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Abstract. This study produced a simplified tridimensional (3-D) mathematical model to predict the human breast thermal 
response directly from physical laws and making use of mass, heat, and fluid flow empirical and theoretical correlations. 
The breast mathematical models described in the literature do not consider blood flow which was included in the 
proposed model, aiming at an accurate representation of human breast tissues. For that, the human breast was divided 
in Volume Elements (VE). Each VE accounted for blood perfusion and was assumed to contain a homogeneous mass of 
tissue with uniform properties, interacting energetically with neighboring elements, thorax, and ambient. Therefore, the 
model produced a system of ordinary differential equations to calculate the breast internal and surface temperature 
distributions as functions of time, space (from the imposed VE mesh), and known initial and boundary conditions. The 
actual breast external shape was taken from the subject photograph and converted into a STL file to produce the 
computational domain boundaries and mesh, and the breast internal structure was assumed to be known (e.g., from 
computerized tomography) which includes possible nodules and lumps. The model equations were integrated in time 
until steady state. The obtained breast surface temperature was compared to the actual breast infrared image 
temperature distribution with good qualitative agreement. After experimental validation, the model is expected to become 
a useful tool to study the thermal behavior of the human breast with cancer and possibly accurate early-stage cancer 
diagnosis and tumor depth prediction. 
 
Keywords: temperature field, early-stage cancer diagnosis tool, model adjustment, model experimental validation, 
Volume Element Method (VEM)  

 
1. INTRODUCTION 

 
Early diagnosis of breast cancer is, today, the most important action modern medicine has to decrease female mortality 

rates – 2.1 million cases and 627 deaths in 2018 (INCA, 2019) – as mortality from breast cancer is mainly linked to access 
to diagnosis and adequate treatment in a timely manner. Ultrasonography and mammography are the elected imaging 
method in the diagnostic investigation of suspected breast changes, and both methods are seen as complementary in 
addressing different clinical situations (INCA, 2015). 

After screening suspected cases, better classification and confirmation of this tumor is needed, and other image 
analysis methods can be used, such as magnetic resonance imaging or tomography (INCA, 2015), in order to provide 
anatomical information about the tumor. Biopsies are used for correct staging, and diagnostic or therapeutic surgical 
procedures, as well as radiotherapy or chemotherapy, as needed. As stated by Morais et al. (2016), most breast tumors 
are invasive and can infiltrate other tissues. Breast tumor malignancy is strongly influenced by staging, that is, the extent 
of the tumor or it’s spread when diagnosed early. 
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Thermographic infrared image is a non-anatomical method that aims to identify vascular changes with greater blood 
flow and metabolic activity in the breasts that may be related to abnormalities, even when changes are not yet present in 
other exams (Brioschi, 2016), as the human body is an efficient heat radiator, despite pigmentation or skin color, providing 
means for a non-invasive investigation method as thermography (Bird; Ring, 1978; Ring, 1977 and Ring; Cosh, 1968).  

The observation that a breast cancer can produce an increase in infrared emission, causing disparity in the 
thermographic pattern of the breast skin, initiated the development of medical thermography (Isard et al., 1972). 
Gautherie; Gros (1980) states that the rate of cancer detection in reviews of women who were initially considered healthy 
or with benign mastopathies by methods other than thermography was significantly higher in altered thermography, and 
that the superficial thermal pattern of the breasts is actually related to the metabolism and vascularization of the underlying 
tissues (Gautherie, 1980). The abnormalities observed in the thermal behavior of breast neoplasms are due to the excessive 
vasodilation caused by nitric oxide originating from neoplastic lesions (Anbar et al., 2001), that is, the changes found in 
breast thermography are due to autonomic responses to histochemical changes occurring at the disease site. 

The blood perfusion is important, as the tumor perfusion varies drastically depending of the tumor (Paruch. 2020), 
and it play an important role in the complex process of female breast cancer evaluation (Gas et al., 2020).The geometric 
center of a breast tumor localization from its surface temperature could be estimated (Dalmaso Neto et al., 2021). 
Figueiredo et al. (2019, 2020) demonstrated that the geometric centers of the tumors could be estimated with a maximum 
error of 0.15 cm in relation to the original location.  

To estimates this localization, a methodology based in infrared image in association with tomography, magnetic 
resonance or ultrasonography will be developed. To this, it is proposed a) a mathematical model that accounts for the 
blood flow to predict thermal response of human breast; b) develop a software that integrates those images and the 
mathematical model, to determine breast tumor characteristics and c) evaluate application potential by case studies and 
possible experimental validation of the model. 

 
2. MATERIALS AND METHODS 

 
2.1 Mathematical modelling 

 
A mathematical model was developed to predict the steady state thermal response of the human breast based on the 

Volume Elements Model (Dilay et al., 2015 and Vargas et al., 2001), a simplified physical model of the thermal response, 
where the domain of interest is three-dimensionally discretized using finite volumes with centered cells, and principles of 
Classical Thermodynamics and Heat Transfer for each cell is applied, resulting in a system of Differential Ordinary 
Equations in relation to time, using empirical and analytical correlations to quantify the energy interactions between cells. 
Convergence is obtained with sparse meshes and low computational time for the solution fields in relation to time and 
space (Dilay et al., 2015, 2017) 

The breast VEM discretization consists of dividing the domain into Volume Elements (VE), which are finite volumes 
centered on cubic cells (Figure 1), containing fluid inside them – being health tissue, tumoral tissue, and blood. As a 
result, the system's spatial dependence is incorporated into the model. Through the formulation of a speed field in the 
domain, an Ordinary Differential Equation with respect to time is derived to calculate the quantity of interest, in this case 
the temperature, in each VE, and all the VE interacts energetically with each other. Temperature measurements available 
in selected cases was used to undermine the breast tumor possible localization. For this, tomography, resonance or 
ultrasonography image was used to establish thermophysical proprieties of the breast.  

 

 
Figure 1. 3D view of the breast hemispheric model. Cuttings on the x-z and y-z plans, with the discretized mathematical 

domain and the energy interactions in a Volume Element (VE) 
 
Mass conservation in any volume element indicates that: 
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where ρ  is density, V  is volume, t  is time and m  the mass flow rate in or out the face j of the volume element. Assuming 
constant volume and incompressible flow, (ρV) 0id dt = . 

 
The mass flow rates are estimated based on the average blood perfusion in each VE (Vargas et al., 2005). assuming 

that in half of the area of each face of the VE, the blood flow enters the VE and, therefore, in the other half an identical 
flow exits the VE, thus satisfying the conservation of the mass on each face of all the VEs that make up the breast human. 
In this way, the approximate mass flow of blood perfusing the breast was established. 

Next, the principle of energy conservation applied to all VEs stated that: 
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where T  is temperature, t  is time, c  is the specific heat, Q  accounts for heat transfer modes by convection, conduction, 
radiation (where applicable, such as on top or side walls under sun exposure), and genQ  is internal heat generation terms. 

 
The VEM allows the existence, in the same computational domain, of three types of elements: solid, fluid and mixed. 

It is possible that all types of elements coexist in an integrated way within the same region of the computational domain 
(Dilay et al., 2015, 2017). For any possible interaction, the appropriate equation for each type of interaction must be 
written. Possible interactions are: a) Solid and Solid VE; b) Solid and Fluid VE; c) Solid and Mixed VE; d) Fluid and 
Fluid VE; e) Fluid and Mixed VE; f) Mixed and Mixed VE; g) Solid VE and computational domain boundary; h) Fluid 
VE and computational domain boundary; and j) Mixed VE and computational domain boundary. In this mathematical 
modeling of the breast, the Fluid Volume Element was chosen to represent the living tissue. 

 
2.2 Breast Three-dimensional Modeling 

 
To reproduce the outline of the human breast, a 3D model was constructed from an MRI image. An image of a 50-

year-old female patient was used. The MRI scan provides files in the DICOM standard, which contain all serially sliced 
images. For the thermal simulation of the breast, a 3D model in STL (“standard triangle language”) is required, a file 
format for three-dimensional information, which will later receive a cubic mesh. The three-dimensional geometry was 
generated using Invesalius 3.31 software, as shown in Figure 2 

 

 
Figure 2. 3D breast reconstruction using Magnetic Resonance Image 

 
Based on the set of two-dimensional MRI images, Invesalius reconstructs the body region in three dimensions, and 

separates the tissues into editable masks. This is possible from the gray scale of the exam, which relate to the radiodensity 
of the tissues examined (Valente, 2008). 

Despite being very close to the real shape of the human breast, the result obtained in STL (Figure 3A) contains a series 
of unwanted noises, such as the contour of the stretcher, which can make it difficult to apply the cubic mesh. Therefore, 
MeshMixer software was used to clean all imperfections, and smooth the model surface. The 3D Model obtained is a 
faithful contour of the human breast, which ensures better precision and integrity in the simulation results. Even so, it 
ensures simplicity to the computational domain. The result can be seen in Figure 3B. 
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A) 

 

B) 

 
Figure 3. A) Direct DICOM to STL conversion. B) 3D model after STL Mesh treatment 

 
Then, the model is discretized using a uniform cubic mesh, each cube being one of the studied volume elements. For 

a first simulation, 60,000 volume elements were applied in the domain (50 x 30 x 40), as shown in Figure 4. This number 
was evaluated by numerical convergence tests, seeking to ensure accuracy and low computational time, as explained later. 

 
Figure 4. Discretized Computational Domain of the Breast 

 
Finally, for the use of this model discretized in volume elements by the computer program, an additional step involving 

the three-dimensional model with a box is carried out. Through a process called "ray tracing" (a line originating from the 
center of each mesh element is drawn in an arbitrary direction and the number of intersections of the line with the vertices 
is counted. The element is located inside or outside the mesh if the number of intersections is odd or even, respectively) 
a three-dimensional solid is then delivered, with only the Volume Elements that contain the breast to be simulated, ready 
for computational analysis. This entire process is schematically represented in Figure 5. 

 

 
Figure 5. Human breast mesh generation process 

 
2.3 Breast Volume Elements 
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At all the 6 possible faces, the Volume Element can be in one of the two situations: a) External: where the interaction 
occurs between the Volume Element (tumoral or healthy) and the breast surface; b) Internal: where the interaction occurs 
between the Volume Elements (tumoral and tumoral, tumoral and healthy, healthy and tumoral and healthy and healthy). 
When in External situation, radiation and external convection must be accounted. When in Internal situation, conduction 
and internal convection must be accounted. A special case is the bottom face, that is in contact with de thoracic wall, as 
the heat exchanges occur at body temperature. All the possible cases are illustrated in Figure 6. 

 

 
Figure 6. All Breast Volume Elements possible interactions, at the Computational Domain 

 
2.4 Adjustment and Validation of the Mathematical Model 

 
The specific volumetric flow rate of blood in tumor cells is 0.32 mL/min/g, and 0.06 mL/min/g for healthy breast cells 

(Mankoff et al., 2002). Assuming constant blood density in the breast, the ratio of blood mass flow rates between tumor 
and healthy cells is estimated by: 

 

 T
TH

H

0,32 5,33
0,06

mr
m

= = =




  (3) 

 
where Tm  and Hm  are the blood mass flow rates of a tumor breast tissue, and a healthy breast tissue, respectively, and 
that cross the faces of a tumor and healthy VE, respectively. 

 
The energy released from the hydrolysis of ATP to ADP is used to carry out cellular work, usually by coupling the 

exergonic ATP hydrolysis reaction with endergonic reactions. The molecular mass of ATP ( ATPm ) is 507.18 g/mol. The 
calculated G∆  for the hydrolysis of 1 mol of ATP is -57 kJ/mol, and the enthalpy change, H∆ , is -24 kJ/mol. 

In order to calculate the energy balance in breast tumor cells and normal breast cells in the VE, first calculate the 
specific Gibbs free energy and the heat of reaction released by ATP hydrolysis in kJ/kg of the as follows: 

 

 
3

ATP

G 10 57000G G 112,39 kJ/kg
507,18m

∆ × −
∆ = = ∴ ∆ =   (4) 

 

 
3

ATP

H 10 24000H H 47,32 kJ/kg
507,18m

∆ × −
∆ = = ∴ ∆ =   (5) 

 
Then, the mass flow of blood entering and leaving through the j faces of each VE is estimated as follows: 
 

 BLH,in, BLH,out ,

A
2

j
j j BL jm m uρ= =    (6) 
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where BLH,in,jm  and BLH,out,jm  are the mass flow rates of blood from healthy breast tissue, which enter and exit face j of the 
VE, respectively. 

 
Also, ju is the average velocity of blood that crosses the face of the VE both entering and exiting. This velocity is 

estimated from the typical volumetric flow pumped by a human heart for each breast, 6 L/mBL∀   (VARGAS et al., 
2005). Thus, considering half of the individual's breast base area known, 2bmA  , and applying mass conservation, we 
obtain ( 2)j BL bmu A= ∀ . 

Next, BLT,in,jm  = BLT,out,jm  = BLH,in,jTHr m×   is estimated as the mass flow rates of blood from a breast tumor tissue, which 
enter and exit through face j of the VE, respectively, using the THr  ratio calculated in Eq. (3) 

 
Next, calculate the heat transfer rate by convection ( convq )across the VE faces as follows: 
 

a) Let the volume element be a mammary tumor cell (T): 

 
 T conv,j , , BL IN OUTVE [kg/s] (T T )BLT in jq m c→ = × × −    (7) 

 
b) Let the volume element be a normal breast cell (H): 

 
 H conv,j , , BL IN OUTVE [kg/s] (T T )BLH in jq m c→ = × × −    (8) 

where INT  is the inlet temperature and OUTT  the outlet temperature. 
 

Finally, we use Eq. (7) and Eq. (8) to estimate the rate of heat generation in the VE, assuming an ATP consumption 
rate per volume unit according to a constant to be calibrated, 3

ATP[kg/s/m ]c  . This is physically explained by the fact that 
the blood brings nutrients to the cells that are needed to produce ATP in the Krebs Cycle. Therefore, the Heat Generation 
Rate – assuming 7 31 10  W/m×  and 4 32 10  W/m×  for tumor and healthy tissues (Lozano et al., 2020), respectively – is 
estimated as follows: 

 
a) Let the volume element be a mammary tumor cell (T): 

 

 
T T T

3 3 3 7 3
gen ATP VE ATP ATP[W/m ] [kg/s/m ] V [m ] H[J/kg] 1 10 47,32 211,33 kg/s/mq c c c= × ×∆ ∴ × = × ∴ =  (9) 

 
where 

TATPc  is the rate of ATP consumption per unit volume estimated for a tumor cell. 
 

b) Let the volume element be a normal breast cell (H): 

 

 
H H H

3 3 3 4 3
gen ATP EV ATP ATP[W/m ] [kg/s/m ] V [m ] H[J/kg] 2 10 47,32 0, 423 kg/s/mq c c c= × ×∆ ∴ × = × ∴ =  (10) 

 
where 

HATPc  is the rate of ATP consumption per unit volume estimated for a healthy cell. 
 
To start the simulations, 

TATPc  and 
HATPc  are assumed based on literature values. The constants

TATPc and 
HATPc  are 

parameters to be adjusted by solving the inverse parameter estimation problem (Minkowycz et al., 2006), using infrared 
imaging measurements of the breast surface. 

 

 T

T

ATP  Adjusted Thermography

ATP Simulation

T
T

c
c

=   (11) 
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 H

H

ATP  Adjusted Thermography

ATP Simulation

T
T

c
c

=   (12) 

 
With the use of Eq. (11) and Eq. (12) the values of 

TATP Adjusted c  and 
HATP  Ajustedc  were obtained, used in the simulations 

of real cases, and the inverse problem was solved. 
 

2.5 Computational Software and Thermal Simulation Results 
 
The system of equations was integrated in time using Runge-Kutta/Felhberg method, with given initial conditions 

and adaptative step control to control Local Truncation Error (≤ 10-4). A condition was defined in which the norm of the 
temporal derivative of the vector with all variables been integrates (≤ 10-3). The system could be resolved directly to the 
steady state solution, as the transient solution was not of concern, and the unknowns are the stationary temperatures at the 
center of each volume element. Then the nonlinear system resulting from the algebraic equations was solved using the 
Newton-Raphson method, and the system was linearized with respect to the unknown value at the center of the cell. These 
methods were programmed using FORTRAN language. The convergence of numerical results was verified by successive 
refinements of the mesh, with monitoring of the variation in the Euclidean norm of the numerical solution for the entire 
domain (≤0,01). For image processing, the files with numerical temperature results were used by the public domain VisIt 
application, made available by Lawrence Livermore Laboratory (Childs et al., 2012). 

 
3. RESULTS AND DISCUSSION 

 
3.1 SIMULATION WITH LITERATURE DATA ENTRY 

 
The first simulation was performed with literature data. Figure 7A shows the results using calculated 

T

3
ATP 211,33 kg/s/mc =  and 

H

3
ATP 0,423 kg/s/mc = , arbitrary coordinates (x=0,04; y=0,04; z=0,04) and dimensions 

0.001m, with resulting heat distribution in simulated breast. In frontal view (Figure 7B) it can be seen a focal area on top 
hemisphere of the breast, as result of the heat transfer from the simulated nodule inside, with 35.6 °C. And X, Y and Z 
axis intercepting the simulated nodule geometric center where performed (Figure 7C, D and E). This first simulation 
lasted 259 seconds, and demonstrated that the process is capable to simulate a nodule. 

 
(A) 

 

(B) 

 
   

(C) 

 

(D) 

 

(E) 

 
 

Figure 7. Temperature field od the breast obtained by simulation 
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3.2 MATHEMATICAL MODEL ADJUSTMENT 

 
In order to adjust 

TATPc  and 
HATPc , it must be used a real infrared image of breast cancer, confirmed by biopsy, in a 

spot similar of the simulated nodule. The breast ultrasonography of a 35-year-old female breast describes a nodule of 
3.4x2.1x3.9cm, upper lateral quadrant, 1.32cm deep. 34.0°C was measured as maximum temperature in breast surface.  

 

34.0

30.5

36.5 °C

35

 
Figure 8. Breast thermography 

As in the simulation the surface temperature as 35.6°C, the linear adjustment proposed in was performed as follows:  
 

 T T

T

T

ATP  Adjusted ATP  Adjusted 3
ATP  Adjusted

ATP

34,0 C 34,0 C 201,832 kg/s/m
211,3335,6 C 35,6 C

c c
c

c
= ∴ = ∴ =

 

 

  (13) 

 H H

H

H

ATP  Adjusted ATP  Adjusted 3
ATP  Adjusted

ATP

34,0 C 34,0 C 0,404 kg/s/m
0,42335,6 C 35,6 C

c c
c

c
= ∴ = ∴ =

 

 

  (14) 

 
Using adjusted 

TATPc  e 
HATPc  and the given localization, a new simulation as performed (Figure 9). This time, the 

temperature simulated was the same as the measured in thermography. Simulation lasted 301 seconds. 
 

(A) 

 

(B) 

 

(C) 

 

(D) 

 
 

Figure 9. New simulation with adjusted constants. (A) Frontal view; (B)X axis; (C) Y axis; (D) Z axis 
 

3.3 MATHEMATICAL MODEL EXPERIMENTAL VALIDATION 
 

3.3.1 LOWER LATERAL RIGHT BREAST QUADRANT NODULE 
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Simulation of a nodule of 2.0 x 0.9 x 1.7 cm, in lower lateral right breast quadrant, 4.7cm deep, as described in breast 
tomography, is showed in Figure 10A. Both simulated and infrared thermography nodule surface temperature was 34.6°C. 
Figure 10B shows the infrared thermography of the breast with the nodule, biopsy confirmed cancer. Figure 10C, D and 
E show X, Y and Z axis, demonstrating the tumor localization. The simulation lasted 332seconds. 

 
(A) 

 

(B) 

34.6
31.8

38.0 °C

35

 

(C) 

 

(D) 

 

E) 

 
 

Figure 10. (A) Simulated breast; (B) Infrared image of the breast; (C)X axis; (D) Y axis; (D) Z axis 
 

3.3.2 UPPER MEDIAL LEFT BREAST QUADRANT NODULE 
 
Simulation of a nodule of 1.14 x 0.72 x 1 cm, in upper medial left breast quadrant, 0.4cm deep, as described in breast 

magnetic resonance image, is showed in Figure 11A. Both simulated and infrared thermography nodule surface 
temperature was 34.4°C. Figure 11B shows the infrared thermography of the breast with the nodule, biopsy confirmed 
cancer. Figure 11C, D and X, Y and Z axis, demonstrating the tumor localization in simulation, that lasted 299 seconds. 

 
(A) 

 

(B) 

30.0

37.2 °C

35

 

(C) 

 

(D) 

 

(E) 

 

Figure 11. (A) Simulated breast; (B) Infrared image of the breast; (C)X axis; (D) Y axis; (D) Z axis 
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3.4 SIMULATION OF TWO NODULES IN SAME BREAST 
 
Simulation of a nodule of 1.66 x 1.77 x 1.43 cm, 0.45cm deep, and a nodule of 1.86 x 1.13 x 1.54 cm, 0,4mm deep, 

both on right breast lateral quadrant, are showed in Figure 12A. Both simulated and infrared thermography nodule surface 
temperature was 36.3°C. Figure 12B shows the infrared thermography of the breast with the aforementioned nodule, 
biopsy confirmed cancer. Figure 12C, D and E show X, Y and Z axis, demonstrating the tumor localization. The 
simulation lasted 354 seconds. 

 
(A) 

 

(B) 

32.0

37.0 °C

34

36

 
(C) 

 

(D) 

 
 

(E) 

 

Figure 12. (A) Simulated breast; (B) Infrared image of the breast; (C)X axis; (D) Y axis; (D) Z axis 
 

3.5 DISCUSSION OF METHOD POTENTIAL APPLICATION 
 
Since it was possible to experimentally validate the proposed mathematical model for the human breast, precision and 

low computational time are expected due to the use of the volume element method. Thus, the proposed methodology is 
to use infrared imaging and anatomical imaging exams for possible diagnosis of benign or malignant growths in the 
human breast. 

A possible approach would be to assume that growths present in the anatomical exams are malignant in order to 
perform the computational simulation of the thermal response of the breast, internal and superficial, with the application 
proposed in this work. With the available simulated surface temperature distribution, it is possible to perform the 
comparison with an infrared image of the same breast. In this way, if there is a qualitative and quantitative agreement 
between the simulation and the infrared image temperatures, it is expected that the growth will be malignant. If the infrared 
image shows temperatures significantly different and lower than the surface temperature distribution obtained by the 
simulation, the growth is expected to be benign. 

 
4. CONCLUSION 

 
A methodology based in infrared image, associated to anatomical image exams was developed to locate breast tumors. 

The main conclusions are: 1) a mathematical model to predict breast thermal response was developed; 2) Thermophysical 
characteristics were determined and a mathematical model as proposed, using Volume Elements Method; 3) A software 
which integrates anatomical and infrared images was developed, and, by means of case studies, established it application 
and precision; 4) The potential application of the method was evaluated through the study of 4 cases, with the validation 
of the data being achieved, and with the use of the method in the evaluation of more than one tumor in the same breast, 
with success; and 5) As proposed in the discussion, the comparison of breast surface temperatures obtained by simulation 
and by infrared imaging has the potential to make the diagnosis of malignant or benign breast growth. 
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The method opens up opportunities for simulations in other areas of the body. One region that has a similar 
conformation is the thyroid. The study of limits for amputations, the study of brown fat metabolism, among others, are 
other candidates for simulation with the Volume Elements Method that should be done in future opportunities. 
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