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Abstract. In this paper, a high order immersed interface boundary method for compressible flow is presented, fourth order
of precision in both space and time is achieved using the classic Runge Kutta method and a compact finite difference
method respectively. Close to the interface, where the flow properties are discontinuous, the central finite difference
scheme is changed in favor of preserving the order of precision of the compact scheme. The verification process is
carried, using the advection diffusion equation in one dimension also the compressible flow over a flat plate is used in
order to validate the code.
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1. INTRODUCTION

Fluid structure-iteration methods, as the Immersed Boundary Method (IBM) has been applied and tested successfully
in the last few decades. Those methods arise as an alternative solution to simulate complex geometries without using
body conforming algorithms, Peskin (2003), Peskin (1977) introduce the IBM in the late 70s. Subsequently, several
methods arise in order to compute the external force. For instance, Goldstein et al. (1993) and Sciences (1996) use an
iterative damped function to apply the internal boundary condition. Mohd-yusof (1997) introduced a different approach to
compute the boundary condition known as direct forcing method and solve the incompressible Navier-Stokes equations,
Solarte-Pineda and Greco (2016) use a similar approach solving the compressible Euler equations. The Immersed Inter-
face Method (IIM) is an IBM based method, which has the advantage of keeping the order of accuracy at the interface
through the use of a jump function, although in literature some methods do not use jump condition. The IBMs and the
IIMs can identify sharp interfaces accurately and capture discontinuities relatively easy. In the IIM, the key idea is that
the differentiation scheme is modified at the interface between the fluid and the body in order to maintain the order of
precision. This method was first introduced by Xu (2011) and Lai and Li (1999). Xu (2011) were the first in modifying
a central finite difference stencil over a discontinuity in order to maintain second order of accuracy. They compared his
method, with the discrete delta function approach from Peskin, and show that this IIM has a second order of accuracy in
the whole domain, even in the interface in contrast with the Peskin approach. While Lai and Li (1999) present a formu-
lation for generating a jump condition function type to solve the Navier Stokes equations of a three-dimensional flow, for
moving membranes. Some author combines both the IBM and the IIM to improve the results as: Hossan et al. (2014), Hu
et al. (2015). Li and Ito (2006), wrote a book concerning of the IIM to solve elliptic interface problems. In physics a con-
siderable number of problems require the application of high order of accuracy methods, for example: Linnick and Fasel
(2005) present a fourth order of accuracy IIM using the stream function formulation to solve the incompressible Navier
Stokes equation, Hosseinverdi and Fasel reaches seventh order for the first derivative and sixth for the second derivative of
the incompressible Navier Stokes equations, Marichal et al. (2016) use a particle to mesh interpolation method to solve the
advection—diffusion equations. For instance, in the aeronautical industry, compressible aerodynamics plays an important
role in the design and optimization of new aircraft. In literature, we can find several investigations related to compressible
flow. As examples, Sadri et al. (2015) use a compact finite difference scheme to solve the compressible Euler equations
along with a vorticity method, Xu et al. (2018) simulate the transonic flow over the airfoil RAE 2822 in order to analyze
the effects of transonic turbulence, Franciolini et al. (2018) solve the Navier Stokes equation to analyze the effects of
cross flow over an infinite swept wing and Merlin ef al. (2012) use the LES (large Eddy Simulation) turbulence model
along with the a fourth order MacCormack method to simulate the supersonic boundary layer.
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2. Methodology
The equations of motion that governs the behavior of a fluid can be derived for the three laws of conservation (con-

servation of mass, conservation of momentum also known as Newton’s second law and conservation of energy). Which,
Mathematically can be represented by.
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The components of the shear stress tensor and are given by:
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The viscosity using the Sutherland law, again assuming a calorically perfect gas.
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2.1 Finite difference compact scheme

High order numerical schemes are better suitable for the analysis of many physical phenomena. In fluid dynamic,
compressible flows with generation of shock waves, transition and turbulence inside the boundary layer, flows at high
Reynolds, hypersonic flows are examples that require high order of accuracy for get a satisfactory solution. Then, in the
compact finite difference approach, the first derivative can be computed by:
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The coefficients a, b, ¢, « and 3 are chosen to set the order of accuracy of the stencil with respect with the truncated
Taylor series. We are interest in fourth order as maximum for the overall domain, then the values of the coefficient
are:a = %, b=0,c=0,a= i, B = 0. This yield to a tridiagonal system which can be solved employing the Thomas
algorithm.
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Greater orders of accuracy that sixth require a penta-diagonal system, for more detailed information of the coefficients
for higher orders the reader may refer to Lele Lele (1992), Visbal and Gaitonde Visbal and Gaitonde (2002), Boersma
Boersma (2011) and Lerat Abide ef al. (2017). In a similar fashion, The second derivative can be computed by.
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Equivalently to the first derivative the coefficients are set with the truncated Taylor series.

2.1.1 Boundary conditions for the CFDS

The central stencil in Eq. 11 cannot be applied at the boundary points located at ¢ = 1 and ¢ = n, because one of
the points of the stencil lies outside the domain and a new formula is required. Additionally, to maintain the formal order
of accuracy of the interior scheme, the stencil at the boundaries has to be adjusted to match the order of accuracy of the
interior points. This is done by the next equations:

The first derivative at the boundary at the point i = 1 can be represented by.

1
P+ agh + By = E(¢la1 + ¢2b1 + Pp3c1 + Padr) (13)
The coefficients of fourth order of accuracy are:ar = 3, 8 = 0,a; = =2, by = %7 = %, dy = —61,

Analogously, the first derivative at the boundary point i = n is represented by.

1
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And the coefficients are: o, = 3, 8, = 0,a, = 3, b, = 2, ¢, = 32, d,, =
2.2 Filtering

In the solution of differential equations by numerical methods, problems like mesh non uniformities, not resolved
scales, nonlinearities and boundary con-ditions, can be sources for instabilities. There are two popular approaches to
ensuring stability, adding some amount of damping (or artificial viscosity) or by filtering. We focus our attention in the
study of filtering. We focus our attention in the study of filtering, in literature there are several types of filters, for instance
bogey and balli present a family of low dissipative explicit filters, while Lele (1992) and Visbal and Gaitonde (2002)
presents a variety of implicit filters. In this paper an implicit filter is used. The filtering task requires that the computed
variables ¢ or the solution vector U which can be computed the following equation.

N
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n=0
2.3 Immersed Interface Boundary Method

This method is similar to the approximations used in Linnick and Fasel (2005), Hosseinverdi and Fasel and Marichal
et al. (2016).
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2.3.1 Correction of the Taylor Series for discontinuous functions

Due the discontinuities across the boundary interface. The standard Taylor series cannot be applied because this is not
valid through singularities, then the Taylor series must be corrected in order to maintain the accuracy of the method, for
the function and his derivatives.

Figure 1: Discontinouns function at z,,
For this especial case the Taylor series around x i can be expressed as follow:

firr = ﬂ+fo+f’ +f“——+ -t Ja (16)
Where J,, is called jump correction term and is given by.
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2.3.2 Finite difference scheme with jump correction
In the finite difference method, any derivative can be replaced by a similar differential quotients, using the Taylor
series expansion

J'=Ri_1fici+ RiF,m1 4 Rig1 fig1 + Rig1Ja (18)

and
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2.3.3 Jump correction term

With reference to Fig. 1, for the interface x, between z; and ;1 , the spacing h™ = z;,1 — x, and
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The jumps [f"], are given by:
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N
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Where the spacing h; = x, — x; and J;_ ; is the Kronecker delta defined by.
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2.3.4 Compact scheme for the IIB Method

In order to apply the IIB together with the compact scheme, we replace the spatial derivatives of Eq. 1 %—I; and % as

follow. Second derivatives also is presented, due her use in the validation section.
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For second derivative.
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3. Validation and Verification
3.1 Two dimensions

In two dimensional form Eq. 34 is represented by:
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The domain is located in the interval [02]z[02], discretized with a regular equal spacing mesh in both directions with
a number of grid nodes nx = ny = [40, 80, 160, 320, 640] the spacing is given by Ax = n£i1 and Ay = njﬁl, the
values of the diffusion coefficients are p, = 0.01 and p,= 0.01, and the advection speeds are u, = 0.1 and u, = 0.1, the
boundary conditions at z =0, z = 2, y = 0 and y = 2 are Dirichlet and set equal to zero, the step size is constant and equal

to 2.5e-3. The simulation time is 0.625 [sg] with a dt = 5e 5[sg]. The analytical solution is given by:
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Figure 2: Numerical solution and error at two different times, 0.45[sg] and 0.625[sg] respectively
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Figure 3: Convergence rate as a function of the grid spacing A, using the norms Ly ,Ls and Loo . Fourth order of
convergence is indicated (one dimensional case)

3.2 Supersonic flow over a flat plate

The viscous compressible supersonic flow over a flat plate is used as an example to verificate the code. Consider a
rectangular domain with dimensions Lz = 0.00001[m] and Ly = 5§[m], where § = 31%1 and Re; is the Reynolds
number at the end of the plate, the domain is discretized with a number of grid points nz = ny = 100, in the x direction
the grid is regular with equal spacing given by Az = nii while in the y direction the mesh stretched, given by the

1 9
function.

J

(B+1) — (8- 15 77

(5w +1

y(]) = Ly (36)

j is the index in the y direction, j = 1 aty = 0 and j = my at y = Ly, [ is a parameter to control the stretch of
the grid. As initial condition the flow properties are set as ISA(International standard atmosphere) see level condition,
speed of sound a = 340.28[m/s|, pressure p = 101325[N/m2]|, temperature T' = 288.16[k], specific get relationship
v = 1.4, dynamic viscosity u = 1.7894X10°kg/(msg), specific gas constant 287.J/(K g * K) at a free stream Mach
number M = 4.0. The boundary conditions set as Dirichlet with the value of the free stream at the inlet, and for the
outlet all variables are set as Neumann, with his derivatives equal to zero. Here the mesh is treated like a fluid and the
embedded body (the flat plate or Lagrangian mesh) is located at 0.7Ay; where Ay; = y2 — 1 at the surface of the plate,
no slip boundary condition is enforced with the velocity components u = v = 0[m/s], the temperature is Dirichlet for
the isothermal case (T' = T, ) and Neumann for the adiabatic case % = 0, the pressure is set as Neumann ZILZ = 0. The
code runs until achieving the steady state solution, the convergence of the solution is assumed when the residual reaches a
target value of 10° , in Fig.4 show the residual of three variables (pressure, density and velocity) they all reach the desired

target.
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Figure 4: Monitor of the residual of the variables pressure, velocity and density

Fig.5 present the results at the outlet, with the distance in the y direction normalized by the equation y,, = £+/Re and

the adimensional values of pressure, temperature and velocity for an isothermal and adiabatic flow, the IIM is compared
with the results from Anderson (1995). All three profiles pressure, temperature and velocity are similar to the presented
by Anderson (1995). The fields for pressure, temperature and velocity for the steady state solution are represented in Fig.6

and Fig.7.
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Figure 5: solution at a flat plate M., = 4, proﬁles‘ of pressure, temperature and veocity
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Figure 6: steady state solution for the flat plate at M., = 4.0, Mach number, pressure and temperature field respectively,
isotermal case
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Figure 7: steady state solution for the flat plate at M., = 4.0, Mach number, pressure and temperature field respectively,
adiabatic case

4. Conclusions

The IIM presented in this paper for compressible flows, presents good agreement between the analytical result and
other numerical results in the validation and verification section. The order of accuracy was proved to be fourth with the
use of the advection diffusion equation in one and two dimensions, also the results of the supersonic flow over the flat
plate are similar to other numerical results.
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