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Abstract. To ensure an ideal engineering project it is necessary to realize different studies and tests in the structures,
avoiding in many cases, noise, vibration and failure of aircraft, vehicles, industrial machines and equipment. Irregular
plates are present in parts of these structures and it is often necessary to predict the dynamic behavior, understanding
the system and possibly adjust them according to the application. Through a representation of the finite element method
(FEM), it is possibly to construct a theoretical model of a plate with rectangular cut, identifying and adjusting the pa-
rameters of the model from a experimental model, as initially there is no good correlation due to imperfections in the
geometry, material properties and boundary conditions. Furthermore, it is very important in this process to propose a
damping model and identify its parameters, in such a way that represents the real behavior of the flexible structure. This
paper presents and discusses the use of the Ewins-Gleeson method in the parameter identification of the model and makes
a comparison between the particle-swarm-optimization (PSO) and differential evolution (DE) algorithms in the model
updating process, discussing the main advantages of both formulations in the theoretical-experimental validation, with
the experimental data being simulated from the FEM model.
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1. INTRODUCTION

In engineering, several tools and studies were created through computational improvement and technology develop-
ment. Vibration, noise and life cycle of equipment are extremely important, directly interfering with the cost and safety
of structures, in view of this, analytical models that predict the experimental model are necessary, extracting important
information from the components. Asymmetric thin plate structures have wide application in engineering, present in parts
of aircraft, vehicles, industrial machines and various equipment.

Through the finite element method (FEM) it is possible to simulate the dynamics of asymmetric flexible structures.
From that, a validation theoretical-experimental is necessary, validating with a model updating, adjusting the FEM model
parameters. To the model updating this paper presents two iterative algorithms, differential evolution (DE) and particle-
swarm-optmization (PSO), comparing their advantages, disadvantages and results.

Through the Ewins-Gleeson parameter identification technique it is possible to obtain modal parameters of undamped
or lightly damped structures, assuming the hysteretic model, as a thin plate structure. This method is easy to implement,
applicable to various structures and proven to be robust and reliable tool. Through the experimental structure it is possible
to compare the theoretical model with the experimental one, checking the reliability (Ewins, 1982).

Iterative methods for updating models are easy to apply and efficient tools, being the most popular as they can be im-
plemented in existing finite element codes (Chen and Ni, 2018). The differential evolution algorithm introduced by Storn
and Price (1997), relies on mutation, recombination and selection to evolve the candidate solution collection, has been
a good performance tool used in several engineering applications, being easily implemented in any computer language,
requiring minimal parameter tuning (Das et al., 2008).

Differential Evolution has been applied to many problems, demonstrating the tool’s potential. Rogalsky er al. (2000)
applied the method in aerodynamic shape optimization, obtaining the best fan blade design. Keshtkar ef al. (2011) used
it in optimization of rotor speed variations in microturbines. Doyle et al. (1999) applied in automated mirror design and
Seyedpoor and Pahnabi (2021) evaluated the method for a beam and two planar frames.

In comparison, a alternative method is the particle swarm optimization (PSO), a common global optimization tool
(Kennedy and Eberhart, 1995). PSO is a stochastic, population-based evolutionary algorithm based on socio-psychological
principles, inspired in birds behavior, using group knowledge and individual knowledge. It has been very successful in
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optimizing applied in many areas. Janson ef al. (2008) implemented for molecular docking. Yisu et al. (2008) applied
a PSO where a distribution vector was used in the update of the velocities of particles and Liu er al. (2007) used to a
conceptual design.

All methods mentioned are robust, easy to implement and widely used in many areas. Many literature compared PSO
and DE with other algorithms, demonstrating better results and advantages. Pradhan et al. (2021) compared PSO with
others iterative algorithms, showing advantages and disadvantages of each technique. Le-Anh et al. (2015) presented
static and frequency optimization of folded laminated composite plates comparing PSO, DE and genetic algorithm (GA)
methods. Thus, the PSO and DE algorithms have shown excellent results.

2. THEORETICAL MODEL

A mechanical system can be modeled by its properties, such as mass, stiffness and damping, responsible for inertia,
elastic and dissipative forces (Maia and Silva, 1997). A system with n degree of freedom can be expressed in canonical
form by Eq. (1)

[M{E@)} + [DHa(0)} + [K{=()} = {f(t)} (D)
[D] = e[K] + r[M] 2
where [M] is the mass matrix, [D] is the hysteretic damping matrix, Eq. (2), [K] is the stiffness matrix and ¢ and T
are proportional constants. The {#(t)}, {(¢)} and {x(t)} are are vectors of time-varying acceleration, velocity and

displacement response respectively. The {f(¢)} is a time-varying vector representing external forces.
Assuming that the solution of Eq. (1) is the form expressed in Eq. (3)

{z(t)} = {X}e (3)

where { X} is a vector of time-independent response amplitudes. Substituting Eq. (3) into Eq. (1), arrive at Eq. (4) for a
free vibration solution.

[[K] = A*[M] +i[DI{ X} = {0} €y

AP =wi(l+ine) (5)
Eq. (4) represents a complex eigenvalue problem, leading to eigenvalue, where A2 contains information of damping and
natural frequencies squared, show in Eq. (5), and eigenvectors representing mode shapes.

2.1 Finite element method of thin plate

The mathematical model used is a thin plate structure based on the Kirchhoff-Love theory. This model has some
assumptions that are analogous to the Euler-Bernoulli beam theory. The plate thickness is much smaller than its in
plane dimensions and the deflection in perpendicular direction of the surface is much less than the thickness of the plate.
Furthermore, the transverse shear strains are zero vy,, = 7,, = 0, normal strain, ¢, = 0, normal stress ¢, has no effect
on in-plane strains in the stress-strain equations, and in-plane forces are neglected (Logan, 2016).

Figure 1 presents the thin plate model schematic. Each node has three degree of freedom, one in a transverse displace-
ment in z direction and two rotations about x and y axis, called w , 6, and 6, , respectively. So, each element has 12
degrees of freedom, three for each node, ¢, j , n and m. The rotations are related to the transverse displacement, as shown
in Eq. (6).
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The deflection w is considered a function of x and y , w = w(x, y). The terms in the polynomial are selected according
with the number of degree of freedom, represented in Eq. (7)

(6)

w = o + aax + sy + asr” + aszy + agy” + a7z’ + asz’y + agry® + a1y’ + ana’y + anpay’® (N

The Eq. (8) represents the nodal coordinates as a function of the polynomial coefficients, general for each node.
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Figure 1. Basic rectangular plate element with nodal degrees of freedom. (Logan, 2016)
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If Eq. (8) is evaluated for each node point, the general plate coordinates can be expressed as Eq. (9)
{d} = [C]{a} )

where {d} is the 12 x 1 matrix, containing the degree of freedom of the plate and [C] is the 12 x 12 matrix, containing all
coordinates of each node.
Therefore, the constants can be found as Eq. (10), using the inverse of [C] matrix.

{a} =[C]" {d} (10)
The Eq. (11) represents Eq. (8) in simple matrix form. Replacing the Eq. (10) into Eq. (11), results in Eq. (12).

{0} =[PlH{a} (11)

{w} =[PlIC {4} (12)

[N] = [Pllc]™ (13)

where [IV] is the shape function matrix, which correlates the displacement and slope of the element with the nodes.
Plate curvatures are established as the rate of change of angular displacements in relation to normals. They are
expressed in Eq. (14) and Eq. (15) in matrix form.

0%w
~5z
Ry ag‘w —2ay4 — 6oy — 208y — 61y
Ky = s = —2a5 — 209 — 6010y — 610y (14)
_ _ _ _ 2 _ 2
Ry Qa%w 2a5 — dagx — dagy — 6agix 612y
B 0zxdy
{r} = [Q{a} (15)
Using Eq. (10) in Eq. (14), the curvature matrix can be expressed as
{r} = [B]{d} (16)
where
[B] = [Ql[C]™ a7

The usual form for a finite element stiffness matrix is given by Eq. (18)

K] = / / (B)"[G)[Bldedy (18)

where [(] is the constitutive matrix given by Eq. (19) and [B] is given by Eq. (17). E is Young modulus, v is Poisson’s
coefficient and ¢ is plate thickness (Bittencourt, 2010).
0
0
11—y (19)
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For the mass matrix, the expression is given by Eq. (20), where p is the specific mass of the material and [N] is given by

Eq. (13).
/ / N]dzdy (20)

Then, the elementary mass matrix and stiffness matrix were demonstrated, being a function of physical properties. With
these matrices it is possible to discretize the plate into finite elements.

2.2 Ewins-Gleeson parameter identification

The Ewins-Glesson Method is an indirect method of multiple degrees of freedom in the frequency domain, applied
to structures lightly damped or with negligible damping, for a system of single input and single output (SISO) (Ewins,
1982). To determine the parameters that represent the experimental polynomial, such as natural frequencies, damping and
eigenvector matrix, therefore, this method is considered simple and easy to implement (Maia and Silva, 1997).

The response at the j coordinate due to a single harmonic force excitation applied at the k coordinate, for a hysteretic
model, can be expressed in accelerance terms, Eq. (21)

N
2 ¢ jr ¢kr
Lin(w =) —w SV Q1)
r=1 "'

where the ¢;, and ¢;, are the mass-normalized mode shape vectors for each mode r, obtained from the eigenvector of
Eq. (4), \? is the eigenvalue shown in Eq. (5), and w? is the excitation frequency squared.

The accelerance [} (w) can be rewritten as

¢]7 QSkT
Zl— (wr/w)2(1+1in) (22)

r=1

The Eq. (23) is the modal constant, represented by the numerator of Eq. (21).

k= Ojr Qkr (23)

To calculate the N unknowns , Ay, it is necessary to select N discrete response frequencies €21, (2s,. .., Qy, different
from natural frequencies, and organize them in a matrix assembly, Eq. (24). For this example, damping is negligible.

1 1 1
3702 — 7 e — 2 02
Lin() wl/Q1 1 w2/Q 1 an\,/Q1 Ay
R G o _Wz/Q% cT—ag | ) 24)
Lie(n) i 1 . 1 N Aji
B U Sl U R

Eq. (24) can be rewritten in short form

{1k ()} = [R{A;x} (25)

The matrix [R] contains terms of natural frequencies and selected response frequencies. By inverting this matrix it is
possible to identify modal constants as shown in Eq. (26)

{Aj} = [RI7H{Ln()} (26)

Through the modal constants it is possible to extract the components of the modal matrix and thus reconstruct the complete
experimental model, represented by the modal and spectral matrix.

2.3 Differential evolution (DE)

Storn and Price (1997) proposed a global optimization algorithm, belongs to the class of evolutionary algorithms
(EAs), based on mutation, recombination and selection of candidate solutions, the differential evolution (DE). Starting
with a population, like any evolutionary algorithm, which are initial solutions to the problem, set based on boundary
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conditions previously chosen, that would be replaced with more improved generations. The Eq. (27) shows a random
generator.

z;;(G) = xJL + rand(0, 1)(ZE§J - :E]L) 27

where rand(0, 1) is a random number lying between 0 and 1, JZJL is a lower bound and a:;] is an upper bound of the
variable.

Now, DE performs some changes and combinations of variable vectors. To create a mutation, three parameter vectors
are randomly chosen. For this, a scalar number F scales the difference between two of three vectors, adding to the third
one. The mutation vector is expressed in Eq. (28)

0ij(G+1) =3, + F(z1; — 225) (28)

In the binomial crossover, the vector is arranged with a mutant vector and a random number between 0 and 1 is compared
with the CR value and evaluated in conditional form, as shown in Eq. (29). A crossover probability CR € [0, 1] is selected
by the user.

i (G4 1) = { v;;(G+1); rand(0,1) < CR

29
z;j(G) 29)

The next step is to select which of the target vectors will survive the next generation. This selection process is demon-
strated in Eq. (30)

2 (G+1) = { usg(G); fluig) < flwig) (30)

where f(u; ;) or f(z; ;) is the function to be minimized, represented by the error function of the FRFs. By selecting a
better value from the objective function, it replaces, improving the solution or remaining constant.

2.4 Particle-swarm-optimization (PSO)

Developed by Kennedy and Eberhart (1995), this algorithm starts with a population of random candidates, called
particle. Each particle has a random velocity and position associated, and at each step the fitness function is evaluated .
The best position is called pbest; and the best particle in the swarm is called gbest(k). The Eq. (31) is the subsequent
velocity of a particle .

vi(k + 1) = v (k) + ciry(pbest; — pi(k)) + cara(gbest(k) — pi(k)) (31

where -y is the inertia of the particle, c¢; and co are the "trust" parameters, previously chosen by the user, and r; and 79 are
random numbers between 0 and 1. The Eq. (32) is the subsequent position of a particle <.

pi(k +1) = pi(k) +vi(k +1) (32)

After calculating the position and velocity, the algorithm repeats these processes until convergence.

The PSO algorithm has wide application and some advantages such as: it is easy to execute, it can be easily im-
plemented using parallel processing, it does not require the calculation of the objective function derivatives, it contains a
small number of adjustable parameters and it is an effective algorithm for identifying a global optimum solution (Marwala,
2010).

3. COMPUTER SIMULATION
3.1 Model updating

A simulated numerical model is used to represent the experimental model, performing as a physical structure. For a
real thin plate, an elastic nylon wire is used to suspend the plate, simulating the free-free condition in a typical modal test.
The structure has four contact points, so a nylon stiffness and nylon damping are added to a stiffness and damping matrix,
respectively, also a mass accelerometer and the FRF numeric signal was contaminated with white noise to simulate the
effect of any noise present in an experimental measurement.

The Eq.(33) shows the objective function that represents the difference between theoretical and experimental FRFs
used to update the model for both algorithms.

N (HFRF;;IP _ FRthef)H)
(33)

Sor =2 [FRES™||

n=1
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where S, is the objective function value, F RFS®P is the simulated experimental function and F RF"*° is the ana-
Iytical function of the FE model.

The Figure (2a) is the representation of the finite element plate with rectangular cut, discretized by 92 elements
and 113 nodes. The plate geometry is (in SI units): a square plate with 0.48m, thickness of 0.0027m and rectangular
cut (0.192x0.096)m, represented by the steel SAE1020. The Figure (2b) shows the driving point FRF simulated. A

hysteretic damping is used to represent the structure, assuming that damping is proportional to a stiffness matrix, Eq. (2),
where 7 = 0.

Experimental plate

Accelerance magnitude [m/s2N]dB

40 . . . . . . .
1 2 3 4 5 6 7 8 9 10 11 0 50 100 150 200 250 300 350 400

Frequency [Hz]

Figure 2. a) Experimental plate representation; b) Experimental simulated FRF.

Both algorithm have the same number of 50 iterations and 30 individuals for the initial population. For DE parameters,
the crossover probability CR = 0.2 and for PSO the inertia of the particle A\ = 0.99 and the acceleration coefficients
Cl = Cy = 0.2.

The Figure (3) presents the updated FRF using the differential evolution algorithm and the Figure (4) presents the
FRF using the particle-swarm optimization algorithm. Regardless of excitation point (k), both algorithms represented
the experimental simulated FRF, however, for the FRFs with the PSO algorithm, the amplitudes at low frequencies had a
slight discrepancy when compared to the FRFs of DE algorithm, justified by the nylon damping difference.

The Table (1) shows the parameters updated with their respective ranges. Mass, plate geometry and density are
known, since they can be easily measured and calculated. The Young’s modulus, nylon stiffness, nylon damping and the
proportional coefficient are more difficult parameters to be found, justifying their use in the model updating.

Both algorithm were efficient, had a good convergence in the model updating and low computational cost. DE had
values close to those simulated for Young’s modulus, nylon stiffness and nylon damping, with relative errors smaller than
PSO. Both are easy to execute and contain a small number of adjustable parameters, but DE algorithm is more robust,
requires less computational cost and has a faster convergence. The Table (2) shows the comparison of parameters with
the respective relative errors between the updated parameter and the simulated one.

Table 1. Model Updating parameters.

Parameters Properties Limits
Young Modulus E(N/m?) | 150E+09 | 250E+09
Nylon stiffness Kn (N/m) 100 2000
Nylon damping Cn (Ns/m) 1E-04 1.5
Hysteretic coefficient € 1E-06 1E-02

Table 2. Parameters comparison between experimental, DE, PSO and respective relative errors.

Parameters Parameters simulated DE DE error PSO PSO error

Young Modulus E(N/m?) 200.00E+09 199.49E+09 | 2.55E-03 | 199.48E+09 | 2.60E-03
Nylon stiffness (N/m) 900.00 903.67 4.08E-03 889.56 1.16E-02
Nylon damping (Ns/m) 1.00 1.09 9.00E-02 0.80 2.00E-01
Hysteretic coefficient 5.00E-03 6.10E-03 2.20E-01 6.10E-03 2.20E-01
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Figure 3. Analitical FRF updated using differential evolution.
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Figure 4. Analitical FRF updated using particle-swarm-optimization.
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3.2 Parameter identification from Ewins-Gleeson method

The selected data for the frequencies should not equal the anti-resonance and resonance. The chosen sampled points
(Q2) are the natural frequencies added a 6. The accelerance amplitudes I (€2) are chosen based on the points sampled.
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Assembling the matrix [R] demonstrated in Eq. (24), it is possible obtain the modal constants as Eq. (26). The response
curve can be regenerated from the experimental modal constants found, this regenerated curve should correspond to the

original response curve, demonstrating an efficient method. The regenerated FRF accurately describes the experimental
simulated FRF qualitatively, shown in Figure (5).

60 T

50 - 7

Accelerance magnitude [m/s?2N|dB

O  Regenerated FRF

(
¢ Experimental FRF
-30 P

400 I I I I I I I
0 50 100 150 200 250 300 350 400
Frequency [Hz]

Figure 5. Regenerated and experimental FRF.

The modal matrix can be reconstructed from the modal constants, using the square root of the modal constant at the
driving point, thus, easily calculating the other terms of the modal matrix.

The Fig. (6) compared the regenerated FRF with the PSO, DE and experimental simulated FRFs. The Ewins-Gleeson
method curve closely approximates to the others, with a slightly difference in anti-resonance at approximately 250 Hz,
probably because the frequency points sampled in this area are not the best.

Through the Ewins-Gleeson method it is possible to obtain the modal model without needing prior knowledge of the
FEM model, different from the iterative methods.
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Figure 6. Experimental simulated, PSO, DE and regenerated FRFs.
4. CONCLUSION

By investigating the numerical results, the updated theoretical model accurately represented the simulated experi-
mental model. Even for a low population size and iterations, comparing Figure (3) and Figure (4), the two algorithms
converged for the parameters simulated. For better results it would be necessary a higher number of iterations, but the
model updating was satisfactory even though DE converged faster, solving structural optimization problems.

The Ewins-Gleeson method achieved good results, even comparing qualitatively between regenerated and experimen-
tal FRF and with PSO and DE model updated. It was observed that this method is extremely sensitive to the sampled
frequency points, but it is easy and simple to calculate the modal parameters.
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