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Abstract. Parallel manipulators (PMs) have potential advantages compared to their serial counterparts, such as higher
accuracy, higher stiffness, higher dynamic performance, and high load capacity to mass ratio. The main drawback is
their limited workspace and the presence of singularities within it. Kinematic redundancy might reduce the presence of
singular regions, but the inverse kinematic problem of kinematically redundant PMs present infinite solutions. Therefore,
an optimization problem, denoted as redundancy resolution, can be stated, aiming to select the best solution among the
others. Adequate performance indices, among them singularity avoidance indices, should compose the objective function.
One of the most commonly used is the inverse of the condition number of the end-effector’s Jacobian matrix, also known
as the Local Conditioning Index (LCI). Another candidate is the Normalised Scaled Incircle Radius (NSIR), based on the
manipulator’s geometrical characteristics and the inverse kinematics Jacobian matrix. This work aims to compare the
use of indices in redundancy resolution schemes of a planar parallel kinematically redundant manipulator, the 3PRRR.
The prepositioning and the ongoing redundancy resolution schemes and four pre-defined end-effector trajectories, straight
line, circle, spiral, and square, are numerically investigated. The optimization algorithm used for redundancy resolution is
solved offline by exploring Genetic Algorithms (GA) and Sequential Quadratic Programming (SQP). The design variables
are the positions of the redundant active joints. Whilst NSIR obtains better performance indices, it takes longer to be
derived since it requires more calculations. Therefore, the LCI should be preferred for real-time applications, while the
NSIR would be more advantageous for offline applications.
Keywords: Redundancy Resolution, Normalised Scaled Incircle Radius, Local Conditioning Index, Optimization,
Robotics.

1. INTRODUCTION

When compared to serial manipulators, parallel manipulators have certain advantages, such as agility, high rigid-
ity, high accuracy, high payload-to-weight ratio (Ebrahimi et al., 2008b). But they do have drawbacks, such as small
workspaces, complex kinematics, and numerous singularities within their workspace. The latter can be defined as con-
figurations in which the end-effector has uncontrolled Degrees-Of-Freedom (DOF) (Merlet, 2006). These singularities
reduce the useful workspace of the manipulator, resulting in a low ratio between the useful workspace and the installation
space.

To minimize or overcome this problem, the use of redundant manipulators have been investigated. According to
Gosselin and Schreiber (2018), there are two main types of redundancies that can be added to parallel manipulators.
The first type is the actuation redundancy characterized by introducing kinematic chains to the mechanism or adding
actuators to passive joints. This kind of redundancy might lead to high internal forces. The second type is the kinematic
redundancy implemented by adding at least one active joint to a kinematic chain. Figure 1 illustrates both redundancy
types. The 3RRR is a non-redundant planar PM, 4RRR is a planar PM with actuation redundancy and the 2RRR+PRRR is
a planar kinematically redundant, where R and P stand for revolute and prismatic joints, respectively, and the underlined
letters indicate the active joints.

Kinematic redundancies add DOFs to the manipulator and produce an infinite number of solutions to the inverse
displacement problem (Ebrahimi et al., 2008b), as illustrated in Fig. 1(d). This gain in mobility is helpful not only for
singularity avoidance but also for workspace enlargement. However, a scheme for determining the best solution among
all others should be exploited. This strategy is called redundancy resolution and can be formulated as an optimization
problem. In the objective function of such problems, manipulators’ local performance measures are used, i.e., indices that
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Figure 1: Illustrations of planar PMs: (a) a non-redundant, (b) with actuation redundancy, (c) kinematically redundant,
and (d) reconfiguration capability of the redundant kinematically PM

depend on the posture of the manipulator (Patel and Sobh, 2014).
Singularity avoidance indices are among the performance measurements that should compose the objective function

of redundancy resolution schemes. Several singularity avoidance indices have been reported in the literature like the
Condition Number, Manipulability index, Minimum Singular Value (MSV) and others (Patel and Sobh, 2014). One of the
most commonly used is the Local Conditioning Index (LCI), as mentioned in Alba-Gomez et al. (2005); Wu et al. (2011);
Xie et al. (2014); Patel and Sobh (2014). It has the advantage to be available for all manipulators, it is bounded between
zero and the unity, and it is easily calculated. But it is also pointed out that it has many drawbacks, such as coordinate
system (frame) dependency, absence of explicit geometric meaning, and that for manipulators with more than one type of
actuation, it is necessary to homogenize the Jacobian matrix.

Several articles have introduced new indices, Wu et al. (2011), for example, presented several indices which take into
account motion/force transmission. Yao et al. (2018) proposed a new global index for mechanical design optimization.
And Xie et al. (2014), which presented a new performance measure based on the reciprocal product of screw theory.
Among these, Ebrahimi et al. (2008b) defined a new local singularity avoidance index called Normalised Scaled Incircle
Radius (NSIR). Unlike the others, it has a geometric meaning. Also, it is bounded between one and zero, and it is
not dependent on the base coordinate system used. But it is only applicable to a class of planar parallel manipulators,
and it is not as easily calculated as the LCI. However, in Ebrahimi et al. (2008b), the NSIR was compared against the
condition number, which is not ideal because it is not bounded. In addition, it didn’t evaluate the computation burden of
each index. Therefore, the present work aims to compare both indices, LCI and NSIR, regarding redundancy resolution,
considering both their computation burden and their values along their respective optimized trajectories and beginning
with the kinematic analysis of the manipulator used in the comparison, a 3PRRR manipulator. This manipulator presents
three levels of kinematic redundancy since three active prismatic joints have been added to the kinematic chains.

In the next section, using the results of the kinematic analysis, the Jacobian matrix is defined. Then is presented a brief
explanation of the parallel manipulator’s singularities based on the Jacobian matrix. After it, the LCI and NSIR indices
are detailed. Then the employed redundancy resolution scheme is comprehensively elucidated. Later the results of the
comparison are discussed. And finally, in conclusion, the important points of this paper are summarized.

2. INVERSE KINEMATICS AND JACOBIAN MATRIX

The following kinematic analysis of the mechanism will be explained according to Fontes and Da Silva (2016). We
are initially focusing on only one of the three kinematic chains of the manipulator, as shown in Fig. 2. In the adopted
notation, the subscript i refers to one of the three kinematic chains, therefore i = 1 . . . 3. And the subscript j represents
the bodies which compose each of the kinematic chains, except for the end-effector, for which the subscript n is used.
Specifically, j = 1 indicates the prismatic actuators in Ai, while j = 2 and j = 3 indicate respectively the links 1 and 2,
also called as l1 and l2.

The parameters of the 3PRRR used in the simulation are shown in Tab. 1.
The base coordinate system O − xoyo is located at the center of the manipulator’s workspace and the point D is the

center of the end-effector. The inverse kinematic model can obtained through the evaluation of the geometric constraint
equation

∥∥∥−−−→BiCi

∥∥∥ = ‖rCi − rBi‖ = l2, where rCi and rBi are the position vector of the passive joints at Bi and Ci,
respectively. This restriction can be written as:

∥∥∥∥[µi − l1 cos(θi)
ρi − l1 sin(θi)

]∥∥∥∥ =

∥∥∥∥l2 [cos(βi)
sin(βi)

]∥∥∥∥ = l2 (1)
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Fig. 2. Illustration of the kinematic chain.

where l i and qi are defined by:

[
li
qi

]
=

[
x
y

]
− hi

[
cos(a + gi)
sin(a + gi)

]
− ai

[
cos(ki)
sin(ki)

]
− di

[
cos(ci)
sin(ci)

]
. (2)

In these definitions, a is the end effector rotational angle, hi is the rotational angle of the active joint Ai, di is the position of
the redundant actuator on the linear guide, ai is the shortest distance between the linear guide and the point O, hi is the distance
between the center of the end effector and the point Ci, and x and y are the linear positions of the end effector’s center relative
to the base coordinate system. Only the manipulators with kinematic redundancy have the position of the redundant actuator
di non-zero.

Eq. (1) can be rewritten by using the following notation:

ei1 sin hi + ei2 cos hi + ei3 = 0, (3)

where ei1 = −2l1iqi, ei2 = −2l1il i and ei3 = l2
i + q2

i + (l1i)2 − (l2i)2. The angles hi can be calculated using [16]:

hi = 2tan−1

⎛
⎜⎝−ei1 ±

√
e2i1 + e2i2 − e2i3

ei3 − ei2

⎞
⎟⎠ . (4)

In the same way, the angles bi can be calculated using the vectorial equation obtained from Eq. (1):

bi = tan−1
(
qi − l1 sin(hi)
li − li cos(hi)

)
. (5)

Table 2
Number of kinematic chains and moving parts for each manipulator.

Manipulator Kinematic chain i Moving part j

3RRR 1, 2, 3 1, 2
4RRR 1, 2, 3, 4 1, 2
6RRR 1, 2, 3, 4, 5, 6 1, 2
PRRR + 2RRR 1, 2, 3 i = 1, j = 0, 1, 2; i = 2, 3, j = 1, 2
2PRRR + RRR 1, 2, 3 i = 1, 2, j = 0, 1, 2; i = 3, j = 1, 2
3PRRR 1, 2, 3 0, 1, 2

Figure 2: Representation of one of the 3PRRR’s kinematic chains (Fontes and Da Silva, 2016).

Table 1: Parameters of the 3PRRR manipulator used to compare the indices.
Parameters Value
a, mm 260
h, mm 59.7
η, rad π/6
l1, mm 191
l2, mm 232
λ1, rad π/2
λ2, rad 11π/6
λ3, rad 7π/6
γ1, rad π
γ2, rad π/3
γ3, rad 5π/3
Prismatic joints’ upper limit (δmin), mm -230
Prismatic joints’ lower limit (δmax), mm 230
Prismatic joints’ pitch (p), mm/turn 10

where µi and ρi are defined as:

[
µi
ρi

]
=

[
x
y

]
− hi

[
cos(α+ ηi)
sin(α+ ηi)

]
− ai

[
cos(λi)
sin(λi)

]
− δi

[
cos(γi)
sin(γi)

]
(2)

where x and y represent the position of D according to the base coordinate system O − xoyo.
Equation 1 can be written as:

ei1 sin(θi) + ei2 cos(θi) + ei3 = 0 (3)

where ei1 = −2l1iρi, ei2 = −2l1iµi and ei3 = µ2
i + ρ2i + (l1i)

2 − (l1i)
2. Therefore, the angles θi can be obtained

isolating them in Eq. 3:

θi = 2arctan

(
−ei1 ±

√
e2i1 + e2i2 − e2i3

ei3 − ei2

)
(4)

Once evaluated the angles θi, angles βi can be obtained isolating them in Eq. 1, which result in the following relation:

βi = arctan

(
ρi − l1 cos(θi)

µi − l1 sin(θi)

)
(5)
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The Jacobian matrix is defined as the matrix which relates the velocity vectors of the actuators and the velocity vector
of the end-effector. The velocity of the end-effector can be obtained through the time differentiation of Eq. 1:

ẋ [l2 cos (βi)] + ẏ [l2 sin (βi)]− α̇ [l2hi sin (βi − ηi − α)] = θ̇i [l1l2 sin (βi − θi)] + δ̇i [l2 cos (βi − γi)] (6)

Equation 6 can be rewritten in matrix form as:

AẊ = BΘ̇AẊ = BΘ̇AẊ = BΘ̇ (7)

where, Ẋ̇ẊX = [ẋ ẏ α̇]T are the manipulator’s velocities and Θ̇̇Θ̇Θ = [θ̇1 θ̇2 θ̇3 δ̇1 δ̇2 δ̇3 ]T are the active joints’ velocities.
MatrixAAA is given by:

AAA =

 a11 a12 a13
a21 a22 a23
a31 a32 a33

 (8)

where an1 = l2 cos (βn), an2 = l2 sin (βn) and an3 = −l2h sin (βn − ηn − α), n = 1 . . . 3. And matrixBBB is given by:

BBB =

b11 0 0 b14 0 0
0 b22 0 0 b15 0
0 0 b33 0 0 b16

 (9)

where bkk = l1l2 sin (βk − θk) e bk(k+3) = l2 cos (βk − γk), where k = 1 . . . 3. The Jacobian matrix can be expressed
as:

JJJ = AAA−1BBB (10)

3. SINGULARITY ANALYSIS

In Gosselin and Angeles (1990), three types of singularities for closed kinematic chains were defined based on the
inverse and direct kinematic Jacobian matrices, i.e., respectively the matricesAAA andBBB shown in Eq. 7.

The first type occurs when |AAA| = 0, it is known as force uncertain or force unrestricted pose, here it will be called as
direct singularity. The second type occurs when |BBB| = 0, it will be called here as inverse singularity. The last type occurs
when both determinants are zero, |AAA| = |BBB| = 0, and it is called combined singularity.

Singularity analysis for 3PRRR manipulators has already been done in other works, such as in Ebrahimi et al. (2007)
and Ebrahimi et al. (2008a). The latter includes the analysis of other 3PRRR’s configurations.

3.1 Local Conditioning Number(LCI)

LCI is based on the condition number of the manipulator’s Jacobian matrix, which is defined as the ratio between the
maximum and minimum singular values of the Jacobian matrix (Patel and Sobh, 2014), as shown in Eq. 11.

κ =
σmax
σmin

(11)

where σmax and σmin are the maximum and minimum singular values of the Jacobian matrix, respectively. When
the condition number approaches unity, it indicates that the manipulator approaches an isotropic configuration, i.e., a
configuration with performance, regarding rigidity and precision, equal in all directions, with a precision close to its
actuators (Ebrahimi et al., 2008b). On the other hand, if the Jacobian matrix doesn’t have full rank, this implies that
the minimum singular value is zero, σmin = 0, and that the condition number tends to infinity. This occurs when the
manipulator’s configuration is singular. In this type of configuration, the performance is extremely poor in some directions,
while in others, the performance is extremely good (Legnani et al., 2010).

In order to avoid computation problems when the condition number tends to infinity, its reciprocal is used, Eq. 12, and
is known as Local Conditioning Index (LCI).

K =
1

κ
(12)
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The fact that the 3PRRR manipulator has two types of active joints implies that the Jacobian matrix is not dimension-
ally homogeneous. For the condition number and LCI to provide meaningful results, it is necessary to homogenize the
Jacobian matrix (Alba-Gomez et al., 2005). To achieve this, the elements of the third column of matrix AAA, Eq. 8, were
divided by a characteristic length, which was defined as Lc =

√
2h, as recommended in Alba-Gomez et al. (2005). In

addition, the elements bk(k+3), with k = 1, . . . , 3, of matrix BBB were multiplied by p
2π , where p is the prismatic joint’s

pitch.

3.2 NORMALISED SCALED INCIRCLE RADIUS (NSIR)

NSIR was presented in Ebrahimi et al. (2008b) for a 3RPRR manipulator. This index is based on geometric charac-
teristics of the manipulator and its inverse kinematic Jacobian matrix. In this section, the procedure used to calculate the
NSIR for a PRRR manipulator is explained.

With the kinematic analysis results it is possible to calculate the positions of the points Ai, Bi and Ci using the
following relations:

Ai = a

[
cos(λi)
sin(λi)

]
+ δi

[
cos(γi)
sin(γi)

]
(13)

Bi = Ai + l1

[
cos(θi)
sin(θi)

]
(14)

Ci = Bi + l2

[
cos(βi)
sin(βi)

]
(15)

Thereafter the angular coefficients mi and linear coefficients ni of the lines
−−−→
BiCi are calculated with Eq. 16 and

Eq. 17, respectively.

mi =
yCi
− yBi

xCi − xBi

(16)

ni = yBi
−mixBi

(17)

where xCi
and yCi

are the coordinates of the point Ci in relation to the base coordinate system. Similarly, xBi
and yBi

are point B’s coordinates in relation to the base coordinate system.
The next step is to calculate the coordinates xTi

and yTi
of the vertices Ti created by the intersections between the lines

−−−→
BiCi, they are shown in Fig. 3. Specifically T1 is created by the intersection of the lines

−−−→
B1C1 and

−−−→
B2C2, T2 is created

by the intersection of
−−−→
B2C2 and

−−−→
B3C3, and T3 is created by the intersection of

−−−→
B3C3 and

−−−→
B1C1. By equating the line

equations, Eq. 17, that form each vertex and eliminating yTi
, the coordinate xTi

can be obtained. Then by Substituting
xTi

in Eq. 17, yTi
can be obtained. Equation 18 and Equation 19 exemplify the process to obtain the coordinates xT1

and
yT1

for the vetex T1, respectively.

xT1 = − n2 − n1
m2 −m1

(18)

yT1 = m1xT1 + n1 (19)

Then the lengths ti of the distance between the vertices Ti are calculated. Specifically t1 is the distance between T1
and T2, t2 is the distance between T2 and T3, and t3 is the distance between T3 and T1. These lengths are illustrated in
Fig. 3. Equation 20 exemplifies the calculation of t1.

t1 =
√

(xT2
− xT1

)2 + (yT2
− yT1

)2 (20)

With the lengths ti and the vertices Ti, the radius of the incircle created by the lines
−−−→
BiCi can be obtained with the

following relation:

r =

∣∣∣∣∣∣
xT1

yT1
1

xT2
yT2

1
xT3 yT3 1

∣∣∣∣∣∣
t1 + t2 + t3

(21)
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Figure 3: Representation of the inscribed circle used to calculate the NSIR.

Noting that the maximum radius coincides with the radius of the circle created by the vertices of the end-effector, i.e.,
rmax = h. Therefore, the radius calculated with Eq. 21 can be normalised dividing it by the rmax:

rnorm =
r

rmax
(22)

The term rnorm is responsible for evaluating the closeness to direct singularities. The term responsible for evaluating
the closeness to inverse singularities is derived from the inverse kinematic Jacobian matrix, BBB, after its homogenization,
as described in the last section.

√
|BBBBBBT | =

√√√√ 3∏
k=1

(b2kk + b2kk+3) =

√√√√ 3∏
k=1

l21l
2
2 sin(βk − θk)2 +

l22p
2

4π
cos(βk − γk)2 (23)

When BBBBBBT = 0 it signifies the occurrence of inverse singularities. Just like with rnorm, this term can also be
normalised, noting that it has a superior limit of:

√
|BBBBBBT |

max
=

√(
l21l

2
2 +

l22p
2

4π

)3

(24)

Then the normalised term that represent the presence of inverse singularities is defined as:

ξ =

√
|BBBBBBT |√
|BBBBBBT |max

(25)

Finally, the NSIR coefficient is obtained with the multiplication of both normalised terms:

N = ξrnorm (26)

4. REDUNDANCY RESOLUTION SCHEMES

Optimization strategies used as redundancy resolution schemes can be classified into two categories: local and global.
Global strategies search for the optimal solution considering the whole search space, while local strategies search for the
optimal solution only within a region, or neighbourhood, of the search space. A global approach was used in this work.
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It was composed of two optimization algorithms, the Genetic Algorithm (GA) and Sequential Quadratic Programming
(SQP). First, the GA is applied, and its result is used as the starting point for the SQP.

The design variables of the redundancy resolution optimization problem were the redundant prismatic joints’ positions,
δi. Two approaches for this definition were used, both are more deeply explained in Fontes (2019). The first, and simpler,
one was the prepositioning. In it the optimization procedure determines the best position for the redundant joints before
the end-effector executes its trajectory. Therefore, the optimization problem in this case can be written as:

max
δi,fixed

F (δi,fixed)

s.t. δmin ≤ δi,fixed ≤ δmax
(27)

where δi,fixed are the positions of the redundant prismatic joints’ that must be chosen and fixed before the task execution,
δmin and δmax are respectively the minimum and maximum limits of the redundant joints, and F (δi,fixed) is the objective
function that is defined as one of the analyzed singularity avoidance indices, LCI and NSIR.

The second approach was called continuous positioning, in it the redundant joints move while the end-effector executes
its trajectory. To achieve this it was defined a polynomial trajectory for the redundant joints. This polynomial was based
on the initial and final positions, velocities and accelerations of the redundant joints, and it was a fifth order polynomial
to allow the initial and final values for the accelerations to be assigned (Sciavicco and Siciliano, 2000). To ensure the
smoothness of the polynomial, the initial and final velocities and accelerations were determined to be zero. So in this
case, the design variables are the initial and final positions of the redundant prismatic joints. Therefore, the optimization
problem in this case can be written as:

max
δoi , δfi

F (δoi , δfi)

s.t. δmin ≤ δoi ≤ δmax
δmin ≤ δfi ≤ δmax

(28)

where δoi and δfi are respectively the initial and final values for the redundant prismatic joints’ positions that define the
trajectory these joints will realize during the task’s execution.

(a) Straight line (b) Circle (c) Spiral

(d) Square
Figure 4: End-effector task trajectories.
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Four tasks, or end-effector trajectories, were used. All of these trajectories are shown in Fig. 4. The first trajectory is a
straight line beginning at the point (x = −0.02 m, y = −0, 09 m) with orientation α = 0.2 rad, and ending at the point
(x = 0.02 m, y = 0.09 m) with orientation α = 0 rad. The second trajectory is a circle with radius 0,05 m and center
at the origin, it starts and ends at the point (x = 0 m, y = 0.05 m) with orientation α = 0.5 rad. The third trajectory is
an Archimedean spiral with x = (0.01 + 0.0067θ) sin(2πθ) and y = (0.01 + 0.0067θ) cos(2πθ), beginning at the point
(x = 0 m, y = 0.01 m) with orientation α = 0.5 rad, and ending at the point (x = 0 m, y = 0.05 m) with orientation
α = 0.5 rad. The last trajectory is a square with 0.12 m edge length, centered at the origin, it starts and ends at the point
(x = −0.06 m, y = −0.06 m) with orientation α = 0.3 rad.

5. RESULTS AND DISCUSSION

The results from the redundancy resolution simulations are summarized in Fig. 5 and Fig. 6 . Figure 5 shows the
results with the prepositioning scheme, while Fig. 6 shows the results with the continuous positioning scheme.

Figure 5: Redundancy resolution results using prepositioning.

Figure 6: Redundancy resolution results using continuous positioning.

From the examination of the results, it can be noted that NSIR demands more processing time. This is indicated by the
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fact that its mean computation time was longer than LCI’s mean computation time for all cases, except in the combination
prepositioning with circular end-effector trajectory, but even so by a small margin. This was expected due to the number
of steps necessary to obtain the NSIR index.

Another point that can be inferred from the examination of the results is that the usage of NSIR seems to provide joint
trajectories further away from singular configurations. This was indicated by the fact that in all cases the mean, maximum
and minimum index values along the chosen joint trajectories were bigger when NSIR was used than when LCI was used,
except for the maximum index value in the combination continuous positioning with straight line end-effector trajectory.

6. CONCLUSIONS

This paper compares two local singularity avoidance indices, LCI and NSIR, specifically for redundancy resolution
optimization for planar parallel redundant manipulators. The results show that NSIR takes more time to be computed, but
it provides better joint trajectories. Therefore it is recommended that NSIR is used for offline applications. In contrast,
LCI should be used for online applications and other manipulators that fall outside the planar manipulators class in which
the NSIR can be calculated. It would be interesting to add other indices, such as the Minimum Singular Value, or newly
developed ones for future analyses.
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