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Abstract. This present work presents the numerical experiments of compressible flow using the immersed boundary
method with the multi direct forcing technic. Cartesian numerical meshes are used for non-Cartesian problems thanks
to the dynamic immersed boundary method. All the implementations and simulations are carried out using an in-house
computational code MFSim (Multiphysics Simulator), which allows to solve the Navier-Stokes equations in the transient
three-dimensional form using block-structured mesh with local adaptability. Three cases were performed in the validation:
the reflection of a shock wave in a flat plate, compressible flow over an inclined plate, and compressible flow around
a cylinder. Consistent qualitative results are obtained, and corresponding quantitative results compare well with the
reference results that other authors have published.
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1. INTRODUCTION

Many scientific and practical applications involve flows, where there are regions which is compressible and other areas
where fluid compressibility is minimal or non-existent. Thus, it is necessary to study and implement numerical techniques
that solve incompressible or compressible flows depending on the flow characteristic. These techniques that encompass
all regimes, from incompressible to supersonic, are known as All-Mach Techniques, or techniques that solve the flow at
any speed (Maliska, 1995).

The use of Cartesian grid limits the application of the methodology to the solution of simple problems. One solution
to this problem is the use of the immersed boundary method. The boundary conditions are applied indirectly (Melo et al.,
2020). Two grids are used, an Eulerian one for the fluid and the other one, Lagrangian, for the immersed boundary.

This present work presents the numerical experiments of compressible flow using the immersed boundary method
with the multi direct forcing technic. All the implementations and simulations are carried out using an in-house com-
putational code MFSim (Multiphysics Simulator), which allows to solve the Navier-Stokes equations in the transient
three-dimensional form using block-structured mesh.

2. MATHEMATICAL MODEL

In this section, the partial differential equations that model the problem along with the boundary conditions and initial
conditions are presented, when applicable.

2.1 Eulerian domain
In all simulated cases, compressible flows of Newtonian fluids are considered. The equation of the mass balance for

the case of compressible flow in Cartesian coordinates, using the index notation is given by Eq. (1).
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where p is the specific mass, ¢ the time variable, u; is the fluid velocity component in j direction and x; are the Cartesian
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coordinates directions X, y and z, respectively. Equation (2) represents the balance of the momentum, written in divergent
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form, in Cartesian coordinates and in indicial notation.
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where i, 7 = 1,2, 3, p is the pressure, ¢ is the time, and ¢ defined as the Kronecker operator.
Equation (3) represents the thermal energy balance for a Newtonian fluid, written in divergent form, in Cartesian
coordinates and in indicial notation.
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where 4,5 and k = 1,2,3, ¢, is the specific heat at constant pressure and ® and X\ are given by Eqs. (4) and (5),
respectively.
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In the present work, the SIMPLE (Semi-Implicit Method for Pressure Linked Equations) method developed by
Patankar and Spalding (1983) was used in a Cartesian and staggered grid. In this method the equations for the cor-
rection of velocities are obtained by from the momentum equations and mass balance equation. For more details, see
Ferziger and Peric (2012).

2.2 All-Mach methodology

Few numerical methods apply to both incompressible and compressible flows. The scientific community’s effort to
seek general ways to solve flows for any Mach number began in the late 1960s. Pioneering work in this line was by
the authors Harlow and Amsden (1968) who proposed a technique, called ICE, to the solution of transient problems
contemplating an extensive range of the Mach number.

More recently, Darwish (2000) have reformulated the SIMPLE’s family using a co-located mesh approach to predict
single fluid flows at any Mach number. Furthermore, the philosophies behind these algorithms, as well as their similarities
and differences, are explained. Later, Darwish and Moukalled (2014) extended these reformulations, mentioned above, to
the case of flows with more than one fluid. Darwish et al. (2007, 2009) also presented a fully coupled method for incom-
pressible flows and in a recent work Darwish and Moukalled (2014) extended this fully coupled algorithm to situations
involving compressible flows.

The main idea for creating an All-mach solver is the deduction of an equation for the pressure fluctuation that takes
into account the density variation due to the fluid’s compressibility. For this, we started from the equation of complete
continuity and linearized the specific mass-velocity product as follows:

P :P’Ui* +p*uil_/)*ui*7 (6)

where p* and u;* are the specific mass and estimated velocities in this iteration (Maliska, 1995)
The term w brings the contribution of the pressure fluctuation of the momentum equation:
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And the term p’ brings the contribution of density variation due to pressure variation (fluctuation), which the equation
of state can model:

’ p
== 8
P = g7 3
where p’ is the pressure fluctuation, R is the universal gas constant, and 7T is the fluid temperature.

Combining the Egs. 6, 7 and 8 with the continuity equation for a compressible fluid (Eq. 1), we obtain an equation for
the pressure fluctuation that operates in the most distinct Mach numbers, being able to simulate incompressible, subsonic,
transonic, and even supersonic flows (Ferziger and Peric, 2012; Maliska, 1995).
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2.3 The immersed boundary formulation

A Lagrangian mesh is used to represent the immersed boundary, which models a body immersed within the fluid flow.
One of the main advantages of the immersed boundary method is that it is possible to represent a complex and mobile
body inside the flow even when a cartesian mesh is used. In the present work, the multi direct forcing (MDF) method,
based on the work of Wang et al. (2008), was used.

A Eulerian forcing field, f; (x,t), is used to modeling the influence of solid boundary over any neighboring fluid
particle placed at the position #. The linear momentum balance for the fluid particle Z is given by Equation (2), that can
be rewritten as follows:

8ui (f, t)

- L, -

To model the forcing term f; (z,t), the transient term of Equation (9) is discretized using a first-order Euler method.
This first-order scheme was only used here to illustrate the development of the dynamic forcing model. The dicretized
equation will be decomposed in the following two equations:

L&D ppse (1) (10)

and

1D
where n + 1 is the current time step and ﬂ?“ is the velocity of a fluid particle placed near the solid interface under the
influence of the forcing field. For convenience, the term u; (Z,t), which is the guess velocity, was added and subtracted
the discretized equation.

Although the velocity ﬂ;”’l (Z, t) for a fluid particle is not given, the velocity of the solid interface is generally known.
Therefore, Equation (11) is rewritten for the fluid’s particles Z, that are placed near to the solid surface:

U (@, t) — U (T, 1)

F?L-‘rl T t =
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where Fi"Jrl (Zk, t) is the Lagrangian force that the surface exerts over the particle 7y, forcing these particles to have the
same velocity Ui"Jrl (Z, t) of the solid surface. The Lagrangian velocity U (¥, t) of a particle placed close to the solid
surface is obtained by the interpolation of the Eulerian velocity estimation u} (Z,t) as given by Equation (13):

U (@, t) = > uj (%,t) Dy (& — @) B, (13)
Q

In Equation (13), the summation must be performed over the Eulerian domain, €2, using a compact support Dirac
Kernel, Dy, (¥ — Zx). Equation (12) provides a measure of the velocity difference between a fluid particle that is placed
at the surface and the velocity of the surface itself. This difference is converted into a Lagrangian force. The Lagrangian
force calculated using Equation (12) can be distributed from the Lagrangian domain I" to the Eulerian domain €:

[ @) = Y FP (. 8) Dy (7 — ©) . (14)
T

Because the Eulerian force field, f/""' (Z,t) [N/m?], is evaluated through Equation (14), the velocity can be calcu-
lated, using Equation (15):

T (@) =t (50 + S @) (4
p

K3 K3

The multi-forcing process is performed using Equations (12) to (15) to achieve a required tolerance. This convergence
is verified using a Ly norm that is calculated by a summation over all of the Lagrangian points.
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3. RESULTS AND DISCUSSION

We perform simulations of four cases to validate the immersed boundary method with compressible flows: oblique
shock on a flat plate, shock on an inclined plate, supersonic flow on an ascending step, and supersonic flow on a cylinder.

3.1 Oblique shock wave on a flat plate

In the first case, to validate the implementations, we simulate the case of the oblique shock on a flat plate, described
in the Figure (1). In this case, three supersonic boundary conditions are imposed, one at the west entrance of the domain,
with Mach number Ma = 2.9, the other at the top of the domain, with Mach Ma = 2, 378, and the last one in the output,
with Mach Ma = 1,942. In this same figure, the analytical solution is outlined, with the shock wave angulation and the
position of the reflection being presented. A two-dimensional case was set with the domain of 4.1 m in z and 1.0 m in y.
A mesh with a resolution of 160 volumes in the = direction was used.

M=2378

A M=1.942

M=29 T -
7 (&)

Figure 1. Setup of the oblique shock case on a flat plate.

For comparison, two cases were configured in MESim: the first using conventional boundary condition and the second
modeling the flat plate with immersed boundary. As the methodology demands a complementary flow region, increasing
the domain in the y direction is below the flat plate. Fig. (2) presents the specific mass fields for the two cases, and in the
region of interest, the flows are qualitatively similar. In the complementary region of the case with immersed boundary,
we saw a small reflection near the exit, which does not influence the solution.

(a) Traditional boundary condition (b) Immersed boundary method

Figure 2. Comparison of the shock wave reflected on a flat plate.

The Figure (3) presents a comparison of the specific mass solutions for the two previous cases with the analytical
solution in the position y = 0.25 m. Both solutions, with conventional boundary conditions and immersed boundary
method, are similar to the analytical solution.

3

...... Analytical solution

Conventional boundary
condition

s |[MMersed boundary

Specific mass

o 05 1 15 2 25 3 35 4 45

Figure 3. Comparison of specific mass with analytical solution for both cases.

To improve the results, we simulated a case with twice as much refinement. The figure (4) presents the solution of the
specific mass along x at y = 0.25 m. Note that with the refinement, there was an approximation of the result with the
analytical solution.

For a simple flat plate, the methodology was validated. So we started to validate a second case, the inclined flat plate.
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Figure 4. Comparison of specific mass with analytical solution for the two refinements.

3.2 Shock wave on an inclined plate

For the second validation, we performed the flow simulation over an inclined plate, based on the work of Xiao et al.
(2017). The figure (5) presents a scheme of the case, where an initial position of the shock wave close to the inclined
plate is defined. The fluid properties are chosen in such a way that in the initial condition, the Mach number before the
shock is 1.7 and after the shock is 0.0. An immersed boundary models the inclined plate, and the simulation domain has
dimensions of 0.8 m in x and 0.5 m in y. The mesh resolution is 256 volumes in 2 and 160 volumes in y.

WALL

Ty, po,up =0

T Pas Ua

LHINI
LATLNO

Initial
shock position

Figure 5. Setup of the shock wave on an inclined plate.

The figure (6) presents the Mach field obtained with the present simulation compared to the reference data. Note the
consistency of the obtained solution. There is a region of high Mach in front of the shock wave, a region with a relatively
low Mach value at the beginning of the plate, in minimum value of y. It is also possible to observe the consistency in the
expansion wave in the direction perpendicular to the immersed boundary. The flow in the complementary region does not
affect the solution in the interest domain.

Mach

+ ' n + n n ' ' +
02 025 03 035 04 045 05 055 06 065 07 075 08
X(m)

(a) Xiao et al. (2017) (b) Present work
Figure 6. Mach field.

The figure (7) shows the specific mass for this case. It is also possible to notice the consistency of our results when
comparing them with reference data. It is possible to observe a region with a high specific mass value between the shock
wave and the expansion wave.

Next, results for the third case will be presented for validation of the immersed boundary method with compressibility
effects.
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(a) Xiao et al. (2017) (b) Present work
Figure 7. Specific mass field.

3.3 Supersonic flow on an ascending step

This case was based on the work of Woodward and Colella (1984). The figure(8) presents a scheme of the problem,
which starts with a uniform flow with Mach number Ma = 3. The entrance is on the left and the outlet on the right of
the domain. Initially, the field is filled by a perfect gas with the relation between specific heats at constant pressure and
volume of 1.4 , pressure p = 1, specific mass p = 1.4, and velocity with the components © = 3 and v = 0. The inlet
is continuously supplied with gas presenting these values of pressure, specific mass, and velocity. Along the walls, top,
and bottom of the domain, impermeable wall boundary conditions and slip conditions are applied. The step was modeled
with an immersed boundary.

o<
>

0 0,6 3 X
Figure 8. Setup of the supersonic flow over an ascending step.

The figure (9) presents the temporal evolution of the supersonic flow. The transient solution was also adequately
represented. A qualitative comparison was made in relation to the results given by the cited reference. The specific mass
fields are similar to those obtained by the authors. Reflections of the shock waves on the step, the top wall, and the bottom
wall were consistently captured.

(c) Instant 3

Figure 9. Specific mass at different times for the case of supersonic flow on an ascending step

Next, validation results for a curved geometry will be presented, a cylinder immersed in a supersonic flow.
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3.4 Supersonic flow over a cylinder

To simulate the supersonic flow over a cylinder, a configuration based on the work of Burbeau and Sagaut (2002) was
set. The problem considered is a supersonic flow that passes through a circular cylinder in a free stream with a Reynolds
number of Re = 100. The Reynolds number is defined as Re = DU /v, where D is the cylinder diameter, U is the
free stream velocity, and v is the kinematic viscosity. In the present simulation D is set as 0.1, U is set as unitary, and
consequently v = 0.001. The computational domain is illustrated in the figure (10). The initial conditions were defined

as:p=1lLu=1v=0P= ﬁ, ~ = 1.4 and the Mach number in the input was set to Mo = 2.

25

15

Figure 10. Setup of the case of supersonic flow over a cylinder.

The Figure (11) presents a comparison of the specific mass field with the result of Burbeau and Sagaut (2002). There
is a remarkable similarity in the results, the formation of the shock wave upstream of the cylinder, the downstream region,
from the central area, and in the waves reflected along the domain.

density
6 -
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(a) Burbeau and Sagaut (2002) (b) Present
Figure 11. Specific mass field.

The Figure (12) presents a comparison of the Mach number field with the result of Burbeau and Sagaut (2002). As
in the previous figure, there is a remarkable similarity between the solution and the reference result, reducing the Mach
number in the shock wave and the central region downstream of the cylinder.
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(a) Burbeau and Sagaut (2002) (b) Present
Figure 12. Mach field.

To quantitatively validate, a turbulent case was simulated with the Reynolds number Re = 2.0 - 10> and Mach number
Ma = 1.7. This case was based on the work of Palma et al. (2006). For the turbulence modeling, the Spalart-Allmaras
model (Spalart and Allmaras, 1992) was used, which is already implemented in MFSim code. The Figure (13) presents
the comparison of the Mach field obtained with Palma er al. (2006). There is a similarity between the two results, from
the shock wave formation to the region of low Mach that forms downstream of the cylinder.

The Figure (14) shows the evolution of the drag coefficient Cp as a function of time. We note that for the initial
times, approximately ¢ = 0.3 and ¢ = 0.4, there is numerical oscillation due to the reflection waves from the imposition
of zero velocity across the immersed boundary. Due to the reflections in the complementary region inside the cylinder,
there is an alteration in the lagrangian force (force at the immersed boundary), causing this numerical oscillation in the
drag coefficient. After ¢ = 0.5, a physical instability is observed, resulting from the flow characteristic. With the time
evolution, the drag coefficient converges to 1.6.



R. R. S. Melo, A. R. Silva and A. Silveira Neto
Numerical experiments of compressible flow using the multi direct forcing

-4 -2 0 2 4 6

X *
(a) Palma et al. (2006) (b) Present
Figure 13. Mach number fields for the turbulent case.
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Figure 14. Temporal evolution of the drag coefficient.

The Table (1) presents a comparison between the drag coefficient obtained through the numerical solution and exper-
imental data from Bashkin et al. (2002) and numerical data from Palma et al. (2006). We observed a relative difference
of 11.19% between the obtained and the experimental, which is considered satisfactory considering the complexity of the
solution (high Mach and Reynolds numbers).

Table 1. Comparison of the drag coefficients.

Cd Relative Difference
Bashkin et al. (Physical experiment) | 1,43 ok
Palma et al. (Numerical experiment) | 1,39 2,80%
Present work 1,59 11,19%

The Table (2) presents the angle of the point of detachment, also compared with the references Bashkin ez al. (2002);
Palma er al. (2006). We observed a relative difference of 10.71% between the obtained solution and the experimental
data, which is also considered satisfactory.

Table 2. Comparison of the point of detachment

Point of detachment [°] | Relative Difference
Bashkin et al. (Physical experiment) 112 woE
Palma et al. (Numerical experiment) 111 0,89%
Present work 124 10,71%

4. CONCLUSION

This present work presents the numerical experiments of compressible flow using the immersed boundary method with
the multi direct forcing technic. Cartesian numerical meshes are used for non-Cartesian problems thanks to the dynamic
immersed boundary method. Satisfactory results were obtained for the benchmark test cases, showing a good efficiency
of the applied technique.
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