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Abstract. Narrow-band C-distributions are generated for water vapor and carbon dioxide using absorption spectra
extracted from the high-resolution spectroscopic database HITEMP2010, for conditions typically found in atmospheric
combustion processes. These C-distributions are similar to the k-distributions used in some narrow-band models, but
they are set up in a more convenient way for utilization with the spectral line-based weighted-sum-of-gray-gases (SLW)
and banded-SLW models. Narrow-band mean absorption coefficients and emittances calculated from the C-distributions
show remarkable agreement with data computed directly from the high-resolution spectra (errors of less than 0.1 %), and
both full-spectrum and partial-spectrum absorption line blackbody distribution functions (ALBDFs) can be assembled
from the narrow-band distributions with a high degree of accuracy. Finally, a sample of cases consisting of non-coupled,
one-dimensional radiative heat transfer calculations are tested to illustrate how the C-distributions obtained here can be
applied to the SLW and banded-SLW models.

Keywords: Thermal radiation, spectral modeling, narrow-band k-distributions, high-resolution absorption spectra, SLW
model

1. INTRODUCTION

Line-by-line (LBL) integration can predict the radiative transfer in participating gaseous media with a high-degree of
accuracy, but the exceedingly large computational cost of this method makes it unpractical for most engineering applications
(Howell et al., 2016). For small spectral intervals, within which the Planck function and other radiative properties can
be regarded as approximately constant, the highly oscillating gas spectral absorption coefficient «;, assumes the same
value k multiple of times. This observation has led to the proposal of a reordering of «;, into a smooth, monotonically
increasing function, which can be more efficiently integrated over the wavenumber spectrum 7. This approach is known as
the narrow-band k-distribution model (Lacis and Oinas, 1991; Goody and Yung, 1995), and, while essentially exact for
homogeneous media, application of the model to non-homogeneous conditions is challenging and requires the introduction
of additional assumptions (Modest, 2013).

The concept of reordering of the absorption coefficient can also be applied to the entire radiation spectrum. This is the
basis of the full-spectrum k-distribution (FSK) (Modest and Zhang, 2002) and of the spectral line-based weighted-sum-of-
gray-gases (SLW) models (Denison and Webb, 1993b), although in the case of the latter the reordering is made in terms of
the spectral absorption cross-section C,, rather than «;,. Since their proposal, both of these models have shown to provide a
good compromise between accuracy and computational efficiency for a wide variety of problems (Modest, 2013; Webb
et al., 2019). However, because information on the spectral dependence of the absorption coefficient is completely lost
in the reordering of «;, across the full spectrum, the FSK and SLW models are not capable of accommodating non-gray
scattering particles or non-gray wall reflectivities.

A promising approach, that combines the accuracy and versatility of the FSK and SLW models while still being able to
solve these more difficult types of problems, is to carry out the «;, or C,, reordering successively over wide portions of the
spectrum into which the non-gray scattering or reflectivities can be taken as constant. This method was fist proposed by
Denison and Webb, 1994, in the framework of the SLW model, and afterwards extended by Modest and Riazzi, 2005, to the
FSK model. More recently, this idea has regained popularity with a series of works by the research group of Sel¢uk and
Kulah (Ozen et al., 2019; Yasar et al., 2020a,b, 2021a,b), where the method was referred to as the banded-SLW model
and was successfully applied to a series of problems involving fluidized-bed combustion. A limitation of those studies,
however, is that they all rely on narrow-band k-distributions generated by Denison, 1994, that, besides considering fairly
large narrow-bands, were developed on the basis of out-of-date spectral data.
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In light of this, the present paper aims to obtain new narrow-band C-distributions based on the up-to-date, high-resolution
spectroscopic database HITEMP2010 (Rothman et al., 2010). These distributions are generated for CO, and H,O, two
of the most important participating species produced by common combustion processes, at atmospheric pressure and for
temperatures ranging between 300 K and 2500 K. While similar work has been carried out for narrow-band k-distributions
(the most recent example being Cai and Modest, 2014), no previous author reports databases conveniently set up for
utilization with the SLW or banded-SLW models. Furthermore, as it will be shown, the data set with the new narrow-band
C-distributions developed here requires much less storage space than the corresponding k-distributions of Cai and Modest,
2014.

2. RADIATIVE TRANSFER AND THE BANDED-SLW MODEL

The spectral radiative intensity /;, traveling along an optical path s can be determined from the solution of the radiative
transfer equation (RTE). Assuming a non-scattering medium, the RTE yields (Modest, 2013)

d,

E = K77(1b17 - 17]) s (D

where I, is the blackbody spectral intensity and «;, is the spectral absorption coeflicient of the medium. For a gaseous
mixture of typical combustion products, such as carbon dioxide and water vapor, «;, exhibits a highly irregular dependence
on the wavenumber 7, characterized by hundreds of thousands to million of absorption lines whose position may also
depend on the local medium temperature 7, pressure p and mole fraction X.

To determine the total radiative intensity I = fom I, dn, Eq. (1) must be solved for each one of these lines individually.
Because such task can be very computationally intensive, this led to the development of a number of spectral models.
Of interest to this paper are global or full-spectrum models, that solve the RTE after it is integrated over a series of
non-contiguous portions Ar; of the spectrum, each of which having a constant (with respect to 77) absorption coefficient «;
(Howell et al., 2016). These portions are conventionally called gray gases, and for each one j the RTE is written as (Modest,
1991; Webb et al., 2019)

dz;
ds

which is obtained by integrating Eq. (1) over An;. In the above equation, /; is the partial radiative intensity corresponding to

=Kj(Wij—Ij), (2)

gas j, strictly defined as /; = /An- Lydn; I, = fooo Iy, dn is the total blackbody intensity; and w; is an emission-weighting
J
function that quantifies the fraction of blackbody energy that lies within An;, or w; = /An- Ipy dny /1. Once Eq. (2) has
' J

been solved for the total number of J non-contiguous portions of the spectrum, the total intensity is then obtained as
1= Z?:o I; (where j = 0 indicates the transparent portions of the spectrum, with ko = 0 and wo = 1 — ZJJ.:l wj).

The various full-spectrum models available in the literature differ from one another in how the size and location of the
spectral portions An; are defined, and in the manner in which the x; and w; parameters are computed. In this paper, only
the spectral line-based weighted-sum-of-gray-gases (SLW) model is described in details, since it is the basis for the banded

model that motivates the generation of the narrow-band C-distributions reported in the present study.
2.1 The absorption line blackbody distribution function and the SLW model

The absorption line blackbody distribution function (ALBDF) was introduced by Denison and Webb, 1993a, as a way to
conveniently compute the spectral integration required to evaluate the weighting coefficient w;. For historical reasons, this
function is expressed in terms of the spectral absorption cross-section, Cy;, rather than the spectral absorption coefficient ;.
Nevertheless, the two quantities can be related as (Solovjov et al., 2018)

Kn(@) = NXCy(4), 3)

where N is the gas molar density (a known function of the gas temperature and total pressure), and the dependence of both
ky and C;; on the thermodynamic state ¢ is denoted explicitly—here, ¢ symbolically represents the thermodynamic state,
¢ = {Tg, X, p}, and it will be useful to keep this dependence explicit in the discussions to come.

In this framework, the ALBDF F is defined as the fraction of the blackbody energy at a given source temperature 7;
that lies within the wavenumber intervals for which the absorption cross-section C,(¢) of a medium at thermodynamic state
¢ is below a prescribed value C. Mathematically, this can be expressed as (Webb et al., 2019)

Ibn(Tb)
1p(Tp) (

in which H[x] is the Heaviside step function, I, (T5) and I,(T}) are the spectral and total blackbody intensities evaluated
at Ty, respectively, and all dependences of F are also indicated explicitly.

F(C,¢,Tp) = /0 ) H|[C - Cy(9)] 4)
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Equation (4) is the basis for the construction of the SLW model (Denison and Webb, 1993b). The main conceit
of this model is as follows: first, the continuous absorption cross-section variable C is discretized into supplemental
cross-sections C‘j (with j = 0,1,...,J), whose values are defined as to encompass the full range of the C, spectrum,
and which are usually distributed in a logarithm fashion. Then, for any given 0 < j < J, the weighting function w;
is givenas w; = F (¢ &, Tp) — F (C'j,l, ¢,Tp); for j = 0, that again denotes the transparent portions of the spectrum,
w; = F(Co, ¢,Tp) . Finally, to determine the absorption cross-section value C; of each gas j—from whence «; can be
computed, following Eq. (3)—the traditional approach has been to take a geometric mean of the supplemental absorption

cross-sections, C; = 1/Cﬂ”jC'jH (except for j = 0, where, by definition, Cy = 0). In this manner, both «; and w; can be
determined for each j, from which Eq. (2) can be solved, and, ultimately, the total radiative intensity is obtained.

Notice that the procedure described in the previous paragraph is only strictly valid for uniform media. If the
thermodynamic state of the medium varies along the optical path, the boundaries of the spectral portions j used for the
integration of the RTE from Eq. (1) to Eq. (2) can vary with s, which leads to the appearance of Leibnitz terms, that, if
neglected, can yield significant errors in the prediction of the radiation field (Webb ez al., 2019). To avoid this issue, the
SLW model aims to maintain the boundaries of the spectral portions constant throughout the optical path by introducing a
reference state, from which the local supplemental cross-sections are defined in a way that the spectral regions Azn; do
not change with the location. There are many different approaches for achieving this, whose underlying assumptions and
details are outside the scope of the present paper; the interested reader is referred to a thorough review of the SLW model
presented by Webb ez al., 2019.

2.2 The banded-SLW model

The standard SLW model has, like any full-spectrum model, some important limitations inherent to its formulation. The
integration of the RTE over the entire spectrum that yields Eq. (2) leads to a loss of information regarding the absorption
spectrum of the medium. This makes the treatment of non-gray boundaries and particulate with non-gray scattering
properties challenging, requiring additional assumptions and models.

A fairly simple, promising approach for these types of problems is the banded SLW model. This approach was introduced
by Denison and Webb, 1994, as a hybrid method, combining features of the WSGG model and the k-distribution method as
a way to accommodate non-gray boundaries and scattering in the framework of full-spectrum models. A similar formulation
was later proposed by Modest and Riazzi, 2005, in the framework the FSK model, also with the purpose of extending the
model to the aforementioned conditions. More recently, this hybrid method was applied by Kulah’s group (Ozen et al.,
2019; Yasar et al., 2020a,b, 2021a,b) to many problems involving fluidized-bed combustion; in these last set of references,
the method was named the banded-SLW (BSLW) model, since, to find the parameters of each gray gas within each band,
the cumulative k-distribution function was used in a similar manner as to how the ALBDF is employed to find «; and w; in
the standard SLW model. A discussion on k-distributions and how they can be used to assemble the parameters of the
BSLW model is left to Section 3; here, only the main formulation of the banded SLW model is presented.

In the BSLW model, the absorption spectrum of the medium is divided into M contiguous bands, within each of which
the standard formulation of the SLW model is applied—the difference being that the banded SLW model parameters are not
defined in terms of the full wavenumber spectrum, but rather on the spectral interval corresponding to the band. The position
and size of the bands is arbitrary, and is usually defined as to match a stepwise representation of the non-gray spectral
emissivities of the boundaries or of the non-gray scattering coefficient and phase function. Following this formulation, for
an arbitrary band m, the RTE for gas j becomes

dlj
ds

= Kj,m(wj,mlb - Ij,m) s )

with the total radiative intensity now given as a double summation over all M bands and all J,, gray gases (where the latter
can be different from band to band), I = ZM 1 ZJ"‘ Ijm

In Eq. (5), the absorption coeflicient of each gray gas W1thin each band, «; ,,,, can be computed in the same manner as in
the full-spectrum SLW model described in Section 2.1—i.e., from the supplemental absorption cross-sections C j,m and
C‘j+1,m, although in the BSLW model the positions of these cross-sections can differ from band to band. On the other hand,
the weighting coefficient w; ,, needs to be evaluated taking into consideration only the spectral interval corresponding to
band m: wj ,;, = /Anj . I,y dnp /1, where Anj ,,, represents the (non-contiguous) portion of the radiation spectrum occupied

by gas j within band m. To evaluate this quantity, one needs an ALBDF-like function that, rather than the full spectrum (as
in Eq. (4)), is computed over band m alone. This function, named here the partial ALBDF, can be defined as

b:]( b)

AL ©)

Nm
mwm¢m=/ H[C - G, (9] 22LP)

Nm-1

in which 7,1 and n,, are the lower and upper bounds that characterize the band, respectively.
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In principle, Eq. (6) could be directly calculated from the absorption spectrum of the medium and then tabulated in terms
of C, ¢ and T}, in a similar manner as the full-spectrum ALBDF has been (see, for instance, Pearson et al., 2014). However,
this is not practical, because one would need to produce tables for a large number of 7,, and 7,,.; combinations, since
the position and size of the bands into which the medium is divided depends on the modeling choices and on the specific
problem under investigation. A more sensible approach, therefore, is to compute Eq. (6) from narrow-band k-distributions
(or, in this case, C-distributions), which in turn need only be determined once for each ¢ and narrow band. This is the main
objective of the present study, viz., to develop easy-to-access look-up tables of C-distributions that are conveniently set-up
for being applied in the framework of the banded SLW model. The development of such tables, and how they can be used to
assemble the partial ALBDF, are described in the next section.

3. NARROW-BAND C-DISTRIBUTIONS IN THE FRAMEWORK OF THE SLW MODEL

The narrow-band k-distribution model is based on the observation that, over a sufficiently narrow spectral interval, the
highly oscillating absorption coefficient «;, has the same value many times at slightly different wavenumbers. At each one
of such occurrences, the resulting spectral radiative intensity and other radiative quantities will be approximately equal
to each other (since, within a narrow interval, the spectral blackbody intensity can be regarded as constant). Therefore,
k-distribution models propose a reordering of the absorption coefficient into a smooth, monotonically increasing function,
whose integration over the narrow band is straightforward and can be carry out in a computationally efficient manner.

This idea of reordering the absorption coefficient dates back to the first half of the twentieth century (Kondratyev, 1969),
and the first works on the subject in the heat transfer area were reported by Riviere et al., 1992, 1994. In the present paper,
we will focus only on the concept of the narrow-band k-distributions and on how they can be used to obtain the ALBDF and
partial ALBDFs introduced in Sections 2.1 and 2.2. Thus, other aspects of the narrow-band k-distribution model, such as
the treatment of gas mixtures and non-homogeneous media is not discussed here; the interested reader is referred to the
books by Modest, 2013, and Howell et al., 2016, for detailed presentations on these topics.

3.1 k- and C-distributions

The k-distribution is defined for a narrow band of width An as (Modest, 2013)

=33

i

1
:A_n/A,,‘S(k_K")d”’ )

where 6(x) is the Dirac-delta function. Because, even across a very small A, f(k) can display a quite erratic behavior
(since f(k) — co whenever k;; has a local minimum or maximum) it is convenient to introduce a cumulative k-distribution

dn
d/<,7

i

function g(k) = /Ok f(k”)dk’. For any given k value, this function represents the fraction of the spectrum for which the
spectral absorption coefficient lies below k, and is thus bounded 0 < g < 1. The inverse function k(g) is smooth and
monotonically increasing, with minimum and maximum values identical to those of the spectral absorption coefficient
within the Ap interval, and it is the basis of the narrow-band k-distribution model.

For the purpose of applying it for the calculation of the partial ALBDFs, it is useful to express the cumulative function g
in terms of a variable C, that is related to the spectral absorption cross-section C,; the same way as k is related to k. This
ultimately leads to the following expression for g(C, ¢):

1
C,d)=— H|C-C, dm ; 8
«Cor=g, [ Hlc-cla ®

notice that the dependence of both C;, (and, as a consequence, g) on the thermodynamic state ¢ is made explicit in this
equation, similarly to Egs. (4) and (6). The auxiliary variables C and k in the previous equations can be related via Eq. (3).

3.2 Assembling the ALBDF and partial-ALBDF from C-distributions

The assembly of the ALBDF, Eq. (4), from the narrow-band cumulative C-distribution functions, Eq. (8), can be carried
out in a similar way as how full-spectrum k-distributions are calculated from narrow-band k-distributions (see, for instance,
Modest and Riazzi, 2005). This ultimately leads to

1, (T,
FCot)= Y 2o, ©

i €[all NBs] Ip(Ty)

where the summation takes place over all narrow bands, and I ; (Tp) = /Arr I, (Ty,) dn is the spectral blackbody intensity
integrated over narrow band i (and evaluated at the source temperature 7). Similarly, the partial ALBDF for the spectral
interval An, can be determined by restricting the summation in Eq. (9) to only the narrow bands that fall within 7,,—; and
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Table 1. Precalculated states for the narrow-band database

Number of

Parameter Sampling samples
Species CO,, H,O 2
CO, mole fraction 0.1 1
H,O mole fraction 0,0.1 and 0.2 3
Temperature [K] 300 to 2500: every 100 23
Narrow band [cm~!] 10 to 300: every 10 29

300 to 4000: every 25 148

4000 to 5000: every 50 20

5000 to 10000: every 100 50
10000 to 15000: every 250 20
15000 to 25000: every 500 20
Total 287

Ip,i(Tp)
Iy(Tp)

Fana(C..Tp) = %(C.9). (10)

An; €Anyy,

Note that this formulation for determining the partial ALBDF differs slightly from the one presented by Modest and Riazzi,
2005, for the assembly of part-spectrum k-distributions in that, here, Fay,, (C =0,¢,Tp) = 0 for all Ar,,. This definition of
Fan,, is consistent with Eq. (6) and facilitates the application of the banded-SLW model.

4. GENERATION OF THE C-DISTRIBUTIONS

Data for the cumulative C-distribution g have been generated for carbon dioxide and water vapor for a total of 287
narrow bands. The position and size of the narrow bands are adapted from Cai and Modest, 2014, but both the number of
bands and the total spectral range that they encompass have been expanded to now include the entire range of the CO, and
H, O absorption spectra; the narrow band sizes used here are also larger than those of Denison, 1994. The C-distributions
are obtained at twenty-three temperatures, between 300 K and 2500 K; three mole fractions for H,O, between 0 and 0.2; and
one mole fraction for CO,, 0.1 (considering only a single X for the latter species should suffice, given that its absorption
spectrum does not present significant self-broadening effect (Howell et al., 2016)). The total pressure is always kept at
1.0 atm. The discrete values and number of samples of each of these parameters are summarized in Table 1.

The nominal values for C used in Eq. (8) to construct the g database for each thermodynamic state and narrow band
are determined using the exponential distribution previously employed by Wang and Modest, 2005. For the C variable,
considering a narrow band and thermodynamic state where the minimum and maximum absorption cross-sections are C;,
and Cjqy, respectively, this distribution gives

Cmaxﬁ - Cminﬁ

Co = [ +it(@)]' APy = =

i=12...,N), an
where N is the total number of C divisions in the narrow band, and S is a factor that controls how the C values are distributed
(i.e., if they are more concentrated towards Cy,;, or C,,,). The distribution was found to require smaller N to produce
accurate C-distributions than either a linear or a logarithmic distribution.

An important difference between the present C-distributions and the k-distributions proposed by Cai and Modest, 2014,
and Wang and Modest, 2005, is that, while in those papers N and 8 were fixed (to 5000 and 0.1, respectively) for all narrow
bands and thermodynamic states, here these restrictions are not applied. Rather, at each Ar; and each discrete ¢, N is
chosen as the smallest one whose errors in the band-averaged absorption coefficient and emittance are below 0.1 %; 3, on
the other hand, is defined as the value that provides (as best as possible) a g distribution with a distinct g-value g; for each
C;. The advantage of this methodology is that it can produce C-distributions with the same accuracy that was reported for
the k-distributions of Cai and Modest, 2014, and Wang and Modest, 2005, but the resulting data files are much smaller in
size. For comparison, while in the databases of the aforementioned references each and every narrow band had a total of
5000 g; values associated to it, in the databases generated in this paper the average value of N (computed over all narrow
bands and thermodynamic states) is approximately 100.
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Figure 1. Comparisons of band-averaged absorption coefficient and emittance. Dashed lines represent the reference, LBL
solution; solid thin lines depict the quantities recreated from the narrow-band C-distributions.

4.1 Base spectral data

The spectral data for the absorption cross-section C;, used to generate the C-distributions are obtained from the
high-resolution spectroscopic database HITEMP2010 Rothman ez al. (2010). The absorption spectra are extracted at a fixed
0.01 cm™! wavenumber resolution and within a range 0 < < 25000cm™'. Line broadening is described by the Lorentz
profile, with line-wing cutoffs of 3000 half widths for the H,O spectra and 30 000 half widths for the CO, ones, which are
chosen following analyses carried out in a previous work (Coelho et al., 2021).

4.2 Validation

The accuracy of narrow-band k-distributions has traditionally been assessed through comparisons of band-averaged
absorption coefficient and gas column emittance (Wang and Modest, 2005; Cai and Modest, 2014). For a narrow band of
width An, these quantities are given respectively as:

1 1
Kp An/AnK"n /O (g)dg (12)
_ 1 1
&= [l—exp(—KnS)]dnzf [1 —exp(—k(g)S)] dg , (13)
N Jan 0

where S is the gas column width and k(g) is the inverse function of the cumulative k-distribution g(k) (notice that, once
again, both «,, and k(g) can be related to C,, and C(g) through Eq. (3)). Figure 1 plots the results for these two quantities
obtained via LBL integration of the high-resolution absorption spectra—which corresponds to the expressions to the
right-hand side of the first equal sign in Eqgs. (12) and (13)—and recreated from the narrow-band C-distributions—the
expressions after the last equal sign in the above equations—for pure CO; and pure H,O and gas temperatures T, of
500K, 1500K and 2500 K. The agreement between the two solution is excellent throughout the spectrum and for all
thermodynamic conditions-. This is to be expected, since, as stated before, the C-distributions developed on this work were
generated with the constraint that the maximum error relative to the LBL integration be less that 0.1 % for both k;; and €.
Similar accuracy was observed for other species mole fractions, temperatures and S values.

The ALBDF assembled from the narrow-band C-distributions via Eq. (9) is compared to the one determined
directly from the high-resolution absorption spectra in Fig. 2. Plots for CO; and H,O are presented considering source
temperatures 7, = 500 K and 2500 K and gas temperatures (which, together with the species mole fraction, characterize
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Figure 2. Comparisons of the ALBDF assembled from the narrow-band C-distributions (solid lines) and determined directly
from the high-resolution spectra (dashed lines). Results for different source and gas temperatures 7}, and T.

the thermodynamic state) 7, = 500K, 1500 K and 2500 K. The assembled ALBDF agrees very well with the reference
throughout all the C range—to contrast, note that in a similar comparison, the narrow-band k-distributions of Modest and
Riazzi, 2005 had some difficult to accurately construct full-spectrum k-distributions for very small k£ (which in Fig. 2
would correspond to very small C). The same degree of agreement between the two ALBDFs was verified for other source
temperatures and thermodynamic states.

5. APPLICATION OF THE BANDED-SLW MODEL

A sample of test cases are now considered to illustrate the usefulness of the C-distributions produced in this paper.
These cases all consist of non-coupled radiative transfer calculations of a one-dimensional medium slab of width L = 1.0 m
bounded by two infinitely large, parallel, cold walls. The medium consists of a mixture of CO,, H,O and a transparent
species at a total pressure of 1 atm, and is subjected to prescribed non-homogeneous fields of temperature and species mole
fractions.

The radiative transfer calculations are carried out with either the SLW or the banded-SLW model and with the LBL
integration method, which serves as a reference to assess the performance of the models. The same absorption spectra used
to generate the C-distributions is employed for the LBL integration. The application of the SLW and banded-SLW models
follow what is described in Sections 2.1 and 2.2, respectively. A total of J = 25 gases is chosen for both models (and, in the
BSLW model, for each band as well), within a range 3 X 10™*m?/mol < C < 60 m?/mol. The treatment of mixtures of
participating species is done according to the multiplication method (Solovjov and Webb, 2000), and non-homogeneous
conditions are considered using the reference approach (Denison and Webb, 1995).

The angular integration of the RTE is performed through the discrete ordinates method (DOM), using the quadrature
and weights of Lathrop and Carlson, 1964, with a total of twelve ordinates. A finite difference approach is applied to solve
the RTE along each line of sight, which is divided into 200 equally-sized cells. Further increasing the angular and spatial
discretizations did not yield appreciable changes in the results.

5.1 Case 1: the effect of the number of bands on the BSLW model’s accuracy

The first test case considers that the medium is bounded by black walls. Since this case does not have non-gray wall
reflectivities nor non-gray particulate, the standard, full-spectrum SLW model should suffice for this case; however, the
BSLW is applied to it anyway to show how the division of the spectrum into bands improves the model’s accuracy. The
participating medium is subjected to the following non-isothermal temperature and non-uniform species mole fraction
distributions:

T(x) = 400K + 1400Ksin2(7r%); (14a)

X.(x) = 0.1 sin2<n%) C o Xu(x) = 2X.(x), (14b)

where X, and X,, are the mole fractions of CO; and H,O, respectively, and x is the distance within the medium measured
from the left wall. Notice that X.(x) + X,,(x) < 1.0, and the remainder of the medium is assumed to be composed of a
non-participating species.

Figure 3 plots the resulting spatial distributions for the radiative heat source and radiative heat flux obtained by the
LBL solution, the full-spectrum SLW model, and the BSLW model applied over a different total number of band divisions
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Figure 3. Results for test case 1.

M. Both the SLW and BSLW models use the ALBDF and partial-ALBDFs determined from the same absorption spectra
for which the LBL calculations were ran (with the partial-ALBDFs determined from the narrow-band C-distributions via
Eq. (10)). A uniform division of the entire spectral range 0 < 1 < 25000 cm™" is adopted to define the size and position of
the bands in the BSLW model—e.g., with M = 2, the first band spans from 7 = 0 to = 12500 cm™!, and the second
band from 7 = 12500 cm™" to n = 25000 cm™". This spectral division is chosen out of convenience for this illustrative
application of the model; certainly, more refined schemes could be devised, taking into account the local spectral maxima
of C,,, which would further improve the accuracy of the BSLW model.

Although even the full-spectrum SLW model yields a very good agreement to the reference LBL solution, the BSLW
model still provides a slight improvement. The bottom plots of Fig. 3 show the errors of SLW and BSLW models (normalized
by the maximum radiative heat source and flux), from which it is clear that the latter, particularly with four or eight bands,
outperforms the former. On average across the medium, the normalized error of the SLW model equals 1.7 % for both the
radiative heat source and radiative heat flux, and locally the error can be as high as 4.3 %; for the BSLW model with M = §,
the average errors reduce to 1.1 % for the radiative heat source and 0.8 % for the radiative hear flux, and the maximum error
is no higher than 3.0 %.

5.2 Case 2: a medium bounded by non-gray walls

A second test case is included to test the BSLW model for a medium bounded by non-gray walls, a configuration for
which the standard SLW model cannot be applied. Here, the two walls exhibit the same spectral emissivity ¢, characterized
by the stepwise profile previously considered by Solovjov et al., 2013, in which ¢, has three plateaus: ¢, = 0.925 for
n <2000cm™, €, = 0.675 for 2000cm™" < 5 < 2500cm™!, and €, = 0.500 for 7 > 2500 cm™!. The temperature and
species concentration profiles are the same as those of Case 1.

For the BSLW model, the bands are chosen to coincide with the spectral intervals of constant ;,, so that the radiative
transfer problem can be reduced to three successive calculations of a medium bounded by gray walls. The resulting
distributions for the radiative heat source and flux are depicted in Fig. 4. Besides the BSLW model and the reference LBL
solution, the figure also include results obtained by applying the separated wall bands (SWB) method of Fonseca et al.,
2018, to the full-spectrum SLW model, which is another approach for accommodating for non-gray walls in the framework
of global models. Notice that the computational costs of the SWB-SLW and BSLW models are approximately the same.

Figure 4 shows that the two models have comparable accuracy, with normalized errors (given by the bottom plots of the
figure) not exceeding 6.0 %. In the high-emitting regions, the SWB-SLW tends to outperfom the BSLW, while the opposite
occurs in the regions where absorption is more important. Similar results have been observed for other temperature, species
concentrations and wall emissivity profiles.

6. CONCLUSIONS

This paper presented the development of narrow-band C-distributions for water vapor and carbon dioxide encompassing
a range of thermodynamic conditions that is common for combustion applications. These distributions were generated from
high-resolution absorption spectra and, compared to narrow-band k-distributions that are available in the literature, they are
set up in a more convenient way for being used with the SLW and banded-SLW models.
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Figure 4. Results for test case 2.

The new C-distributions were shown to yield an excellent agreement with reference data computed directly from the
high-resolution spectrum for band-averaged quantities across all the considered thermodynamic states. The same was also
verified for the assembled ALBDFs. Furthermore, besides having comparable accuracy to previous k-distributions, the
C-distributions proposed here require a significantly smaller storage size. Interested readers can get access to the data sets
with these distributions by contacting the first author of this paper.

Finally, the C-distributions were used to construct partial ALBDFs for the banded-SLW model, and the model was
applied to a few illustrative cases. In the first one, it was shown that, by dividing the full spectrum into bands, the BSLW
model can consistently improve on the already good accuracy of the standard SLW model. In the second case, the capacity
of the BSLW model to accommodate for non-gray walls was assessed, and the model was found to yield similar accuracy
(and similar computational cost) as a previous modeling approach for treating non-gray walls with the SLW model.
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