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Abstract. Naturally Fractured Reservoirs (NFR) are part of the main sources of water and oil worldwide. However, due 
to the geological complexity and the high contrast of the permeability fields, makes this problem particularly challenging 
to obtain accurate forecasts and estimates of the production behavior. The study of fluid flow through NFR has advanced 
steadily over the past years. Despite of that, the numerical modeling and simulation of these reservoirs, involving 
fractures of different scales is still a great challenge from mathematical and numerical perspective. Aiming to improve 
computational efficiency, it is interesting to treat the fractures hierarchically, dividing them into similar groups that 
receive different treatments, accordingly. In this sense, longer fractures, as major conduits or barriers to fluid flow, may 
be modeled explicitly, context in which an interesting alternative is the use of the Embedded Discrete Fracture Model 
(EDFM). In this model, each fracture is embedded within the cells of the rock matrix computational mesh with which it 
intersects, through additional matrix-fracture transmissibilities. It is not necessary to build a mesh fitting the fractures 
positions. Therefore, EDFM was developed as a technique that may directly incorporates fractures in a conventional 
structured mesh, bypassing the extra computational cost of using unstructured meshes and remaining compatible with 
complex fracture geometries. However, previous works show that classic EDFM does not model properly fractures 
having lower permeability than the rock matrix, on the other hand, a variant of it, called projection-based Embedded 
Discrete Fracture Model (pEDFM), can effectively deals with these flow barriers. This is achieved through fractures 
projections on the faces of the rock matrix control volumes, which provides the introduction of additional connections. 
In this work, we present a strategy to simulate one-phase flow in NFR, in 2-D, using EDFM and pEDFM. In order to 
solve the pressure equation, we applied a Multi-Point Flux Approximation with a Diamond stencil (MPFA-D), which is 
a flexible and robust formulation, capable of handling highly heterogeneous and anisotropic media using general 
polygonal meshes. To validate our scheme, we have solved some representative problems found in literature obtaining 
promising results.  
 
Keywords: Embedded Discrete Fracture Model, Multipoint Flux Approximation, Projection-Based Embedded Discrete 
Fracture Model. 

 
1. INTRODUCTION 
 

Naturally Fractured Reservoirs (NFR) are estimated to be most of the remaining exploitable oil fields (Matthäi, 2005), 
however, due to their geological complexity and the high contrasts permeabilities fields and dimensions, makes this 
problem particularly challenging to obtain accurate forecasts and estimates of their production behavior. Over the last 
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years, several studies have been carried out, aiming to develop models that can handle adequately fluid flow in this type 
of reservoir (Berre et al., 2019). Since it exists, fractures of different scales within NFR, it is interesting to treat them 
hierarchically, dividing them into similar groups that receive different treatments, accordingly. In this sense, longer 
fractures, as major conduits or barriers to fluid flow, may be modeled explicitly (Cavalcante et al., 2020). Among the 
strategies presented in recent years where  fractures are modeled explicitly (as additional degrees of freedom), the 
Embedded Discrete Fracture Modeling (EDFM) (Li and Lee, 2008; Moinfar et al., 2014; Shakiba and Sepehrnoori, 2015) 
stands out. In this method, each fracture is embedded within the cells of the rock matrix computational mesh with which 
it intersects, but its discretization is done separately and independently. The fracture and the rock matrix cells in which it 
is embedded are related through non-neighbor connections (NNCs) and additional matrix-fracture transmissibilities. 
Therefore, EDFM was developed as a technique that may directly incorporates the influence of fractures in a conventional 
structured mesh. Thus, bypassing the necessity of the mesh fitting the fractures positions, and the additional computational 
cost of using unstructured meshes. While remaining compatible with the complex fracture geometries, such as non-
straight (or non-planar) fractures or variable aperture fractures (Eigestad, 2004; Berre et al., 2019; Klausen and; Zuo et 
al., 2019). However, EDFM has showed to be inefficient for the cases where the fracture permeability is much lower than 
the rock matrix one. Aiming to overcome this limitation, Ţene et al. (2017) proposed a projection-based version of EDFM 
(pEDFM), which is applicable to both high and low permeability fractures. However, the original pEDFM still had some 
limitations, especially regarding the method of selecting faces for projection, the calculation of transmissibilities between 
a fracture and the matrix cells adjacent to that one containing the fracture and the calculation of the projection-based 
transmissibilities between fractures. These limitations were addressed by the works of Jiang and Younis (2017) and Rao 
et al. (2020). 

The main goal of this work is to model the 2-D one-phase flow in naturally fractured reservoirs using EDFM and 
pEDFM. In this context, to solve the elliptic pressure equation, we used a finite volume method (FVM) with a non-
orthodox Multi-Point Flux Approximation that uses the so-called Diamond stencil (MPFA-D) (Contreras et al., 2016; 
Gao and Wu, 2011). Our proposed formulation can handle highly heterogeneous and anisotropic domains by using general 
polygonal meshes, beyond being linearity preserving and capable to achieve second order accuracy on pressure and first 
order on its gradient. We have combined the robustness and the flexibility of MPFA-D with the low computational cost 
of EDFM and pEDFM approaches in our simulation tool.  We have performed some benchmark tests found in literature 
in order to validate our scheme and compare EDFM and pEDFM, achieving promising results.  
 
2. MATHEMATICAL MODEL 
 
2.1 Governing Equations 
 

The elliptic pressure equation for one-phase fluid flow can be obtained from the proper manipulation of the general 
mass balance equation and Darcy’s Law: 

 
 ∇ሬሬ⃗ ∙ 𝑣⃗ = 𝑄    (𝑤𝑖𝑡ℎ 𝑣⃗ = −𝑲∇𝑝) (1) 

where ∇ሬሬ⃗ , 𝑣⃗, 𝑄, 𝑲 and 𝑝 are, respectively, the gradient operator, total velocity, specific total flow rate (source or sink term), 
absolute permeability tensor, and global pressure. The model considers an isothermal and incompressible fluid flow 
through porous media, where the effects of gravity and capillarity can be neglected. 

 
3. NUMERICAL FORMULATION 
 
3.1 Multi-Point Flux Approximation with a Diamond stencil (MPFA – D) 

 
The discretization of the pressure equation is made through the MPFA-D (Contreras et al., 2016; Gao and Wu, 2011). 

Integrating Eq. (1) into a control volume (CV) and applying the Gauss divergence theorem and the mean value theorem, 
we have: 

 න ∇ሬሬ⃗ ∙ 𝑣⃗

ஐ

𝑑𝑉 = න 𝑣⃗ ∙ 𝑛ሬ⃗

பஐ

𝑑𝐴 = ෍ 𝑣⃗௜ ∙ 𝑁ሬሬ⃗ ௜

𝓃

௜ୀଵ

= 𝑄ത𝑉 (2) 

where 𝑛ሬ⃗  is the unitary outward normal vector to the control surface ∂Ω, 𝑉 is the volume (or area, in 2-D) of the CV Ω and 
𝐴 is the area (or length, in 2-D) of the control surface 𝐴. 𝑄ത  is the mean source term in Ω and 𝓃 indicates the number of 
edges in it, considering it is a polygon (part of a polygonal mesh). Aiming to obtain the flux expression for one edge in a 
2-D polygonal mesh, we construct the MPFA-D stencil, as shown in Figure 1. 
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Figure 1. Local diagram of a part of an arbitrary polygonal mesh, 

highlighting the "diamond stencil" (Extracted from Cavalcante et al., 2020) 
 

After some algebraic manipulation, the flux continuity equation can be written as (Contreras et al., 2016; Gao and 
Wu, 2011): 

 𝑣⃗ூ௃ ∙ 𝑁ሬሬ⃗ ூ௃ = 𝜏ூ௃ൣ𝑝ோ෠ − 𝑝௅෠ − 𝜐ூ௃൫𝑝௃ − 𝑝ூ൯൧  (3) 

where: 

 𝜏ூ௃ = −𝜆ூ௃

𝐾ூ௃ಽ෡

(௡)
𝐾ூ௃ೃ෡

(௡)

𝐾ூ௃ಽ෡

(௡)ℎ௃ூ
ோ෠ + 𝐾ூ௃ೃ෡

(௡)ℎூ௃
௅෠

ห𝐼𝐽ሬሬሬ⃗ ห;   𝜐ூ௃ =
𝐿෠𝑅෠ሬሬሬሬሬ⃗ ⋅ 𝐼𝐽ሬሬሬ⃗

ห𝐼𝐽ሬሬሬ⃗ ห
ଶ −

1

ห𝐼𝐽ሬሬሬ⃗ ห
ቌ

𝐾ூ௃ಽ෡

(௧)

𝐾ூ௃ಽ෡

(௡)
ℎூ௃

௅෠ +
𝐾ூ௃ೃ෡

(௧)

𝐾ூ௃ೃ෡

(௡)
ℎ௃ூ

ோ෠ ቍ (4) 

with: 

 𝐾ூ௃𝓀෠

(௡)
=

𝑁ሬሬ⃗ ்𝑲𝓀෠𝑁ሬሬ⃗

ห𝑁ሬሬ⃗ ห
ଶ ;  𝐾ூ௃𝓀෠

(௧)
=

𝑁ሬሬ⃗ ்𝑲𝓀෠𝐼𝐽ሬሬሬ⃗

ห𝑁ሬሬ⃗ ห
ଶ ;  𝓀 = 𝐿, 𝑅;  (5) 

where 𝑁ሬሬ⃗  is the area normal vector of the edge 𝐼𝐽. In Eq. (3), 𝑝ோ෠  and 𝑝௅෠  are approximations of the pressure value in the 
right and left control volumes (CVs) of edge 𝐼𝐽. Moreover, the nodal pressures, 𝑝ூ  and 𝑝௃ are computed using the pressure 
values at the CVs surrounding nodes 𝐼 and 𝐽, respectively, using a Linear Preserving Weighted Interpolation (Contreras 
et al., 2016). 
 
3.2 EDFM 
 

The key idea of the EDFM approach is to split the computational domain into a rock matrix domain (Ω௠) and a 
fracture domain (Ω௙) using two different grids, separately. The coupling is carried out through non-neighbor connections 
(NNCs) transmissibilities (Moinfar et al., 2014; Shakiba, 2014; Zuo et al., 2019). The pEDFM (Ţene et al., 2017; Jiang 
and Younis, 2017; Rao et al., 2020) has a similar proposal, with the main difference on the fact that it introduces more 
alternatives of connections. 
 
3.2.1 Fracture-Matrix coupling connectivity index 
 

Li and Lee (2008) showed that the matrix and fracture grids could be coupled using a transfer function. From a 
mathematical point of view the transfer function is a source term between the fracture 𝑓 and the matrix 𝑚, which is 
defined as: 

 𝑞௙,௠ = 𝐶𝐼 𝑲 ൫𝑝௙ − 𝑝௠൯  (6) 

with 𝐶𝐼 being the ‘connectivity index’ between the matrix and the fracture defined as (Hajibeygi et al., 2011): 

 𝐶𝐼(௫,௬),௭
௠ି௙

=
𝐴௫௬,௭ 

〈𝑑〉௫,௬~௭

    ൭𝑤𝑖𝑡ℎ  〈𝑑〉௫,௬~௭ =
1

𝐴௫,௬

න 𝑥 𝑑𝐴
஺ೣ,೤

൱  (7) 
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where (𝐴௫௬,௭) is the fraction of the area of the fracture element (𝑧) in the matrix cell (𝑥, 𝑦) and 〈𝑑〉𝑥𝑦,𝑧 is the average 
distance between the fracture element (𝑧) and the matrix cell (𝑥, 𝑦). 
 
3.2.2 Fracture-Intersection 
 

If there is an intersection of fractures, their mutual transmissibility can be calculated using the star-delta 
transformation, as utilized for electrical circuits (Karimi-Fard et al., 2003). The general expression for the transmissibility 
between fractures 𝑜 and 𝑝, sharing a node connected by 𝑛 fractures, each one with an aperture 𝑤௙

௞, and length 𝐿௞, is given 
by: 

  𝑇௢ି௣ ≃
𝛼௢𝛼௣

∑ 𝛼௞
௡
௞ୀଵ

    ቆ𝑤𝑖𝑡ℎ  𝛼௞ = −2
𝐾௙

௞𝑤௙
௞

𝐿௞
ቇ  (8) 

3.3 pEDFM 
 

In pEDFM, the fracture cell f is projected at the interfaces 𝛤௜௝  and 𝛤௜௞  (in x and y directions, respectively) with the 
corresponding projection areas (length) denoted by 𝐴௙೘೔

௣௫  and 𝐴௙೘೔

௣௬ , as shown in Figure 2. 

 

 
 

Figure 2. pEDFM schematic representation for a fracture cell (red line) within a matrix cell (Extracted from Jiang 
and Younis, 2017). 

 
Then, there are f-𝑚௝ and f-𝑚௞ connections in addition to f-𝑚௜, which already existed in EDFM.  

 
3.3.1 Methods for choosing the faces where the fractures will be projected 
 

The shortest distance method, presented by Jiang and Younis (2017), consists of observing where the center of the 
fracture cell is located and choosing the face that is closest to it. In this process, we choose a face for the projection in x 
direction and another face for the projection in y direction. The micro translation method, presented by Rao et al. (2020), 
is used when the center of the fracture cell is equally distant from two faces, as shown in Figure 2 (in which it occurs in 
y direction). 

 

 
 

Figure 3. Micro-translation criterion scheme (Extracted from Rao et al., 2020). 
 

Considering a fracture cell f contained in a rock matrix cell, we define 𝑛ሬ⃑ ଵ and 𝑛ሬ⃑ ଶ as two opposite normal vectors to f, 
in addition to the vector 𝑂𝐹ሬሬሬሬሬ⃑  that goes from the center of the matrix cell (O) to the center of the fracture cell (F). Then, we 
must choose between 𝑛ሬ⃑ ଵ and 𝑛ሬ⃑ ଶ according to the following criterion: 𝑛ሬ⃗  . 𝑂𝐹ሬሬሬሬሬ⃑ ≥ 0. In the example shown in Figure 3, 𝑛ሬ⃑ ଵ 
meets the requirement. The center of fracture cell F is slightly translated to point G along the selected normal vector 𝑛ሬ⃑ ଵ. 
Finally, based on the position of G, we apply “the shortest distance criterion” to select the faces for projection on each 
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direction. If the distances remain the same, any of the parallel faces can be selected. In the example above, face 3 and 
face 1 must be selected as the faces for projections. 
 
3.3.2 pEDFM Matrix-Matrix connectivity using MPFA -D 
 

Jiang and Younis (2017) observed that the f-m connections added by pEDFM have effects on the m-m connections. 
As a consequence, the transmissibilities of the m-m connections should be modified. The area (length) used in the m-m 
transmissibility expression become the area (length) of the interface between the rock matrix cells minus the area (length) 
of the union of the fracture projections (of both cells) on this interface, as shown in Figure 4, where the black line 
represents the union of all fracture cell projections over the 𝛤௜௝  interface. 
 

 
 

Figure 4. Fracture total projection scheme where the black line is the union of the projected fracture segments on 
the 𝛤௜௝  interface (Extracted from Rao et al., 2020). 

. 
However, our goal is to use MPFA-D instead of TPFA; thus, we needed to adapt the traditional MPFA-D so that it 

could deal this new requirement. This adaptation was in the expression of the equivalent transmissibility term, expressed 
initially in Eq. (4), which became: 

 

 𝜏ூ௃ = −𝜆ூ௃

𝑘ூ௃ಽ෡

(௡)
𝑘ூ௃ೃ෡

(௡)

𝑘ூ௃ಽ෡

(௡)
ℎ௃ூ

ோ෠ + 𝑘ூ௃ೃ෡

(௡)
ℎூ௃

௅෠
ቊ𝐴௰೔ೕ

− ቈ൬∪௥ୀଵ
௡೔ 𝐴

௙ೝ
೘೔

௣
൰ ∪ ቆ∪௦ୀଵ

௡ೕ
𝐴

௙ೞ

೘ೕ

௣
ቇ቉ቋ  (9) 

where 𝐴௰೔ೕ
is the area (length) of the interface 𝛤௜௝ , 𝑛௜ and 𝑛௝ represent the number of fracture segments belonging to 𝑚௜ 

and 𝑚௝ respectively, 𝐴
௙ೝ

೘೔

௣ represents the projection area (length) of a fracture in 𝑚௜ and 𝐴
௙ೞ

೘ೕ

௣
 represents the projection 

area (length) of a fracture in 𝑚௝. 
 
3.3.3 pEDFM Fracture-Matrix connectivity  
 

Following the work of Rao et al. (2020), we used the following transmissibility expressions to relate a matrix cell (𝑚௜) 
and a fracture (𝑓): 

 𝑇௙௠೔
= ቀ൫  𝑇௠೔

ఆమ൯
ିଵ

+ 𝑇௙
ିଵቁ

ିଵ

 (10) 

 
𝑇௠೔

ఆమ =
𝐾௠೔

𝐴௙೘೔

〈𝑑ఆమ〉
;  𝑇௙ =

𝐾௙𝐴௙೘೔

𝑤௙

; 
(11) 

 
〈𝑑ఆమ〉 =

∫ 𝑛ሬ⃗ ∙ 𝑟
ఆమ

𝑑𝑉

𝑉ఆమ

 ≈
∑ [𝑛ሬ⃗ ∙ 𝑟(𝑃)]௣∈஻

|Υ|
 

(12) 

where 𝐴௙೘೔
 is the area (length) of the fracture cell; 𝐾௠೔

 is the permeability of 𝑚௜; 𝐾௙ is the fracture permeability; 𝑤௙ is 

the fracture aperture; 𝑛ሬ⃑  is the unit normal vector obtained as in the micro translation method; 𝑟(𝑃) is a vector from the 
center of the fracture cell F to a point P in the matrix cell 𝑚௜. Υ is the set of points for which 𝑛ሬ⃗ ∙ 𝑟(𝑃) < 0, whose 
cardinality is |Υ|. 
 
3.3.4 pEDFM Fracture-Fracture connectivity  
 

When the fractures in adjacent matrix cells produce overlapping projection, as shown in Figure 5, we have to relate  
these fractures cells according to the expressions proposed by Rao et al. (2020), with which the transmissibility between 

𝑓 ௥
௠೔  within 𝑚௜ and 𝑓 ௦

௠ೕ  within 𝑚௝, for example, would be as follows: 
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Figure 5. Case with multiple fracture cells in adjacent cells with overlapping projections over the 𝛤௜௝ interface 
(Extracted from Rao et al., 2020). 

 

 𝑇
௙ೝ

೘೔௙ೞ

೘ೕ = ൭൬𝑇
௙ೞ

೘ೕ ൰
ିଵ

+  ቆ𝑇
௠ೕ,௙ೝ

೘೔௙ೞ

೘ೕ

ఆభ௫
ቇ

ିଵ

+ ቆ𝑇
௠೔,௙ೝ

೘೔௙ೞ

೘ೕ

ఆభ௫
ቇ

ିଵ

+ ቀ𝑇
௙ೝ

೘೔ ቁ
ିଵ

൱

ିଵ

 (13) 

 

𝑇
௠೔,௙ೝ

೘೔௙ೞ

೘ೕ

ఆభ௫
=

𝐾௠೔
ቆ𝐴

௙ೝ
೘೔

௣
∩ 𝐴

௙ೞ

೘ೕ

௣
ቇ

〈𝑑ఆభ〉
 ;   𝑇

௠ೕ,௙ೝ
೘೔௙ೞ

೘ೕ

ఆభ௫
=

𝐾௠ೕ
ቆ𝐴

௙ೝ
೘೔

௣
∩ 𝐴

௙ೞ

೘ೕ

௣
ቇ

〈𝑑ఆభ〉
 

(14) 

 
〈𝑑ఆభ〉 =

∫ 𝑛ሬ⃗ ∙ 𝑟
ఆభ

𝑑𝑉

𝑉ఆభ

 ≈
∑ [𝑛ሬ⃗ ∙ 𝑟(𝑃)]௣∈஺

|Λ|
 

(15) 

where 𝐴
௙ೝ

೘೔

௣
∩ 𝐴

௙ೞ

೘ೕ

௣ is the area (length) intersection of the fracture cell projections 𝑓 ௥
௠೔  and 𝑓 ௦

௠ೕ , and Λ is the set of points 

for which 𝑛ሬ⃗ ∙ 𝑟(𝑃) > 0. 
 
3.3.5 The extra pEDFM Fracture-Matrix connectivity 
 

The transmissibility expression relating 𝑓௥
௠೔ − 𝑚௝, in its turn, is defined as (Rao et al., 2020): 

 𝑇
௙ೝ

೘೔ ೕ
= ቆቀ𝑇

௙ೝ
೘೔ቁ

ିଵ

+  ൬𝑇
௠೔,௙ೝ

೘೔ ೕ

ఆభ ൰
ିଵ

+  𝑇 ೕ
ିଵቇ

ିଵ

 (16) 

 

𝑇
௠೔,௙ೝ

೘೔ ೕ

ఆభ௫
=

𝐾௠೔
ቈ𝐴

௙ೝ
೘೔

௣
−∪௦ୀଵ

 ೕ
ቆ𝐴

௙ೝ
೘೔

௣
∩ 𝐴

௙ೞ

೘ೕ

௣
ቇ቉

〈𝑑ఆభ〉
 

(17) 

 

𝑇 ೕ
=

𝐾௠ೕ
ቈ𝐴

௙ೝ
೘೔

௣
−∪௦ୀଵ

 ೕ
ቆ𝐴

௙ೝ
೘೔

௣
∩ 𝐴

௙ೞ

೘ೕ

௣
ቇ቉

𝑑௙ ೕ

 

(18) 

3.4 Discrete Linear System for the Elliptic Pressure Equation 
 

In this work, we consider 2D domains, but, in Ω𝑓, we deal with a simplified 1D flow, therefore, in this domain, the 
MPFA-D becomes the classical Two Points Flux Approximation (TPFA) method (Gao and Wu, 2011). 
 

 
 

Figure 6. (a) The discrete rock matrix mesh with a central cell 5. (b) The discrete fracture grid with a central cell 12. (c) 
An example of a discretized domain with one discrete fracture. 
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If we analyze the flow in cell 5, in the rock matrix grid (figure. 6a), and in cell 12, in the fracture grid Figure. 6b, we 

have: The 𝐹5
𝑚 is understood be the resulting flow in the cell 5 of the rock matrix domain and 𝐹12

𝑓
 the resulting flow in the 

cell 12 of the fracture domain.  

 ෍ 𝐹ହ
௠ = 𝐹ଶିହ

௠ି௠ + 𝐹ସିହ
௠ି௠ + 𝐹ହି଺

௠ି௠ + 𝐹ହି଼
௠ି௠ (19) 

 ෍ 𝐹ଵଶ
௙

= 𝐹ଵଵିଵଶ
௙ି௙

+ 𝐹ଵଶିଵଷ
௙ି௙  (20) 

To complete the formulation of the scheme, and to satisfy the principle of mass conservation for cell 5 and cell 12, we 
need an NNC, as follows: 

 ෍ 𝐹ହ
ேே஼ = 𝐹ହିଵଶ

௠ି௙
= −𝐹ଵଶିହ

௙ି௠ (21) 

Thus, the total flow in cell 5 can be written as a combination of Eq. (19) and Eq. (21). The same argument is valid for 
the total flow in cell 12, by combining Eq. (20) and Eq. (21), respecting the flow direction. The discretization of Eq. (19) 
and Eq. (20) is obtained via the MPFA-D and the TPFA schemes, respectively. However, for Eq. (21) the connectivity 
index should be used, as presented in Eqs. (6) and (7). 

 
3.5 Solution Strategy 

 
The resultant linear system 𝑻𝒑 = 𝑭 is constructed according to the MPFA-D/TPFA discretization scheme, can be 

written as: 

 ൤𝑻𝒎ି𝒎 𝑻𝒎ି𝒇

𝑻𝒇ି𝒎 𝑻𝒇ି𝒇
൨ ൤

𝒑𝒎

𝒑𝒇  ൨ = ቂ
𝑭𝒎

𝑭𝒇  ቃ (22) 

where, the sub-matrix blocks 𝑻𝒎−𝒎 and 𝑻𝒇−𝒇 contain the matrix-matrix and fracture-fracture transmissibility, 

respectively. The off-diagonal sub-matrices, i.e., 𝑻𝒎−𝒇 and  𝑻𝒇−𝒎, contain the transmissibilities between the fractures and 
matrix. It is worth noting that the linear system above is solved using a sparse iterative linear solver to obtain the pressure 
field. 
 
4. RESULTS 

 
In this section, we present some results using the MPFA-D formulation coupled with EDFM and pEDFM to simulate 

some representative 2-D one-phase flow problems in naturally fractured reservoirs. In all the presented problems, the 
model consists of the classical ¼ of five-spot configuration, considering dimensionless problems. The domain is defined 
as    0,1 0,1   with different arrangements of rock matrix permeabilities and fractures positions. The injection well 

is placed in the bottom-left corner with pressure set as 1, while the producer well is placed at the top-right corner with the 
pressure set as zero. No-flow boundary condition is applied at all the external boundaries of the reservoir. The porosities 
are always set as 0.5 in the rock matrix and 1 in the fractures. The rock matrix properties are referred to by the subscript 
m and the fracture properties are referred to by the subscript f. In all examples, we use the Hybrid-Grid Model (HyG) ( 
Sandve et al., 2012; Ahmed et al., 2017; Cavalcante et al., 2020;) for the reference case. 
 
4.1 Case 1 - The ¼ five spot one-phase flow with two diagonal channels fractures  

 
In this example, we have two diagonal fractures with aperture 𝑎௙ = 5. 10ିଶ and the rock matrix permeability ( mK ) 

is given by: 
 

 𝐾௠ = ቂ
1 0
0 1

ቃ   (23) 

 
The permeability in both fractures fK  is: 

 𝐾௙ = 10ହ𝐾௠   (24) 

Figure 7a presents a structured grid with 2500 control volumes used for EDFM and pEDFM models, Figure 7b 
presents an unstructured grid with 2525 control volumes used for HyG. 
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(a) 

 
(b) 

Figure 7. Meshes used in this test case: (a) for EDFM and pEDFM models; (b) for HyG model. 
 

In order to evaluate the robustness of our formulation, we have compared our results with the results obtained using 
the MPFA-D/HyG, a method presented by Cavalcante et al. (2020). In Figure 8, we present the pressure fields. As can be 
seen in Figures 8a and 8b, the results are quite similar qualitative to the reference case (Figure 8c). Figure 8 shows an 
accentuated pressure gradient, evidencing how the presence of fractures modifies the pressure field of the domain. 

 

(a) (b) (c) 

 

Figure 8. Pressure fields for case 1: (a) EDFM/MPFA-D; (b) pEDFM/MPFA-D; (c) HyG/MPFA-D. 
 
4.2 Case 2 - The ¼ five spot one-phase flow with one channel and one barrier diagonal fractures 
 

Finally, using the same configurations and geometry shown in Case 1 (Figure 7), modifying only the permeability of 
the fracture, which was previously of the channel type but in this example, a barrier type with 𝐾௙ = 10ିହ𝐾௠. The Figure 
9 shows the pressure fields for this case, where we can observe through the color maps and the isolines the lack 
representation in the fracture influence inside the rock matrix by the EDFM modeling (Figure 9a). Otherwise, pEDFM 
(Figure 9b) and HyG (Figure 9c) modeling can show the fracture presence. 

Figure 9a shows a problem already known in the literature for the EDFM, which is not suitable in cases where the 
fracture permeability value is much lower than the rock matrix permeability value; i.e., cases where the fractures are 
barriers. To resolve this limitation, pEDFM is shown to be applicable to both, conductive fractures and flow barriers in a 
very similar way at the reference case. 
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(a) (b) (c) 

 

Figure 9. Pressure fields for case 2: (a) EDFM/MPFA-D; (b) pEDFM/MPFA-D; (c) HyG/MPFA-D 
 

5. CONCLUSION 
 
In this work, we have presented a formulation for the numerical simulation of 2-D one-phase fluid flow in naturally 

fractured petroleum reservoirs. To represent the fracture network, we have used an Embedded Discrete Fracture Model 
(EDFM) and a projection-based version of EDFM (pEDFM). To solve the elliptic pressure equation in the fractured 
media, we used a Finite Volume based in a Multipoint Flux Approximation with a Diamond Stencil (MPFA-D). In order 
to evaluate the accuracy of our MPFA-D/EDFM and MPFA-D/pEDFM formulation we have solved some one-phase flow 
problems using structured quadrilateral meshes.  

For the examples tested in the present article, both EDFM and pEDFM showed results very similar with the reference 
case. However, the EDFM showed problems in representing their influence in the pressure field in a problem with barrier 
fractures. Thus, we have used pEDFM which promises to solve this problem through some modifications in EDFM and 
the results were satisfactory when compared to the reference case, showing the potential of our method to obtain very 
accurate results at a reasonable computational cost. 
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