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Abstract. This paper is concerned with the attitude and position control of a fully-actuated multirotor aerial vehicle
(MAV) equipped with six reversible fixed rotors in a non-planar configuration. The complete nonlinear dynamics of the
vehicle is modeled in a state error formulation with six degrees-of-freedom (DOF), being three for position and three
others for attitude, while the control input is also a six-DOF variable described by the resultant force and torque acting
on the system. A control law is designed using the Lyapunov direct method, which ensures global asymptotic stability
for both closed-loop translational and rotational dynamics. Therefore, we can obtain a controller which employs inverse
dynamics to compensate the nonlinear terms of the plant, and contains proportional-derivative control actions, allowing
easy tuning and implementation in practical MAV applications. The proposed control law is evaluated and demonstrated
in a software-in-the-loop simulator, which shows its effectiveness to stabilize all the hexa-rotor states.
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1. INTRODUCTION

Multirotor aerial vehicles (MAVs) have been employed in an increasing number of civilian applications and, for the
near future, intensive use of them in urban areas is expected, performing missions such as air transportation, delivery
of goods, and aerial manipulation. These tasks demand in general a high level of maneuverability, thus they are most
indicated for vehicles with independent dynamics of position and attitude. Such fully-actuated MAVs can be equipped
with fixed or vectorable rotors in one or two degrees-of-freedom (DOF), which leads to a sophisticated control problem.

Several prototypes of fully-actuated MAVs have already been proposed. The papers Ryll et al. (2012); Segui-Gasco
et al. (2013); Oosedo et al. (2016) have analyzed some quad-rotor designs with vectorable rotors. In Kamel et al. (2018),
a hexa-rotor equipped with one-DOF vectorable rotors has been presented, while Crowther et al. (2011); Rajappa et al.
(2015); Park et al. (2016) have proposed hexa-rotor designs with tilted fixed rotors. Differently, the paper Ryll et al.
(2016) has studied a morphing hexa-rotor that can change between an under-actuated and a fully-actuated configuration.
Finally, an octa-rotor with fixed rotors in a non-planar configuration has been presented in Brescianini and D’Andrea
(2016). All the above-cited references have employed independent inverse-dynamics control laws with PID actions for
the position and attitude dynamics. However, none of the papers have analyzed the stability of the closed-loop system.

This paper proposes a six-DOF inverse-dynamics control law with proportional-derivative actions for the complete
dynamics of a fully-actuated MAV. The controller is applied to a novel hexa-rotor design, which counts with tilted fixed
rotors in a non-planar configuration. Using state-error modeling for the vehicle’s closed-loop dynamics, we present a
detailed stability analysis based on the direct method of Lyapunov, differently from all the cited references. Therefore, we
can show that the proposed controller ensures global asymptotic stability for any state condition.

The remaining text is organized in the following manner. Section 2. presents the hexa-rotor modeling and defines the
control problem. Section 3. designs the proposed control law and analyzes the closed-loop stability. Section 4. presents
the simulation results. Finally, Section 5. concludes the paper.

2. PROBLEM STATEMENT

This section is organized as follows: Subsection 2.1 describes the adopted notation; Subsection 2.2 presents the rotor
configuration of the considered hexa-rotor; Subsection 2.3 deals with the MAV dynamic modeling; and Subsection 2.4
enunciates the MAV control problem.
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2.1 Notation

The set of (non-negative) real numbers is denoted by R (R+). Scalar quantities are denoted by lowercase italic letters,
e.g., v ∈ R. Vector quantities are represented by lowercase boldface letters, e.g., v ∈ Rn, and matrices with arbitrary
dimensions are represented by uppercase boldface letters, e.g., A ∈ Rn×m. An algebraic vector can be described by
v = (v1, v2, . . . , vn), where vi,∀i ∈ {1, 2, . . . , n}, are its components. The time dependency of any quantity (e.g,
v = v(t)) will be generally omitted. The transpose of a matrix A is denoted by AT. The n × n identity matrix is
denoted by In, while n × m zero matrices are denoted by 0n×m. Coordinate-free geometric (or physical) vectors are
denoted as ~v, while versors (with unit magnitude) are denoted as v̂. Cartesian coordinate systems (CCSs) are denoted
as Sb , {B; x̂b, ŷb, ẑb}, where B represents its origin and the versors x̂b, ŷb, and ẑb form an orthonormal basis for the
three-dimensional space. The algebraic vector resulting from the projection of ~v onto Sb is represented by vb ∈ R3,
which is referred to as the Sb representation of ~v. The canonical basis for R3 is represented by the vectors e1 , (1, 0, 0),
e2 , (0, 1, 0), and e3 , (0, 0, 1). The attitude matrix that represents the orientation of Sb w.r.t. Sa is denoted by
Db/a ∈ SO(3) , {D ∈ R3×3 : DTD = I3}, which converts vector representations as, e.g., vb = Db/ava. Finally, consider
the Sb representations vb , (v1, v2, v3), ub, and wb of ~v, ~u and ~w , ~v × ~u, respectively. It holds that wb = [vb×]ub,
where [vb×] ∈ R3×3 is the skew-symmetric matrix Shuster (1993)

[vb×] ,

 0 −v3 v2

v3 0 −v1

−v2 v1 0

 .
2.2 Rotor-Set Modeling

Consider the hexa-rotor and the CCSs illustrated in Fig. 1. The ground CCS Sg , {G; x̂g, ŷg, ẑg} is fixed to the
ground at a known point G, while the body CCS Sb , {B; x̂b, ŷb, ẑb} is fixed to the airframe, with the origin at its center
of mass B. The MAV has six fixed rotors in the following configuration: rotors 1 and 2 are parallel to ẑb, rotors 3 and 4
are aligned with x̂b, and the two last rotors are parallel to ŷb. Each actuator produces a thrust force and a reaction torque,
which are modeled, respectively, by Mahony et al. (2012)

~fi = kfω
2
i ~ei, (1)

~τi = (−1)i+1kτω
2
i ~ei, (2)

where kf ∈ R+ and kτ ∈ R+ are aerodynamic coefficients, ωi ∈ R+ denotes the rotor’s spinning rate, and ~ei represents
the ith rotor direction, as described above, for i ∈ {1, 2, . . . , 6}.
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Figure 1. Schematic representation of the considered fully-actuated hexa-rotor. The black and blue arrows indicate the
directions of the respective quantities.

Using the individual efforts in (1)–(2), the resulting control force and torque acting on the hexa-rotor are given,
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respectively, by

~f c =

nr∑
i=1

~fi, (3)

~τ c =

nr∑
i=1

(
~̀
i × ~fi + ~τi

)
, (4)

where ~̀i is the arm vector of the ith rotor w.r.t B and is such that ‖~̀i‖ = `, ∀i ∈ {1, 2, . . . , 6}. The Sb representations of
the previous efforts can be expressed as

f cb =

nr∑
i=1

fiei,b, (5)

τ cb =

nr∑
i=1

fi
(
[`i,b×] + k(−1)i+1I3

)
ei,b, (6)

where k , kτ/kf and fi , kfω
2
i is the magnitude of ~fi. Moreover, `i,b ∈ R3 and ei,b ∈ R3 are, respectively, the Sb

representations of the vectors ~̀i and ~ei.
Now, assume that f̄ cb ∈ R+ and τ̄ cb ∈ R3 are, respectively, commands for f cb and τ cb. Furthermore, consider that f̄i is a

command for fi. Therefore, we can relate the previous commands in the same way that the respective physical quantities
are related in (5)–(6), which results in the control allocation equation

u = Γf̄, (7)

where u ,
(̄
f cb , τ̄ cb

)
∈ R6 is the control vector and f̄ ,

(
f̄1, f̄2, . . . , f̄6

)
∈ R6. Moreover, the matrix Γ ∈ R6×6 is given

by

Γ ,


0 0 1 1 0 0
0 0 0 0 1 1
1 1 0 0 0 0
0 0 k −k −` `
−` ` 0 0 k −k
k −k ` −` 0 0

 . (8)

Since rank(Γ) = 6, the considered hexa-rotor is fully-actuated. Other important consequence is that Γ is non-singular,
thus the control allocation is simply calculated as

f̄ = Γ−1u, (9)

with the rotor commands given by ω̄i =
√
f̄i/kf , i ∈ {1, 2, . . . , 6}.

2.3 Dynamic Modeling

The dynamic equations for an arbitrary MAV can be summarized as Silva and Santos (2020)

ṙb/gg = vb/gg , (10)

v̇b/gg =
1

m
(Db/g)Tf cb − ge3, (11)

Ḋ
b/g

= −
[
ω
b/g
b ×

]
Db/g, (12)

ω̇
b/g
b = J−1

b τ
c
b − J−1

b

[
ω
b/g
b ×

] (
Jbω

b/g
b

)
, (13)

where rb/gg ∈ R3 and vb/gg ∈ R3 are, respectively, the position and velocity of Sb w.r.t. Sg , Db/g ∈ SO(3) represents the
attitude matrix of Sb w.r.t. Sg , and ωb/gb ∈ R3 is the angular velocity expressed in Sb. Moreover, m ∈ R+ is the vehicle’s
mass, while Jb ∈ R3×3 denotes its inertia matrix in system Sb, and g ∈ R+ is the local gravity.

To model the attitude kinematics, we adopt the attitude parameterization in Gibbs vector σb/g ∈ R3, which is a
minimal representation of attitude and, for this reason, is more suitable to real-time implementation than the attitude
matrix Db/g . The kinematics of Gibbs vector is given by (Shuster, 1993, page 484)

σ̇b/g = M(σb/g)ω
b/g
b , (14)
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where M(σ) ,
(
σσT + [σ×] + I3

)
/2. Moreover, the conversion between this vector and the attitude matrix can be

described as Db/g = D(σb/g), where D(·) is the following function

D(σ) ,

(
1− ‖σ‖2

)
I3 + 2σ(σ)T − 2[σ×]

1 + ‖σ‖2
. (15)

Now, we can define the vehicle’s state vector as x , (x1, x2), with x1 ,
(

rb/gg ,σb/g
)

and x2 ,
(

vb/gg ,ω
b/g
b

)
.

Therefore, using (10)–(11) and (13)–(14), we can derive the state equations

ẋ1 = g1 (x) , (16)
ẋ2 = g2 (x) + B (x) u, (17)

with

g1 (x) ,

[
vb/gg

M(σb/g)ω
b/g
b

]
, g2 (x) ,

[
−ge3

−J−1
b

[
ω
b/g
b ×

] (
Jbω

b/g
b

) ]
, B (x) ,

[
1
m

(
Db/g

)T

03×3

03×3 J−1
b

]
.

2.4 MAV Control Problem

Define x̄ ∈ R12 as a command for the state vector x. Using this definition, we can enunciate the problem of this paper.

Problem 1. The control problem for fully-actuated MAVs is to design a control law u = u(x, x̄) which stabilizes the
dynamics in (16)–(17) around the state command x̄.

3. CONTROL DESIGN

Consider the CCS Sb̄ , {B; x̂b̄, ŷb̄, ẑb̄} as a representation of the desired orientation for Sb. Based on this system, we
can define the quantities r̄ , r̄b/gg , D̄ , Db̄/g , v̄ , v̄b/gg , and ω̄ , ω

b̄/g

b̄
as, respectively, the commands for rb/gg , Db/g ,

vb/gg , and ωb/gb . Therefore, the corresponding state errors can be defined as

r̃ , rb/gg − r̄b/gg , (18)

D̃ , Db/gDg/b̄, (19)

ṽ , vb/gg − v̄b/gg , (20)

ω̃ , ωb/gb − ωb̄/gb , (21)

and the error in Gibbs vector σ̃ ∈ R3 is also related with D̃ by means of (15).
The error dynamic model is derived in the following lemma.

Lemma 1. Define the state error as x̃ , (x̃1, x̃2), with x̃1 , (r̃, σ̃) and x̃2 , (ṽ, ω̃). The error dynamic model is given by

˙̃x1 = g1(x̃), (22)
˙̃x2 = g2(x̃) + B(x̃)u, (23)

where

g1(x̃) ,

[
ṽ

M(σ̃)ω̃

]
, g2(x̃) ,

[
− ˙̄v− ge3

−D̃ ˙̄ω + [ω̃×] D̃ω̄ − J−1
b

[
ω
b/g
b ×

] (
Jbω

b/g
b

) ]
, B(x̃) ,

[
1
m

(
Db/g

)T

03×3

03×3 J−1
b

]
.

Proof. Regarding the translational motion, from (18) and (20), we can write, respectively, that r̃ = rb/gg − r̄ and ṽ =

vb/gg − v̄. Therefore, the time derivatives of r̃ and ṽ can be directly calculated using (10) and (11), which yields

˙̃r = ṽ, (24)

˙̃v =
1

m

(
Db/g

)T

f cb − ge3 − ˙̄v. (25)
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Regarding the attitude kinematics, we first note that (12) is also valid for the attitude command Db̄/g , i.e., Ḋ
b̄/g

=

−[ω
b̄/g

b̄
×]Db̄/g . With the previous equation, (12), and (21), we can calculate the time derivative of D̃ in (19)

˙̃D = − [ω̃×] D̃. (26)

Analogously to (12) and (14), the previous equation is associated with the following kinematics in Gibbs vector

˙̃σ = M(σ̃)ω̃. (27)

Regarding the attitude dynamics, from (21), we obtain that ω̃ = ω
b/g
b − D̃ω̄. Therefore, using this equation with (13)

and (26), we can derive the time derivative of ω̃

˙̃ω = J−1
b τ

c
b − J−1

b

[
ω
b/g
b ×

] (
Jbω

b/g
b

)
− D̃ ˙̄ω + [ω̃×] D̃ω̄. (28)

Finally, equations (22)–(23) are obtained by considering the definitions of x̃1, x̃2, and rewriting (24), (25), (27), and
(28) in a matrix form.

Now, we can present the proposed control law in Theorem 1, which demonstrates the stability of the point x̃ = 012.

Theorem 1. Consider the control law

u = −B−1(x̃)
(

AT(x̃1)K1x̃1 + K2x̃2 + g2(x̃)
)
, (29)

where K1 ∈ R6×6 and K2 ∈ R6×6 are symmetric positive definite matrices, and A(x̃1) , diag(I3,M(σ̃)). For the
closed-loop system described by (22)–(23) and (29), the equilibrium point x̃ = 012 is globally asymptotically stable
(GAS).

Proof. The closed-loop error model is derived by replacing the control law (29) in the dynamic equations (22)–(23)

˙̃x1 = g1(x̃), (30)
˙̃x2 = −AT(x̃1)K1x̃1 −K2x̃2. (31)

For the previous system, one can easily verify that the origin is an equilibrium point.
Consider the following Lyapunov function candidate

V (x̃) ,
1

2
x̃T

1 K1x̃1 +
1

2
x̃T

2 x̃2. (32)

Using (30)–(31), the time derivative of V (·) is given by

V̇ (x̃) = x̃T
1 K1g1(x̃)− x̃T

2

(
AT(x̃1)K1x̃1 + K2x̃2

)
. (33)

From (22) and (29), one can observe that g1(x̃) = A(x̃1)x̃2. Therefore, replacing this identity in (33), we obtain

V̇ (x̃) = −x̃T
2 K2x̃2. (34)

Now, consider the set N , {x̃ ∈ R12 : V̇ (x̃) = 0}. Since function V (·) is radially unbounded and V̇ (·) is negative
semi-definite, it can be demonstrated that the system will converge to the maximal positively invariant setM ⊂ N (see
Slotine and Li, 1991, Section 3.4.3). Therefore, in order to prove the global asymptotic stability of the origin, we must
show that this point is the unique element ofM.

Assume an arbitrary point x̃m , (x̃m1 , x̃
m
2 ) ∈ M. SinceM is a subset of N , we have that (x̃m2 )TK2x̃m2 = 0, which

implies that x̃m2 = 06. Using this point in (31), we obtain that ˙̃xm2 = −AT(x̃m1 )K1x̃m1 . On the other hand, the set
invariance ofM implies that ˙̃xm2 = 06. Therefore, the following identity holds

AT(x̃m1 )K1x̃m1 = 06. (35)

Finally, one can show that the unique solution of the previous equation is x̃m1 = 06. Therefore, it results thatM =
{x̃m = 012} and this proof is completed.
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4. SIMULATION RESULTS

In order to test the proposed control law, the hexa-rotor of Fig. 1 is considered with the following parameters: m =
0.5 kg, Jb = 0.01I3 kg m2, ` = 0.25 m, kf = 2.5× 10−5 kg m, and kτ = 5.0× 10−7 kg m2. Moreover, the control
matrices are set as K1 = diag(I3, 3I3) and K2 = 2I6.

The proposed controller was evaluated in a waypoint tracking mission which excites all the MAV states. A waypoint
wj ∈ R6 is defined as a position-attitude reference vector, with attitude expressed in Euler angles 123. The following
waypoint sequence was considered (with values in SI units): w1 = (0, 0, 10, 0, 0, 0), w2 = (0, 0, 10, 0, 0, π/2), w3 =
(0, 0, 10, π/3, π/3, 0), w4 = (10, 0, 10, π/3, π/3, 0), and w5 = (10, 10, 10, π/3, π/3, 0). For each waypoint, we assumed
a corresponding state command x̄j ∈ R12 with null linear and angular velocities, i.e., x̄j , (wj , 06), j ∈ {1, 2, 3, 4, 5}.
The state commands x̄j were passed to the control law, as step signals, at the following instants: t1 = 0 s, t2 = 10 s,
t3 = 20 s, t4 = 30 s, and t5 = 40 s. Moreover, at the initial time, all the vehicle’s states are null.

The waypoint tracking mission was simulated in a software-in-the-loop framework, which consists in solving the MAV
dynamics using MATLAB and passing the obtained states, in real-time, to a three-dimensional MAV flight simulator
created by our research group. To solve the dynamic equations in (16)–(17), it was employed the Euler integrator with
time step 0.01 s. The results of this simulation are illustrated in Figs. 2–5 and we also share a video1of the hexa-rotor
flight reproduced in real-time by our 3D simulator.
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Figure 2. Position of the hexa-rotor during simulation. The physical position is illustrated by a blue line, while the
commanded position is represented as a dashed red line.
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Figure 3. Attitude (in Euler angles 123) of the hexa-rotor during simulation. The physical attitude is illustrated by a blue
line, while the commanded attitude is represented as a dashed red line.

The position and attitude of the hexa-rotor are presented in Figs. 2–3. For each waypoint of the sequence, we can
note that the states successfully converge to the respective commands. Particularly for the waypoints w4 and w5 (which
are commanded at times 30 s and 40 s, respectively), we can verify that the MAV moves along the directions of x̂g and
ŷg while the pitch and roll angles are maintained constant. On the other hand, for the third waypoint, the inverse is
observed, i.e., the rotation in roll and pitch do not affect the position states. These facts show features quite important for
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Figure 4. Force command of the proposed control law during simulation.
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Figure 5. Torque command of the proposed control law during simulation.

fully-actuated MAVs and attest to the good performance of the proposed controller. Furthermore, using the video1 and
Figs. 4–5, we can observe that the control law did not lead the vehicle to perform abrupt moves, which are undesirable for
practical applications.

5. CONCLUSION

In this paper, we have proposed a control law for fully-actuated MAVs. The proposed controller consists of an inverse-
dynamic law with proportional-derivative control actions, which turns its implementation and tuning quite simple. Using
the direct method of Lyapunov, we have shown that the controller provides global asymptotic stability for any state ref-
erence. Through a software-in-the-loop simulation, the flight control has been evaluated in a tracking mission with a
sequence of five position-attitude waypoints. The results have demonstrated that the control law can stabilize all the
hexa-rotor states, for each considered waypoint. Furthermore, the real-time simulation has shown a good control perfor-
mance, which encourages the implementation of the proposed controller in automation-based applications, such as aerial
manipulation and delivery of goods. Finally, as future works, we can mention: the study of a robust control law against
model uncertainties and external disturbances; and the application of the proposed control law in an experiment using a
fully-actuated MAV prototype.
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