the bending rotations. It is worth to mention that γ = [γ11 2γ12 2γ13]T

is named the force strain and κ = [κ1 κ2 κ3]T is named the moment strain.
In Eq. (4), Sij , where i, j = 1, 2, ..., 6 is the stiffness term in the respective direction. So, the cross sectional stiffness

matrix S can be expressed as the Eq. (5).

S =


S11 S12 S13 S14 S15 S16

S21 S22 S23 S24 S25 S26

S31 S32 S33 S34 S35 S36

S41 S42 S43 S44 S45 S46

S51 S52 S53 S54 S55 S56

S61 S62 S63 S64 S65 S66

 (5)

Equation. (5) represents the generalized Timoshenko Beam Theory. It should be noted that it can be solved for γ and
κ by inverting the S matrix for each beam element.

Moreover, the deformation energy density for the beam’s cross-section, U , can be calculated from:

U =
1

2

{
γ
κ

}T [
A3x3 B3x3

BT D3x3

]{
γ
κ

}
(6)

where A has the force stiffness terms, B has the curvature-force related stiffness terms, and D has the moment stiffness
terms.
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3.2.2 Inertia Matrix and Kinetic Energy Density

The linear and angular momentum of the beam is obtained by relating the linear and angular speed with a cross-
sectional inertia matrix that represents the inertia of the beam per length unit. The vectors PB, HB, VB, ΩB , which
are the linear momentum, angular momentum, linear velocity, and angular velocity, respectively, have the "B" subscript
because they are measured on the deformed beam coordinate systemB (see Fig. 1). These vectors are listed in the Eq. (7).

PB =

 P1

P2

P3

 HB =

 H1

H2

H3

 VB =

 V1
V2
V3

 ΩB =

 Ω1

Ω2

Ω3

 (7)

The relation of PB and HB with VB and ΩB is expressed as:

{
PB

HB

}
=

[
µ∆ −µ ¯̄ξ

µ ¯̄ξ i

]{
VB

ΩB

}
(8)

where µ is the mass density per unit length, i is the mass moment of inertia per unit length matrix, and ∆ is defined as a
3x3 identity matrix.

Besides, the mass moment matrix i is:

i =

 i2 + i3 0 0
0 i2 i23
0 i23 i3

 (9)

where i2 and i3 are the mass moments per unit length in the a2 and a3 directions (see Fig. 1) and i23 the product of inertia
per unit length.

The ¯̄ξ term is written as:

¯̄ξ =

 0 −x̄3 x̄2
x̄3 0 0
−x̄2 0 0

 (10)

where x̄2 and x̄3 are the distances of the center of mass and the shear center of the cross-section.
Therefore, the Eq (8) can be expressed as,



P1

P2

P3

H1

H2

H3


=


µ 0 0 0 µx̄3 −µx̄2
0 µ 0 −µx̄3 0 0
0 0 µ µx̄2 0 0
0 −µx̄3 µx̄2 i2 + i3 0 0
µx̄3 0 0 0 i2 i23
−µx̄2 0 0 0 i23 i3





V1
V2
V3
Ω1

Ω2

Ω3


(11)

and the cross-sectional inertia matrix, I, can be obtained from Eq. (11):

I =


µ 0 0 0 µx̄3 −µx̄2
0 µ 0 −µx̄3 0 0
0 0 µ µx̄2 0 0
0 −µx̄3 µx̄2 i2 + i3 0 0
µx̄3 0 0 0 i2 i23
−µx̄2 0 0 0 i23 i3

 (12)

Also, the kinetic energy for the beam’s cross-section, K, can be obtained as following:

K =
1

2

{
VB

ΩB

}T [
µ∆ −µ ¯̄ξ

µ ¯̄ξ i

]{
VB

ΩB

}
(13)
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3.3 Variational Formulation and Finite Elements Discretization

The variational formulation which stands for the rotary beam equations is based on the Hamilton’s principle (Cheng,
2002; Shang, 1995)

∫ t2

t1

∫ l

0

[
δ (K − U) + δW̄

]
dx1dt = δĀ (14)

where t1 and t2 are arbitrary times, l is the length of the beam, K and U are the deformation and kinetic energy density
per unit length, respectively, W̄ is the virtual work of external loads on the body per unit length, and δĀ is the virtual
action between t1 and t2.

The virtual variation of the kinetic energy stems from the variation of the vectors VB and ΩB , and the virtual variation
of the potential energy stems from the variation of the vectors γ and κ. Also, the nonlinear equations derived from the
application of Hamilton’s principle (Eq. (14)) are discretized for finite elements applications with 18 degrees of freedom
per node. The degrees of freedom are contained in the following vectors: linear displacements u, angular displacements
θ, force F, moment M, linear momentum P and angular momentum H. Since a node has either displacements or loads
as degrees of freedom, the formulation is made by mixed elements (Zienkiewicz and Taylor, 2000).

This finite element model is proposed by Shang (1995), and can also be used to verify the coupling behavior of the
vibration modes of the beam under large elastic strains. This one-dimensional discretization comes from the integration of
Eq.( 14) within each element and provides the equations starting from Eq. (15) up to Eq. (24), where the subscript i term
indicates the ith element and f are the internal force related to the degree of freedom of the subscript index (hamiltonian).

fui
= −CTCabFi +

∆li
2
ω̃aC

TCabPi +
∆li
2

(
CTCabPi

)∗ − f̄i (15)

fψi
= −CTCabMi+

∆li
2

CTCab (ẽ1 + γ̃i) Fi+
∆li
2

(
ω̃aC

TCabHi + CTCabṼiPi

)
+

∆li
2

(
CTCabHi

)∗−m̄i (16)

fFi
= ui −

∆li
2

[
CTCab (e1 + γi)−Cabe1

]
(17)

fMi
= θi −

∆li
2

[
∆ +

θ̃i
2

+
θiθ

T
i

4

]
Cabκi (18)

fPi
= CTCabVi − va − ω̃a (ui +Dli)− u̇i (19)

fHi
= Ωi −CbaCωa −Cba

(
∆− θ̃i/2

1 + θTi θi/4

)
θ̇i (20)

fui+1
= CTCabFi +

∆li
2
ω̃aC

TCabPi +
∆li
2

(
CTCabPi

)∗ − f̄i+1 (21)

fψi+1
= CTCabMi+

∆li
2

CTCab (ẽ1 + γ̃i) Fi+
∆li
2

(
ω̃aC

TCabHi + CTCabṼiPi

)
+

∆li
2

(
CTCabHi

)∗−m̄i+1

(22)

fFi+1
= −ui −

∆li
2

[
CTCab (e1 + γi)−Cabe1

]
(23)
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fMi+1
= −θi −

∆li
2

[
∆ +

θ̃i
2

+
θiθ

T
i

4

]
Cabκi (24)

In the Eqs. from (15) to (24), the vectors ωa and va indicate the angular speed and linear speed measured on the ai
coordinate system (see Fig. 1). Furthermore, ∆li is the length of the element, Dli is the distance between the medium
point of the element and the tip of the beam, e1 = [1 0 0]T , and the ()∗ operator denotes the derivative of () with respect
to time.

Since the blade is unique and has all elements aligned in one direction, and each jth node with j 6= 1, N + 1 belongs
to two sequenced elements, the global matrix with N elements is assembled as the Eq. (25) and Eq. (26) , while FS is the
structure operator and FL is the load operator (Cheng, 2002).

FS = [f (1)
u1

+ F̂0 f
(1)
ψ1

+M̂0 f
(1)
F1

f
(1)
M1

f
(1)
P1

f
(1)
H1

f (1)
u2

+f (2)
u2

f
(1)
ψ2

+f
(2)
ψ2

f
(1)
F2

+f
(2)
F2

f
(1)
M2

+f
(2)
M2

. . . f
(i)
Fi

f
(i)
Mi

f
(i)
Pi

f
(i)
Hi

f (i)
ui+1

+ f (i+1)
ui−1

f
(i)
ψi+1

+ f
(i+1)
ψi+1

f
(i)
Fi+1

+ f
(i+1)
Fi+1

f
(i)
Mi+1

+ f
(i+1)
Mi+1

. . .

f (N)
uN

f
(N)
ψN

f
(N)
FN

+ ûN+1 f
(N)
MN

+ θ̂N+1]T (25)

FL = [̄f
(1)
1 m̄

(1)
1 0 0 0 0 f̄

(1)
2 + f̄

(2)
2 m̄

(1)
2 + m̄

(2)
2 . . . f̄

(i)
i m̄

(i)
i 0 0 0 0 f̄

(i)
i+1 + f̄

(i+1)
i+1

m̄
(i)
i+1 + m̄

(i+1)
i+1 . . . f̄

(N)
N+1 m̄

(N)
N+1 0 0]T (26)

In Eq. (25) and Eq. (26), the superscript indicates the element number and the subscript the node number. The two
previous equations lead to the solution variable X that depends on the boundary conditions

X = [Xroot Xcommon Xtip]
T (27)

The hingeless helicopter blade can be treated as a clamped-free beam, so, assuming that the Xcommon vector represents
all the middle nodes that have all degrees of freedom, the Xroot and Xtip can be written as

Xroot = [F̂0 M̂0]T Xtip = [ûN+1 θ̂N+1]T (28)

Thus, the solution vector is

X = [F̂0 M̂0 u1 θ1 F1 M1 P1 H1 . . . uN θN FN MN PN HN

ûN+1 θ̂N+1]T (29)

And, the nonlinear equation, in steady-state, that need to be solved is

F(X) = FS(X)− FL (30)

where F(X) is the difference between the external and internal efforts.
Eq. (30) is solved by Newton-Raphson method, witch increment iteration

∆X = J(X)
−1

[−F(X)] (31)

where J(X) is the Jacobian matrix defined as

J(X) =
∂FS(X)

∂X
(32)

The value of X for each iteration is obtained by Eq. (33). Assuming that ε is a arbitrary tolerance,it is possible to
assure that the method will converge once it reaches ||F(X)||< ε.

Xk+1 = Xk + ∆X (33)



26th ABCM International Congress of Mechanical Engineering (COBEM 2021)
November 22-26, 2021, Florianópolis, SC, Brazil

4. RESULTS AND DISCUSSION

The simulated beam consists in a rectangular blade with the Vertol VR-7 as cross-sectional shape, and it has 5 m of
length and 513 mm of chord. The VR-7 airfoil is shown in Fig. 2, which is mostly manufactured using a graphite-epoxy
composite laminate in different configurations and the skin of leading edge the blade is reinforced by titanium. The blade
material proprieties was taken from Hodges et al. (2007).

Figure 2: Vertol VR-7 airfoil profile line

The 6x6 generalized Timoshenko matrices were obtained through the Variational Asymptotic Beam Section Analysis
(VABS) (Atilgan and Hodges, 1991; Hodges, 2006) and taken from Hodges et al. (2007). Table 1 and Equation (34) show
the cross-sectional proprieties of inertia and stiffness of the blade, respectively. It can be noticed that the shear center is
slightly distant of the center of mass.

Table 1: Inertia proprieties of the blade
Propriety Value Unit
µ 10.6593 Kg/m
i2 5.76160× 10−3 N.s2

i3 1.20553× 10−1 N.s2

x̄2 −8.91860× 10−2 mm
x̄3 −4.98882 mm

S =


571.819 −2.89792 0.118768 −0.132511 2.82981 −19.0886
−2.89792 43.0641 −1.84428 0.00238511 0.0798392 0.116430
0.118768 −1.84428 6.42003 −0.000168687 −0.00616808 0.0131626
−0.132511 0.00238511 −0.000168687 0.0992340 0.00375901 0.00391711
2.829811 0.0798392 −0.00616808 0.00375901 0.0263570 0.0726226
−19.0886 0.116430 0.0131626 0.00391711 0.0726226 4.28261

× 106 (34)

The units associated within the stiffness values in Eq. (34) are Sij (N ), Si,j+3 (N.m), and Si+3,j+3 (N.m2). Also,
since the stiffness matrix is fully populated, whenever a external load is applied, deformation in all directions is expected.

When the blade is rotating with constant angular speed applied at the root ωa3 = 350RPM and no external loads, the
internal axial force showed in Fig 3 is generated. This internal force is caused only by the centrifugal force field, produced
by every blade’s element. The blade’s root concentrates all the centrifugal forces because of the force propagation.

Figure 3: Internal axial force generated only by rotation

Now, external loads that simulate typical aerodynamic distributed load for rotary blades will be applied in addition to
the angular speed ωa3 = 350 RPM . These external loads are lift force, twist moment and drag moment. The lift force is



A. Florentino, M. Sartorato and C. Pagani
Numerical Nonlinear Structural Analyses of a Rotary Blade under Aerodynamic Load

produced since the cross-sectional shape of the blade is an aerodynamic profile. The twist moment is generated because
the pressure distribution is not constant in the airfoil chord, usually significantly smaller in the leading edge, causing
the airfoil to rotate around the shear center. The drag moment is caused by the friction of the airfoil with the air. Also,
these loads are obtained by the application of the Blade Element Moment Theory (BEMT) with tip correction (Leishman,
2006), and they are shown in Fig 4 .

Figure 4: Radial distributions of aerodynamic loads applied to the rotary beam

Thus, Figures 5, 6, 7 and 8 preset the internal force F and moment M, and the linear u and angular θ displacements
when the blade is under the load of the Fig 4 and angular speed ωa3 = 350 RPM .

Figure 5: Internal force components along the blade’s length

Figure 6: Internal moment components along the blade’s length

Table 2 presents the absolute value of the force, moment, linear displacement and angular displacement for each
direction.

The internal forces and moments from Figs. 5 and 6 are resulted by both the external forces and the rotation inertia.
However, the important results are the angular displacements θ. In reality, the twist angle θ1 would change the lift
produced by the section because it modifies its geometric angle of attack. Moreover, the bending angle θ3 and the twist
angle θ1 are capable of changing the generalized aerodynamic force direction, since the external forces are applied in
the deformed beam coordinate system Bi (see Fig 1). So, Figure 9 shows a comparison between the lift applied in the
undeformed state ai and in the deformed state Bi.

The axial and drag forces components are generated by the rotation of the lift force. Visually, it is difficult to note the
difference between the lift force in both coordinate system specially because the angle displacements θ are not signifi-
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Figure 7: Internal linear displacement components along the blade’s length

Figure 8: Internal angular displacement components along the blade’s length

Table 2: Maximum forces, moments, linear displacements and angular displacements in modulus
Max. Internal effort |Value| Unit Max. Displacement |Value| Unit
F1max

174637 N u1max
30.3861 mm

F2max
2653.47 N u2max

21.5788 mm
F3max

21839.0 N u3max
533.073 mm

M1max 4252.79 N.m θ1max 0.111672 rad
M2max 25526.5 N.m θ2max 0.139068 rad
M3max

17756.2 N.m θ3max 0.000654619 rad

Figure 9: Comparison between the external forces components. The full line indicates the forces in the non-deformed
coordinate system ai. The dashed line indicates the forces in the deformed coordinate system Bi

cantly large. However, the Eq (35) and (36) show the difference in the total lift of the blade in the non deformed state and
in the deformed state, respectively.

Lai =

∫ L

0

f3,ai(x)dx = 22147.88 N (35)

LBi
=

∫ L

0

f3,Bi
(x)dx = 21839.01 N (36)
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Since LBi
< Lai , it is possible to mention that this type of analyses is important because in usual aerodynamics

analyses, the obtained lift force can be reduced depending on the behavior of the blade under the load. This reduction
is proportional to the angular displacements, that is, the larger the angles, the lower will be the total lift force. Also, the
larger the blade’s length, the higher will be the angular displacements.

5. CONCLUSION

It was possible to verify the efforts caused by rotation and by aerodynamic external load in the rectangular blade that
has the Vertol VR-7 airfoil as cross-sectional shape. The results involved the linear and angular displacements behavior,
as well as the internal forces and moments distributions along the blade’s length.

The axial force in the root (maximum) when the blade was rotating with no external loads and with external loads
decreased in 1.55%, showing the small influence of the external load in this force component. Moreover, the maximum
linear displacements, u1, u2 and u3, increased in 2432%, 292% and 4576%, respectively, when the load was applied,
whereas the maximum angular displacements increased in 6841%, 2859% and 87.88%, respectively.

Also, the results allowed to assess how the generalized aerodynamic force changed its direction when the blade was
deformed by the load, and how it slightly got smaller than the expected, since the total lift decreased for the beam in the
deformed state in 1.40%.
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