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Abstract. Deep Brain Stimulation (DBS) is a medical therapy that involves sending electrical pulses to specific brain
areas using electrodes implanted inside the brain. Although DBS is widely used around the world, some brain injuries
could be related to internal burns and non-expected hot spots around the electrodes. This work deals with the sequential
estimation of the internal temperature of the brain containing a DBS lead by solving a state estimation problem with
the Particle Filter methods. The classical bidimensional bioheat equation was considered to model this problem. The
associated direct problem was solved with a finite element approach implemented through the NDSolve function, intrinsic
to the Mathematica software, and this solution was verified with the Generalized Integral Transform Technique (GITT).
The state estimation problem was solved with two particle filters: the Sampling Importance Resampling (SIR) algorithm
and the Liu & West’s algorithm. Experimental temperatures were obtained supposedly with a sensor located inside the
brain electrode. Uncertainties in the evolution and observation models were assumed as additive, Gaussian, uncorrelated
and with zero means. The results were obtained considering simulated temperature measurements, with different noise
levels and accurate estimations were obtained. The results showed a promising approach to reducing the risks of lesions
related to the Deep Brain Stimulation technique.
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1. INTRODUCTION

Deep Brain Stimulation (DBS) is a well-established medical therapy that involves sending electrical pulses to specific
brain areas using electrodes implanted inside the brain (Elwassif ez al., 2006, 2012; Cubo and Medvedev, 2018; Aum and
Tierney, 2018; Jardim et al., 2020). The procedure is performed to stimulate the functioning of the organ and improve the
performance and quality of life of people who have neurological diseases such as Parkinson’s disease (Starr et al., 1998;
Xiao et al., 2020), epilepsy (Salanova, 2018), Alzheimer’s disease(Lam et al., 2021), and others (Aum and Tierney, 2018;
Krauss et al., 2004). However, despite DBS being widely used around the world and having a well-tolerated surgical
procedure, little is known about its physiological effects on the brain. Some of the most common injuries are related to
possible internal burns from thermal coupling with other equipment, such as magnetic resonance imaging (MRI) (Elwassif
et al., 2006, 2012; Jardim et al., 2020).

Thus, the temperature changes induced by DBS are of broad interest and need to be controlled to minimize the risk of
injury. These variations were analyzed by solving direct problems considering approximate mathematical models of the
brain (Chang, 2003; Elwassif ef al., 2006, 2012) or even more realistic models obtained from MRI (Khadka et al., 2020).
There are also studies to monitor temperature rise by solving direct problems in other parts of the human body and even
in the brain that use mathematical models similar to the DBS model (Fiocchi et al., 2020).

Furthermore, inverse problem techniques that take into account experimental measurements can be used to estimate
some physical properties present in the mathematical DBS model, as was done by Jardim ef al. (2020).The use of inverse
problems for parameter estimation and obtaining the temperature field is quite relevant, since it allows the insertion of
uncertainties associated with the mathematical model and properties in the problem, in addition to taking into account
experimental measurements. In this context, inverse problem solving using Bayesian filters has been used in bioheat
transfer problems. Several papers can be found employing state estimation problems to obtain the temperature field in
hyperthermic cancer treatments in different parts of the human body (Lamien et al., 2017a,b; Nunes et al., 2020; Pacheco
et al., 2020), cerebral ischemia (Nunes et al., 2019), and others (Pacheco et al., 2018).

In this context, to the authors’ knowledge, there is no publication where particle filtering methods have been applied to
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problems involving DBS. Thus, this study aims to show the possibility of sequentially estimating the internal temperature
field of the brain containing a DBS electrode by solving a state estimation problem using a particle filter algorithm. The
physical problem and the mathematical formulation discussed in this article are presented in the next section, which is
followed by the direct solution of the problem with NDSolve and GITT, by the algorithm for solving the state estimation
problem, by the results obtained with the direct and inverse problems and by the conclusions of this work.

2. PHYSICAL PROBLEM AND MATHEMATICAL FORMULATION

The physical problem considered in this paper involves the bioheat transfer in the brain with an implanted DBS
electrical stimulator. Assuming that the problem has symmetry, the solution reduces to solving the case of an axisymmetric
plane defined by the length of the conductor and the radius of a cylindrical coordinate system, as illustrated in Fig. 1(a).
This plane has boundaries ranging from » = R; to r = Rs and from z = 0 to 2 = H, where R; is the radius
of the electrode, Ry and H are, respectively, a distance and a height long enough not to influence the solution of the
computational simulation. In addition, it is considered that there is a sensor located in the center of the electrode, used
to obtain experimental temperature measurements. The temperature rise will be described with the model proposed by
Pennes (Pennes, 1948; Chang, 2003; Elwassif et al., 2006, 2012; Jardim et al., 2020; Khadka et al., 2020):

or 190 oT o (. 0T
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where, for brain tissue, p is the specific mass, ¢, is the specific heat, k£ is the thermal conductivity, and @, is the
metabolic heat generation and, for the blood, p; is the specific mass, wy is the perfusion, ¢; is the specific heat, and T}
is the temperature. T, is the initial temperature of the brain when there is no electrical heating. The term Qc:(r, 2)
represents the rate of heat supplied by an external source. In this case, the heating imposed by radiofrequency waves
through electrodes implanted in the brain (Chang, 2003; Elwassif et al., 2006, 2012; Lamien et al., 2017b; Jardim et al.,
2020; Khadka et al., 2020). Thus,

Qel‘t(ra Z) = U|VV‘2) (3)

where o is the electric conductivity, VV the electric field, and V' (r, z) the electric potential, obtained by solving the
following Laplace equation (Chang, 2003; Elwassif et al., 2006, 2012; Lamien et al., 2017b; Cubo and Medvedev, 2018;
Jardim et al., 2020; Khadka et al., 2020):
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(a) The axisymmetric domain where 1 and 2 are the (b) Geometric configuration of the electrodes.
positions of the sensor and electrodes, respectively. Source: Adapted from Medtronic and INC (2002).

Figure 1. Schematic representation of the domain and electrodes.

The function f(z) will be defined according to the electrode model used. For the result analysis, two Medtronic® DBS
leads are studied: Model 3387 and Model 3389. These models are 1.27 mm diameter cylindrical, and in each one there
are four electrodes with 1.5 mm length. The difference between them is the spacing of the electrodes, with distances of
0.5 mm for Model 3389 and 1.5 mm for Model 3387, as shown in Fig. 1(b) (Medtronic and INC, 2002).
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3. SOLUTION OF THE DBS HEATING PROBLEM

The problem given by Egs. (1) - (5) was solved with the Finite Element Method (FEM) implemented using a sub-
routine of the NDSolve function, intrinsic to the symbolic computing software Wolfram Mathematica®, which is used
here with an automatic absolute and relative error control (Wolfram, 2021). The direct solution problem obtained with
NDSolve was verified with the Generalized Integral Transformation Technique (GITT), described below.

In the direct problem a filter, given by Eq. (6), is applied to hasten the convergence of the solution. Thus, the final
result will be the sum of the initial temperature 7,, and the solution of the filtered problem given by Egs. (7) and (8).

T(r,z,t) =T, + T*(r, 2, 1), (6)
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where o = k/(pcp). Thus, the filtered problem to be solved will have homogeneous boundary conditions, and GITT will
be applied. Following the classical integral transform formalism for the solution of Egs. (7) and (8), the following integral
transform pair is proposed (Cotta et al., 2018):
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where 1 (r, z) are the eigenfunctions that come from the Sturm-Liouville eigenvalue problem obtained by considering the
homogeneous version of Egs. (7) and (8), given by Eqs. (12) and (13) (Cotta et al., 2018).
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Operating Eq. (7) with [ 151 2 fOH ¥i(r, 2)(.)drdz, making use of orthogonality property of the eigenfunctions, and
employing the boundary condictions leads to the following transformated problem (Cotta et al., 2018):

Ty Ty =5t 1), i=1.2... (14)
T;(0)=0, i=12,.. (15)
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¥ (r, z) will be obtained by doing ¥ (r, z) = ¢(r)x(z), with the following associated eigenvalue problems:
Po(r)  Llde(r) N
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x(z) =0, at z=0 and z = H. (20)

Moreover, the solution of these problems given by the eigenfunctions ¢; () and v;(z), where ¢;(r, z) = ¢;(r)xi(2),
and by the eigenvalues \; and /3, where n)? = /\? + 2, will be (Mikhailov and Ozisik, 1984):

pji(r) =Jo (\))Ja?”> Yo (%RQ) —Jo (\)X;R2>YE) (\))J&7a>’
(21)
() ) o
and

xi(z) = sm<f/3laz) sm(ﬁ%H) = 0. (22)

In addition, the eigenvalues will be reordered in order to ensure that the values of n; =  / )\? + f37 that contribute most
significantly to the solution are added first. This way, we will have a simple summation where the index ¢ will give the
reordered A; and 3; values (Cotta et al., 2013).

The solution to Q. (7, 2), Eq. (3), will come from the solution of Laplace’s equation, Eq. (4) and (5), using separation
of variables with V'(r, z) = R(r)Z(z) as shown below (Mikhailov and Ozisik, 1984).

1 &*Z(2) _ 1 dR(r) 1 &R(r)]
Z(z) dz? __L’R(r) ar TR dr }__“ (23)
R(r)Z(z) = f(2), at r = Ry; d];(f) =0, at 7 = Ry; di(j) =0, at z=0and z = H, (24)

Solving Eq. (23) with the boundary conditions, Eq. (24), the solution is givin by

Vir,z) = 1 /H f(z)dz + i Cn {Io(,unr) - I(I)(HHRQ)KO(;L”T)} cos(unz) (25)
H J = - K(unR2)
with
H
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I'(un R H
[IO(Man) - [MKO(Nan)} fo cos?(punz)dz

Finally, the solution for the electric potential, Eq. (25), is derived and substituted into Eq. (3). Next, the transformed
potentials were obtained numerically by employing the built-in routine NDSolve. Thus, the solution for T*(r, z, t) was
reached utilizing the inversion formula, Eq. (10). Thus, the final solution for the biological tissue temperature is achieved
by applying Eq. (6). All summations are truncated to order N large enough to obtain the required accuracy.

4. STATE ESTIMATION PROBLEM AND PARTICLE FILTER METHOD

State estimation problems have been developed so that available measured data can be used in conjunction with prior
knowledge about physical phenomena, geometric parameters, and information regarding measurement devices in order
to sequentially produce estimates of desired dynamic variables. These problems can be written in the form of evolution
and observation models, which are modeled as stochastic processes. The evolution model, Eq. (27), describes the system
evolution of the state variable over time, while the observation model, Eq. (28), is related to the available experimental
measurements (Orlande et al., 2011, 2008; Lamien et al., 2017b; Nunes et al., 2019).

X = fk(Xk_l,a,’Uk), ]{i = 1, ...,M (27)
2y = gp(Xx, 0,n1), k=1,..,M, (28)

where X, is the state vector which contains all the state variables that describe the system at a given time instant ¢, zy, is
the prediction of the measurements (z}'¢%%), @ is the parameter vector of the problem, and vy, and 7, represent the noises
in the state evolution model and in the observation model, respectively. The objective of the state estimation problem is to
obtain information about the state vector x; based on the evolution and observation models defined by Eqgs. (27) and (28),
considering a probability density 7(Xo, 8|zg) = m(Xg, @) known at the initial time ¢, (Orlande ef al., 2011, 2008; Lamien
et al., 2017b; Nunes et al., 2019).
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These estimates can be made with Bayesian filters, which are probabilistic methods that use a recursive algorithm to
estimate and update the states (Orlande et al., 2011, 2008; Lamien et al., 2017b; Nunes et al., 2019). There are several
types of Bayesian filters, for example, the Kalman filter and particle filters. The Kalman filter is used in Gaussian models
and linear problems or where it is possible to linearize it (Orlande et al., 2011, 2008). The particle filters is a powerful
and robust technique that can be applied both in linear and nonlinear problems and non-Gaussian models (Nunes et al.,
2019; Lamien et al., 2017b). For this problem, was chosen the particle filter. The particle filter method is a Monte Carlo
technique for the solution of state estimation problems, in which the posterior probability density function is represented
by a set of random samples (particles) with associated weights. In this case, the particles filter chosen were the Sampling
Importance Resampling (SIR) algorithm, described in Tab. 1, and the Liu & West’s algorithm, described in Tab. 2.

Table 1. Sampling Importance Resampling (SIR) algorithm (Orlande et al., 2011, 2008; Nunes et al., 2019).

Step 1

Fori = 1,...N, where N is the number of particles, draw new particles X}, from the prior density
7(xk|x%_,,0) and then use the likelihood density to calculate the corresponding weights w! = 7 (zy|x, 0).
Step 2

Calculate the total weight T, = vazl wj and then normalize the particle weights, @}, = %

Step 3

Resample the particles as follows:

Construct the cumulative sum of weights (CSW) by computing ¢; = ¢;_1 + @}, with ¢o = 0.

Let i = 1 and draw a starting point u; from the uniform distribution U[0, N ~1].

For j =1,2,..., N, move along the CSW by making u; = u; + N~1(j — 1) and while u; > c;, make ¢ = ¢ + 1,
assign sample xi = x|, and assign sample weight wi =N-L

The SIR algorithm described in Tab. 1 is based on deterministic values of the model parameters. However, in some
cases, the parameters may contain small uncertainties that need to be taken into account. Liu & West’s algorithm can be
used to estimate the posterior probability distribution 7 (xy, 0|21.1 ), where 0 represents random parameters of the model.
The Liu & West’s algorithm for the particle filter is based on the hypothesis of a Gaussian mixture for the parameters
vector (Liu and West, 2001; Lamien et al., 2017a), given by

N
m(0lz1:5-1) ~ Y _wi_ N(Olmj_, 0" V1), (29)

i=1

where N(.|m, 772Vk,1) is a Gaussian density with mean m and covariance matrix 1n?>Vj,_1, where 0 is a smoothing
parameter and Vj,_; is the covariance matrix with the parameter uncertainties. The kernel locations are specified by using
the following shrinkage rule (Liu and West, 2001; Lamien et al., 2017a):

) ) — 360 —1
mi_;=a0;_ 1+ (1—a)0p_1; a= 55 (30)

where a = /1 — 12, ),_1 is the mean of 8;,_; and 0.95 < & < 0.99 (Liu and West, 2001; Lamien et al., 2017a).

The evolution models are obtained with the solutions of Eqs. (1) to (5). Furthermore, it is assumed here that the
measurements are uncorrelated and that they contain additive Gaussian noise with zero mean and a constant covariance
matrix . With such assumptions, the likelihood function used to calculate the weights is given by (Nunes et al., 2019):

1
m(zg|Xg, 0) = (27r)71/2|R|71/2 exp { ~3 [zzwas — g (Xk, 0)]TR*1 [z}fe‘” — gr(Xk, 0)] }, 3D

where I is the number of measurements at each time instant ;.
5. RESULTS AND DISCUSSIONS

With the methodologies formulated, we can now apply them to the computational solution of the problems addressed,
using computational code developed in the Wolfram Mathematica® software (Wolfram, 2021).

The presentation of the results is divided into two parts. First, the direct problem is given by Eqs. (1) - (5) has been
solved by applying the methodologies described in Section 3, where it will be possible to verify the results obtained with
the NDSolve and with GITT. Next, one has the sequential estimation of the internal brain temperature containing a DBS
electrode using a state estimation problem with the Particle Filter method, as described in Section 4.
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Table 2. Liu & West’s algorithm (Lamien et al., 2017b; Liu and West, 2001)

Step 1

Find the mean 6_; of the parameters 6 at time tj_1.

Step 2

For: =1,...N, where N is the number of particles, compute m},_ ,, with Eq. (30), draw new particles x},

from the prior density 7 (xy|x},_,,m},_,) and then calculate some characterization p}, of x;. Use the likelihood
density to calculate the corresponding weights wi = wi 7 (zg|pi, mi ).

Step 3
Calculate the total weight T, = Zfil w? and then normalize the particle weights wi = ;" )
Step 4

Resample the particles as follows:
Construct the cumulative sum of weights (CSW) by computing ¢; = ¢;—1 + w,i with ¢cg = 0.
Let i = 1 and draw a starting point u; from the uniform distribution U[0, N ~1].
For j = 1,2, ..., N, move along the CSW by making u; = u; + N~!(j — 1) and while u; > ¢;, make i =i + 1,
assign sample x], = xi, mJ_, = m}_,, pj = pi and assign parent i/ = i.
Step 5
For j =1,2,..., N draw samples 0% from N(0i|m}:_1, n?Vj,_1) by using the parent .
Step 6
For 7 = 1,2, ..., N draw particles xi from the prior density ﬁ(xk |X§€J—1’,0£’, using the parent i7, and then use the
likelihood density to calculate the correspondent weights wi = 7 (2 |x},, 01 ) /7 (zx|pl ,mi ).
Step 7
wi

Calculate the total weight T,, = E;V:1 wi and then normalize the particle weights, wi = =k,

W

5.1 Direct problem

To obtain the solution of the direct problem, all parameters present in Eqs. (1) - (5) were considered constant and
can be found in the literature as listed in Tab. 3 (Elwassif et al., 2006; Jardim et al., 2020). The initial temperature will
be T, = 37°C. The condition proposed in Eq. (5) should be defined as a step function, where the electric potential of
the DBS is applied only at the position of the active electrodes. In this case, f(z) = Vs at the positions of the active
electrodes and f(z) = 0 at the inactive positions, where V,.,,s = 1.561 V, obtained from an electrical signal of 10 V,
185 pps and 210 ms (Elwassif et al., 2006; Jardim et al., 2020).

Table 3. Values of the parameters.

Parameter Value | Parameter | Value | Parameter Value | Parameter Value
T, (°C) 36.7 | Ry (mm) | 0.635 | pp (k:g/m3) 1057 | Qm (W/m3) 9132
0 (k;g/m3) 1040 | Ry (mm) 20.0 | ¢ (J/kgK) 3600 | o (S/m) 0.35
cp (J/kgK) | 3650 | H (mm) 50.0 | wy (ml/scm?) | 0.008 | k (W/mK) 0.527

First, the solution for the electric potential, Eqs. (4) and (5), and for the temperature, Eqs. (1) and (2), were obtained
with the routine NDSolve, choosing as method of solution the Finite Element Method (FEM) with a mesh composed of
5832 triangular elements, generated with the option MaxCellMeasure included in the routine NDSolve. Then the solution
was found using separation of variables, for the electric potential with 300 eigenvalues, and GITT, for the temperature with
400 eigenvalues where NDSolve was used to solve the system of coupled PDEs. The comparison between the solutions,
with electrodes 1 and 4 actives of the Model 3387, can be seen in Fig 2 where it is observed that the solutions show
good agreement. The codes were run on an Intel(R) Core(TM) processor i17-8550U @ 1.80GHz with 8 GB of RAM. The
NDSolve solution was obtained with less than one minute and the solution by GITT took about 14 hours, so the NDSolve
solution was chosen and used in the inverse problems shown in the next section.

5.2 Inverse problem

After solving the direct problem, 61 simulated experimental temperature measurements were obtained every one
second at the sensor position in Fig. 1(a), using a normal distribution with zero mean and constant standard deviation, €.
Two different noise levels were analyzed, being the standard deviation of € = 0.05 °C and subsequently € = 0.2 °C'. The
choice of uncertainties in the evolution and observation models were, for simplicity, arbitrarily assumed to be additive,
Gaussian, uncorrelated and with zero mean, as usually found in the literature related to bioheat transfer (Lamien et al.,
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Figure 2. Comparison between NDSolve and GITT solutions.

2017b; Nunes et al., 2020, 2019; Pacheco et al., 2018; Lamien et al., 2017a). The standard deviation for the evolution
model, as well as for the observation model, was 0.05 °C. Furthermore, the heat source term resulting from the heating
was considered with additive Gaussian noise and its evolution model is given by (Lamien et al., 2017b):

Qfext,k(r’ Z) = Q‘iext,kfl(rv Z) + d‘c (Tv Z)a (32)

€,.(r, z) has mean zero and standard deviation 1% of Q., ,_,(r, z). For SIR algoritm, the vector € is assumed to be
known, but the related uncertainties are accounted for in the noise vectors v, and ng. In Liu & West’s algorithm, on
the other hand, the parameters are assumed to have a standard deviation of 1 % of the values listed in Tab. 3. To verify
the effect of the number of particles used in the algorithms the root mean square error between the estimated and exact
temperatures was used for this propose, which is given by (Lamien ez al., 2017b; Nunes et al., 2019):

RMS = \/ZIIJD:I (Teslip - Teaca,p) ,

2

(33)

where T, ,, and T¢,, ), denote, respectively, the estimated and exact temperatures obtained with the sensor, and P = 61
the total number of time steps where the temperatures were compared.

In Tab. 4 are the results for SIR algorithm with N = 100, N = 250 and N = 500 particles, electrodes 1 and 4 of
Model 3387 active and two different noise levels, ¢ = 0.05 °C and ¢ = 0.2 °C. The RMS errors are reported in terms
of their mean and standard deviation values, obtained with 10 runs of each algorithm, to avoid any bias resulting from the
simulated measurements. Computational times refer to a single run of the executed codes. Observing Tab. 4 is possible
to verify that when increasing the number of particles, the CPU time increases, and the RMS error does not present many
variations. It also is seen that by increasing the noise in the simulated experimental measurements of temperatures, the
RMS error also increases. By choosing N = 250 the estimated temperature profiles over time were obtained for the two
models with different pairs of active electrodes, as can be seen in Figs. 3 and 4, where it is observed that the temperature
field was accurately estimated for both electrodes with different active positions, despite the uncertainties in the evolution
and observation models. Moreover, even when increasing the noise level, good results were found.

For the Liu & West algorithm, first results were obtained for Model 3387 with N = 100 and N = 250 particles and
e = 0.05°C. The results with N = 100 were with RMS error of 3.09 x 10~3 °C' and CPU time around 7 hours. The
results for N = 250 were with RMS error of 2.23 x 10~3 °C and CPU time of 30 hours. For this reason, 100 particles were
used to obtain the results shown in Fig. 5, obtained for Models 3387 and 3399 with electrodes 2 and 3 active considering
different noise levels in the experimental data. It can be seen that this algorithm can accurately estimate the temperature
even when adding uncertainties to the parameters, which is an important point because it allows future estimation of some
brain parameters to take into account the differences in thermal properties that occur between patients.
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Table 4. RMS errors and CPU time for SIR algorithm.

€ Number of | RMS error | RMS error standard | CPU time
(°C) | particles mean (°C) desviation (°C') (min)
100 2.07 x 1073 7.66 x 10~° 13
0.05 250 2.03 x 1073 2.72 x 1075 29
500 2.00 x 1073 3.05 x 1075 65
100 2.50 x 1072 3.08 x 1073 13
0.20 250 2.42 x 1072 2.80 x 1073 29
500 2.31 x 1072 2.81 x 1073 65
----- Exact < Measurements — Estimated ---- 99% Bounds
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Figure 3. The solution of the state estimation problem at sensor position for € = 0.05°C with the SIR algorithm.
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Figure 4. The solution of the state estimation problem at sensor position for € = 0.2°C' with the SIR algorithm.
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Figure 5. The solution of the state estimation problem at sensor position for Liu & West’s algorithm.

6. CONCLUSION

This paper dealt with the solution of state estimation problems related to DBS electrical activity in the brain. First,
the associated direct problem was solved with a finite element approach implemented using the function NDSolve and
verified with GITT to acquire more confidence in the presented result. The inverse problem was developed to improve the
accuracy of the estimated temperature field taking into account as many uncertainties as possible. Simulated temperature
measurements from a single sensor within the domain were used for this purpose. The SIR and Liu & West algorithms,
which takes into account the uncertainties in the evolution and observation models and the measurements, were used. The
results show that the estimated temperatures were in excellent agreement with the exact temperatures for the two DBS
electrodes examined, considering different combinations of active electrodes and different noise levels in the simulated

experimental measurements. Therefore, the solutions presented showed a promising approach to reduce the risk of injury
related to the deep brain stimulation technique.
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