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Abstract. This paper presents a continuum-mechanical derivation of a phase-field model for dissolution in elastic solids
under stress. The solid is immersed in a binary solution containing the dissolved solid as one of its components. The solid-
solution system is treated as a continuous enriched medium, where a smooth scalar field, the phase-field, is introduced to
describe the solid-solution interface. Accordingly, the phase-field is chosen to vary between 0 (solid) and 1 (solution). The
solid-solution interface is identified as a small region in which the phase-field variation between those values occurs. The
primary variables of the theory are the solid displacement, solid concentration, and the phase field. The corresponding
governing equations are obtained by combining the basic balances of the theory, namely the standard force balance, the
solid content balance, and the microforce force balance, with a constitutive theory consistent with thermodynamics. To
assess the predictive capability of the proposed approach, a particular version of it is single out for further investigation
based on its numerical implementation on the open-source python library called FEniCS.
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1. INTRODUCTION

Corrosion is one of the most frequent forms of failure in the naval, chemical, construction, and mechanical industries.
According to Koch et al. (2016), global economic loss in 2013 is estimated to be 2.5 trillion dollars annually, which
corresponds to 3.4% of the global GDP (Gross Domestic Product). Furthermore, up to 35% of this cost could have been
reduced by adopting control and prevention measures.

In general terms, McCafferty (2010) states that corrosion can be described as the degradation of materials due to
chemical or electrochemical interactions with environments. In particular, Stress Corrosion Cracking (SCC) refers to a
specific type of pitting corrosion due to the concurrent action of mechanical stress and corrosive environment (Nguyen
et al. (2018)). One of the main challenges to be overcome by predictive models for SCC relies on describing the morpho-
logical complexity of the sharp evolving interface separating a solid component and its environment. Recently, this issue
has been addressed by using phase-field models. See, for instance, Nguyen et al. (2018), Cui et al. (2021), and references
cited therein.

In phase-field models, interfaces are treated as small regions across which a smooth scalar field, the phase field,
undergoes large variations. And hence, the transition between phases is done smoothly. Phase-field models have been
used with success in many areas. We can cite the work of Kobayashi (1993) and Ferreira et al. (2006) in solidification of
materials, in lithium batteries dendritic growth studies as done by Hong and Viswanathan (2018), to predict brittle failure
according to de Moraes et al. (2020) and even to generate data to be used in machine learning applications as presented
by Goswami et al. (2020). Of particular relevance to SCC are the already mentioned works by Nguyen ez al. (2018) and
Cui et al. (2021).

The works mentioned above demonstrate the potentiality of phase-field models to describe SCC. Regardless of that,
a systematic derivation of phase-field models for this kind of problem is still lacking. This paper presents a continuum-
mechanical derivation of a phase-field model for material dissolution in elastic solid under stress. The derivation is based
on the concept of microforces introduced by Gurtin and co-workers (see, for instance, Gurtin (1996)) and builds up the
work initiated by Sobrinho (2019). We consider this work as the first step of an effort to describe consistent models for
stress corrosion cracking.
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2. THEORY

In this section, the fundamental equations that govern the SCC model based on the material dissolution will be derived.
The mathematical formulation is defined using the principles of continuum mechanics and the concept of microforces.
We begin by introducing the basic laws of the theory, namely the standard force balance, the microforce balance, the
solid content balance, and the free energy imbalance. This step is followed by the development of a constitutive theory
consistent with the free energy imbalance. Finally, by combining the basic balances with the constitutive theory, we arrive
at the governing equations of the problem under consideration.

2.1 Basic laws

Throughout this paper, we consider the solid-solution system as a single body B3 and write all equations for arbitrary
control volumes. The theory is based on the assumption that the solid undergoes small elastic deformations, where the
displacement field is represented by Vu, and the infinitesimal strain tensor is defined by:

~ Vu+Vu?
=

E (1)
Further, we consider that the solution is stagnant, that is, solution flow is neglected. The solid fraction is denoted by ¢
whereas phase field denoted by ¢. It varies from ¢ = 1 in the solution to ¢ = 0 in the solution. See Figure 1.

2.1.1 Force balances

In this paper, we consider the phase field ¢ as an independent kinematical descriptor, and hence, following Gurtin
(1996), we introduce an extra force system, henceforth called microforce system. The idea is to characterize, from the
macroscopic viewpoint, the power expended by microstructural changes leading to the evolution of ¢. That extra force
system is described in terms of the following quantities: i) microstress vector &; ii) body microforce density 7, which
in turn is the sum of two parts, one external (7.) and the other internal (7;). Further, the microforce system must be
consistent with its own balance, the microforce balance:
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Figure 1. Schematic of the corrosion process in the phase field model.
The balance of microforces states that
EondA—l—/de:O 2)
oD D

for an arbitrary part D of B with outward unit normal field denoted by n. Applying the divergence and localization
theorems, it follows from Eq. (2) that

divg+mi+7m. =0 3
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must hold for arbitrary points in the interior of 3, where *div’ denotes the divergence operator.
As is well known, the standard force system by its turn is defined by stress tensor S and body force density b and the
corresponding balance given by

/ SndA+/de=0, @)
oD D

which localize into

divS +b = 0. )
2.1.2 Solid content balance

Considering the diffusion of a single species (dissolved solid species) with density pc, where c is the mass fraction
and p is the density, for the control volume established in Fig. (1), the mass content is a control volume is defined as:

/ o dV ©)
D

On defining J the ion mass flux from the dissolved material, the diffusion rate of ions in the material surface that is
composed by the solid and liquid parts is given by:

/ I ndA )
oD

Deriving Eq. (6) to obtain the density rate and matching it with Eq. (7), we obtain the mass balance for the control volume
as stated below.

2 pch:f/ J-ndA )
ot Jp D

After applying the divergence theorem, we rewrite Eq. (8) as

9 pcdV + / divd dV =0, ©)

which, by recalling that D is time-independent, yields that

/ pidV + / divIdV = / (p¢ + divd)dV =0 (10)
D D D

Applying the localization theorem in Eq. (10), we obtain the local form of the mass balance, which is given by:

pé+ divd = 0 (11)
2.1.3 Free energy imbalance

The subsequent step is to consider the mechanical version of the thermodynamics in the form of a free energy imbal-
ance (Gurtin et al. (2009)):

O [ pwav < 1(0) + wo(p) (12)
tJp

where 1 is the free energy density,

(D) =_/ 13 -ndA (13)
oD
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the energy inflow into D due to the ingress of ions, with u representing the ion chemical potential, and

WO(D):/é)D(§~n)¢dA+/Dwe~¢dV+/ Sn-udA (14)

oD
the power expended on D by the macro and micro force balances. Using standard arguments, it can be shown that the
above inequality localizes into

ph—€-Vo+md—S-E—-J-Vu<0 (15)
2.2 Constitutive theory

Guided by Eq. (15), we consider that the list of independent and dependent constitutive variables to be given by
(¢, Vi, ¢, 0, Vo, E) and (¢, &, m;, S, 1, J), respectively. Then, by invoking the Coleman-Noll procedure Coleman and
Noll (1963), one can conclude that

* The free energy can depend on (¢, ¢, V¢, E) only, that is,
¥ =1(c,0,V9,E), (16)
where zﬁ is the constitutive response for the free energy 1;

* The constitutive responses S, i, and é for S, i, and £ are determined by the constitutive response 1,2 by:

S =$(c,¢, Vo, E) = W7

p= (e, ¢, Vo, E) = W .
~ 8A E

¢ =E&(c,6,V4,E) = W;

* The constitutive responses 7; and J for 7; and J must obey the dissipation inequality
fta(e, Vi, 6,6, V. E)o + J(¢, V1, 6,6, V4, E) - Vi < 0 (18)
for all admissible (¢, Vi, ¢, qﬁ, V¢, E), where

9Y(c, 9, Vo, E)

90 19)

7A.rcl<ca v,ua d)) 957 v¢7 E) = ﬁ'i(cv v,uv Qba d.ja V(Jb, E) -
is the dissipative part of the constitutive response 7;.
2.3 A specialized theory and the corresponding governing equations

_ The preceding section has shows that the constitutive theory is fully specified by the constitutive responses 1/3, T4, and
J. Following Sobrinho (2019), we henceforth assume that the free energy response is given by the sum of three parts,
namemly the gradient energy x|V ¢|?/2, the chemical energy f.(c, ¢), and the elastic energy f.(E, ¢). Therefore,

K

V(e; 6, Vo, E) = SIVe* + fel(c, 6) + fe(B,9), (20)
where k is a positive constant. As for 774 and J , we assume that

(e, Vi, 6,6, Vo, B) = =B and  J(c, Vi, 6,6, V), E) = —M(1 - ¢)Vp, 1)

where § and M are positive parameters, which in turn assure that (18) is satisfied. The aforementioned choice for J
implies that ions are immobile in the solid phase (¢ = 1).
With the aforementioned choices, it follows that

. Of.

/’Li 80’

£ =rVo,

~ __8(fc+fe) A4
& Ofe(E,¢)
S=""%8
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Replacing Eq. (22)2 and Eq. (22)3 in microforce balance presented in Eq. (3) and rearranging it, is possible to obtain

the Allen-Cahn equation, with the interface kinect parameter %

o1 of(c,
Similarly, replacing Eq. (22); in Eq. (11) results in the diffusion equation
. o (0, 9)
¢ = div (M(l 0V ( L )) . (24)

The last step to develop the mathematical model that will represent the SCC problem is to determine the functions
fe(e, ) and f.(E, ¢). For that, the Kim-Kim-Suzuki (KKS) model will be used to determine the function f.(c, ¢), the
KKS model developed by Kim et al. (1999) assumes that the interface mixture has different compositions with the same
chemical potential. That resumes to

¢ = h@)es + [1 - h(g)le; (25)

0fs(c) _ 0fi(e)
oc, O (26)

where h(¢) it the interpolation function that have the form h(¢) = —2¢> + 3¢?. In this function h(¢ = 0) = 0 and
(¢ =1) =1, ¢, and ¢} are the normalized concentration in solid and liquid respectively. fs(c,) and f;(c)) are the free
energy density in each phase. According to Kim ef al. (1999), the free energy density is given by

fele, ) = h() fs(cy) + [1 = h(d)] filc)) +wg(¢) (27)

and g(¢) is the double well function usually represented by g(¢) = ¢(1 — ¢)2.
The gradient energy (a.y) and the potential height (w) are found using the relationship.

o = /16way (28)

l=ay — (29)

where « is a constant equal to 2.94 and is used to define the interface in the range of 0,05 < ¢ < 0,95, ¢ is the surface
tension and [ is the interface thickness.
The elastic free energy density f.(E, ¢) is defined following Duda et al. (2018), which defines it as

f(B,¢) = ¢ BWE)Q +GIEl), (30)

Where A and G are the Lamé parameters. Notice that the elastic energy vanishes in the solution phase (¢ = 0).
3. NUMERICAL IMPLEMENTATION

Using the FEniCS framework for solving Partial Derivative Equations (PDEs), the first problem was studied to verify
the model behavior. The first problem can be configured as a calibration problem since the parameters will be adjusted to
approximate the phase-field model with the analytical solution.

The chosen problem was the pencil electrode test, which consists of a metal wire with 150um in height, with the sides
insulated by a coat of epoxy in order to leave only the top surface is exposed to the environment, as shown in Fig (2). The
corrosion was considered symmetric within the electrode diameter, thus leading to a one-dimensional approximation for
the model.
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Figure 2. Pencil electrode test schematic, with Dirichlet boundary conditions on top and bottom surfaces and Neumann
boundary condition on the sides.

In this test problem, Dirichlet boundary conditions are used for the solution and the metal, respectively ¢ = 0,¢ = 0

and ¢ = 1, ¢ = 1. The sides of the metal wire are assigned a Neumann boundary condition which states that % = 0 and
@ =

on

In this problem, the analytical solution as defined per Scheiner and Hellmich (2007) states that the equation that
governs the pit surface is:

Tq :2€d\/Dt (31)
being the unknown &; defined by:

= —eap(—€3) = Vmtaer f(€a) (32)
Csolid — Csat

With the analytical solution, it is possible to verify that the pit depth is proportional to v/¢ and the corrosion is assumed
to be diffusion-controlled.

In the phase-field model the transition from solid and liquid is calibrated with the parameter L = 1. The higher the
value of L, the higher the transition between phases controlled per activation and diffusion. It is important to highlight
that it is not necessary to indicate a boundary condition on the interface.

The weak formulation is obtained by multiplying Eq. (23) and Eq. (24) for a test function each and integrating second-
order derivatives per part. It is essential to clarify that the external forces acting on the body are being disregarded for this
first model. That is why Eq. (22)4 is not represented in this simulation.

/év dr = —L/2A(c+cle[h(¢) —1] = k()W (d)(cte — 1)v dz — Lw/g’(¢)v dz — Lo d¢ dv dx (33)
dx dz
3 2
/chx_—D/@@HD )/%%-31}( )/‘%% (34)

Where v and ¢ are the test functions.
4. PRELIMINARY RESULTS

The results obtained for this first model show that the model’s behavior is similar to what is expected from the numer-
ical solution, albeit the results are not the same as the analytical model.

Figure (3) shows the evolution of ¢/, and ¢ on the interface between solid and liquid. The red line represents the order
parameter, and the dashed black line represents ¢’. It is possible to observe that ¢’ evolves until it reaches the saturation
concentration, represented by the blue dot.

Figure (4) shows the evolution of the model while the parameter L is increased, it is possible to identify that albeit the
model is not reaching the analytical solution, increasing the value of L may lead to a solution that is consistent with the
analytical model.

If high values of L are used, corrosion is expected to be higher than the analytical solution. This means that corrosion
depth is excepted to be higher than the correct solution.
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Figure 3. ¢’ and ¢ evolution in the interface. Source: Adapted from Sobrinho (2019)
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Figure 4. Analytical and simulation solution’s comparison. Source: Adapted from Sobrinho (2019)

5. CONCLUDING REMARKS

A continuum-mechanical derivation of phase-field models for the dissolution of elastic solids under stress was pre-
sented in this paper. We discussed a simple one-dimensional example in which stress effects were neglected. Regardless
of its simplicity, the preliminary results were promising to calibrate the model to match the analytical solution. With
the calibration completed, it is possible to include the mechanical effects in the model and compare it with other classic
simulations to validate the proposed phase-field model. The treatment advanced in this paper can be considered the first
step towards formulating consistent phase-field models for stress corrosion cracking.
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