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Abstract. This present work presents numerical simulations of multiphase flow with compressibility effects. The mul-
tiphase flow is modeled with the volume of fluid technic, and the compressibility is modeled using a pressure-based
calculation method. All of the simulations were carried out using a computational code that was developed at home (MF-
Sim - Multiphysics Simulator). We perform three validation cases: The shock tube with two gas, compressible water flow
over an air bubble, and supersonic flow over a liquid drop. Consistent qualitative results are obtained, and corresponding
quantitative results compare well with the analytical solutions and the reference results that other authors have published.
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1. INTRODUCTION

With the advancement of computational resources, numerical solutions have been used to evaluate industrial applica-
tions. In this sense, numerical/computational modeling is a viable alternative to optimize industrial processes. To obtain
more accurate results, it is necessary that this modeling consider numerous phenomena that occur during the various
process that occurs in the industry.

In these industrial applications, there are regions where the flow is compressible and other areas where fluid com-
pressibility is minimal or non-existent. Thus, it is necessary to study and implement numerical techniques that solve
incompressible or compressible flows depending on the flow characteristic. These techniques that encompass all regimes,
from incompressible to supersonic, are known as All-Mach Techniques, or techniques that solve the flow at any speed
(Maliska, 1995).

In industrial processes, the fluid can be in two distinct phases or situations with two or more immiscible fluids. In this
case, considering also flows at high Mach numbers, mathematical and numerical modeling is challenging.

Another of the greatest challenges that is found in the area of computational experimentation is the efficiency of
computational tools. The use of an adaptive grid is a powerful way to save mesh refinement and, consequently, save
processing time. This method of discretizing the equations allows the mesh to adapt dynamically to the physical or
geometric requirements of a given problem. For example, a more refined mesh is required near a wall or on a turbulent
wake. Several works have been developed employing adaptive mesh, with block-structured mesh (Berger and Colella,
1989; Bell et al., 1994; Berger and LeVeque, 1998; Baeza and Mulet, 2006; George and LeVeque, 2006). This approach
was selected to be implemented in the present work.

This present work presents numerical simulations of multi-phase flow with compressibility effects. The multi-phase
flow is modeled with the volume of fluid technic, and the compressibility is modeled using a pressure-based calculation
method. All the implementations and simulations are carried out using an in-house computational code named MFSim
(Multiphysic Simulator), which allows to solve the Navier-Stokes equations in the transient three-dimensional form using
block-structured mesh with local adaptability.
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2. MATHEMATICAL MODEL

In this section, the partial differential equations that model the problem along with the boundary conditions and initial
conditions are presented, when applicable. In all simulated cases, compressible flows of Newtonian fluids are considered.
The equation of the mass balance for the case of compressible flow in Cartesian coordinates, using the index notation is
given by Eq. (1).
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where ρ is the specific mass, t the time variable, uj is the fluid velocity component in j direction and xj are the Cartesian
coordinates directions x, y and z, respectively. Equation (2) represents the balance of the momentum, written in divergent
form, in Cartesian coordinates and in indicial notation.
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where i, j = 1, 2, 3, p is the pressure, t is the time, and δ defined as the Kronecker operator.
Equation (3) represents the thermal energy balance for a Newtonian fluid, written in divergent form, in Cartesian

coordinates and in indicial notation.
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where i, j and k = 1, 2, 3, cp is the specific heat at constant pressure and Φ and λ are given by Eqs. (4) and (5),
respectively.
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In the present work, the SIMPLE (Semi-Implicit Method for Pressure Linked Equations) method developed by
Patankar and Spalding (1983) was used in a Cartesian and staggered grid. In this method the equations for the cor-
rection of velocities are obtained by from the momentum equations and mass balance equation. For more details, see
Ferziger and Peric (2012).

2.1 VOF methodology

The VOF method (Hirt and Nichols, 1981) is one of the oldest methods used in the representation of flows with the
presence of an interface between different fluids. Its first applications were made in simulations of free-surface flows.
Nowadays, the literature available in the scientific community presents several types of application of the method, such as
in bubble, droplet, and other types of fluid interfaces.

In the VOF method, the α function is responsible for defining where the different types of fluid are located in the
domain and the interface(s) that separate them. For example, in a gas/liquid system described in a Cartesian mesh,
the function α assumes a unit value for the volumes that contain the liquid phase and zero for the gas phase. The
interface between the phases is described through volumes that store intermediate values of the α function, representing
a volumetric fraction of a specific phase contained in the volume in question. The function α is advected from the flow
velocity field through the Eq. 6.

∂α

∂t
+ (u · ∇)α = 0 (6)

The Laplace equation (Eq. 7) gives the pressure jump in the interface:

pII − pI = σκ (7)
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The calculation of the interfacial force used in the simulations was proposed by Brackbill et al. (1992), the CSF
(Continuum Surface Force). In this method, the interfacial force per unit area is calculated on the face (i−1/2, j, k) using
the Eq.8:

fσi−1/2,j,k
= σ · κi−1/2,j,k · α∗i−1/2,j,k, (8)

where α∗i−1/2,j,k =
αi,j,k − αi−1,j,k

∆x
and the curvature is interpolated from the center of neighboring cells using a

weighted average.

2.2 All-Mach methodology

Few numerical methods apply to both incompressible and compressible flows. The scientific community’s effort to
seek general ways to solve flows for any Mach number began in the late 1960s. Pioneering work in this line was by
the authors Harlow and Amsden (1968) who proposed a technique, called ICE, to the solution of transient problems
contemplating an extensive range of the Mach number.

More recently, Darwish (2000) have reformulated the SIMPLE’s family using a co-located mesh approach to predict
single fluid flows at any Mach number. Furthermore, the philosophies behind these algorithms, as well as their similarities
and differences, are explained. Later, Darwish and Moukalled (2014) extended these reformulations, mentioned above, to
the case of flows with more than one fluid. Darwish et al. (2007, 2009) also presented a fully coupled method for incom-
pressible flows and in a recent work Darwish and Moukalled (2014) extended this fully coupled algorithm to situations
involving compressible flows.

The main idea for creating an All-mach solver is the deduction of an equation for the pressure fluctuation that takes
into account the density variation due to the fluid’s compressibility. For this, we started from the equation of complete
continuity and linearized the specific mass-velocity product as follows:

ρui = ρ′ui
∗ + ρ∗ui

′ − ρ∗ui∗, (9)

where ρ∗ and ui∗ are the specific mass and estimated velocities in this iteration (Maliska, 1995)
The term u′i brings the contribution of the pressure fluctuation of the momentum equation:

ui
′ = ui

∗ − 1

ApUi

∂p′

∂xi
. (10)

And the term ρ′ brings the contribution of density variation due to pressure variation (fluctuation), which the equation
of state can model:

ρ′ =
p′

RT
, (11)

where p′ is the pressure fluctuation, R is the universal gas constant, and T is the fluid temperature.
Combining the Eqs. 9, 10 and 11 with the continuity equation for a compressible fluid (Eq. 1), we obtain an equation

for the pressure fluctuation that operates in the most distinct Mach numbers, being able to simulate incompressible,
subsonic, transonic, and even supersonic flows (Ferziger and Peric, 2012; Maliska, 1995).

2.3 Coupling of All-Mach and VoF methodologies

When dealing with multiphase flows, it is necessary to treat the specific mass for each phase, being, for example, a gas
phase and a liquid phase. Several authors propose using an equation of general state valid for any fluid, such as air or even
water. For some applications, the hypothesis that liquids are incompressible is reasonable. Still, this hypothesis may not
be accepted for other applications, such as flows at high pressures, since compressibility effects may occur in this liquid.

In this context, we modeled and implemented a general equation of state in the MFSim code in such a way as to model
any compressible flow, without the need to check whether the fluid (or one of the fluid phases if the flow is two-phase)
meets the hypothesis or not compressibility.

As shown earlier, the All-Mach technique uses the ideal gas equation in the pressure fluctuation equation so that the
solver takes into account the variation in specific mass due to variations in pressure and temperature. To deduce the
pressure fluctuation equation to the new general state equation, we must carry out the same procedure. The general state
equation is as follows:
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ρ =
p+ p∞(
γ−1
γ Cp

)
T
, (12)

where ρ is the specific mass, p is the pressure, γ is the coefficient of adiabatic expansion, Cp is the specific heat at constant
pressure, T is the temperature, and p infty is a auxiliary variable. If p∞ = 0 the general state equation reduces to the
ideal gas equation, and if p∞ 6= 0 this equation is used to model other fluids, for example water.

Next, the deduction of an equation for the specific mass will be presented, which will be used in the pressure fluctuation
equation. To calculate the specific mass in the current iteration n+ 1 we use the pressure at the same time:

ρn+1 =
pn+1 + p∞(
γ−1
γ Cp

)
T
. (13)

However, as the system of equations is non-linear, then we need to use estimates. To calculate the estimated specific
mass ρ∗ we use the estimated pressure p∗ from the previous iteration:

ρ∗ =
p∗ + p∞(
γ−1
γ Cp

)
T
. (14)

Subtracting the Eq. (14) from the Eq. (13) we obtain:

ρn+1 = ρ∗ +
pn+1 − p∗(
γ−1
γ Cp

)
T
. (15)

The pressure difference over time is the pressure fluctuation p′. Thus:

ρ = ρ∗ +
p′(

γ−1
γ Cp

)
T
. (16)

This equation for specific mass is identical to the one found for the ideal gases above. So the algorithm of the pressure
fluctuation solution remains the same for the new general state equation. In the code, the only difference between using
this equation or simply using the ideal gas equation is in calculating the estimated specific mass, since this general equation
has a new constant, p∞.

3. RESULTS AND DISCUSSION

3.1 Two gas shock tube

The problem of the shock tube with two perfect gases is performed. The initial condition is presented in Figure 1.
This solution will validate the All-Mach technique coupled with a multiphase flow solution, using the VoF methodology
as presented above. Initially there is an interface located at x = 0.5 m, separating the two perfect gases with different
specific heat ratios (γ = cp/cv). The two fluids are initially with null velocity, and there is a jump in specific mass,
pressure, and γ.

Figure 1. Physical properties of the two gases.

In Table 1 we have the necessary information for the computational simulation.
Figure 2 shows the density field in color and the interface between the two fluids represented by the black line. Position

X1 is the expansion wave front, which moves to the left, region X3 is the shock wave, and region X2 is the region where
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Table 1. Data from the simulation of the two gas case

Computational setup
Domain 1[m]× 0.08[m]× 0.08[m]
Mesh 200× 8× 8
Time discretization scheme EULER
Advective scheme SUPERBEE
CFL 0.1
Final simulation time 0.2s
Boundary condition on input Dirichilet for u,v,w,p,T
Boundary condition in output Dirichilet for u,v,w,p,T
Boundary condition for other faces Symmetry

Figure 2. Specific mass field and interface between the two fluids (black line).

the two initial fluids separate, regardless of whether the initial fluid pair is monophasic or biphasic. Note that the VoF
interface follows this region that delimits the fluids, showing that it was well advected.

In Fig. 3 the pressure profiles, specific mass, and longitudinal component of velocity (u) are presented. The simulations
carried out with the SUPERBEE scheme demonstrated behavior consistent with the analytical solution. Still, there is a
slight increase in the value in the velocity profile between x = 0.65 m and x = 0.85 m approximately. To solve this
problem, we will perform simulations with other TVD’s schemes, and we will also make simulations with a finer mesh.

Figure 3. Pressure profiles, specific mass and u component of velocity.

3.2 Compressible water flow over an air bubble

In this section, the results of compressible water flow over a gas bubble will be presented. In the VOF methodology,
the continuous phase was filled with water, and we use the equation of state for a liquid to calculate the specific mass,
while the dispersed phase was used to represent air, in which case the equation of state for an ideal gas.

The Table 2 shows the details of the computational setup:

Table 2. Data from the simulation of the case

Computational setup
Domain 0.024[m]× 0.006[m]× 0.00024[m]
Initial diameter of the bubble D = 0, 006[m]
Mesh 1780× 356× 4
Time discretization scheme EULER
Advective scheme SUPERBEE
CFL 0.2
Final simulation time t1 = 3, 8x10−6

The values used in the initial conditions for speed, pressure, temperature and fluid properties are shown in Fig. (4).
The Figure (5) presents the temporal evolution of the flow in the present case. The results are in good agreement with
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Figure 4. Initial condition - water flow over the air bubble

the data extracted from the reference Majidi and Afshari (2015). It is observed that when the wave collides with the air
bubble, it deforms with the injection of water along the centerline. Note the deformation in the concave shape, as in the
reference.

(a) Instant 1 (b) Instant 2 (c) Instant 3

Figure 5. Temporal evolution of the flow.

3.3 Supersonic flow over a liquid drop

As a step in validating the algorithm in a supersonic flow, we performed the simulation of the supersonic airflow over
an immersed liquid drop. The numerical experiment was performed based on the work of Xiao et al. (2016). The diameter
of the drop is equal to 0.1mm. The density and viscosity of the liquid are, respectively, ρl = 978 kg/m3 and µl = 0.6667
10−3 Pa ·s. The temperature and pressure of the free current are T∞ = 107K of P∞ = 1620 Pa, with low density air of
ρ∞ = 0.05274 kg/m3. The velocity of the free current U∞ is 622 m/s, and the resulting Mach number is Ma = 3. The
viscosity of the free current used is µL = 0.743 10−5 Pa, resulting in the Reynolds number Re = 441.5. The coefficient
of surface tension between the fluid pair is σ = 0.0273 N/m.

The computational domain is [0.10D]× [0.4D]× [0.4D], in the directions x, y and z, respectively. The center of the
initial static drop is located at the position (2D, 2D, 2D).

To verify the functionality of the MFSim code in stages, first a two-dimensional simulation was performed, using a
domain with dimensions [0.10D] × [0.4D], and the drop is represents like a cylinder. Figure 6 shows the initial velocity
field and the drop positioned at (2D, 2D). A base mesh of 80× 32× 1 volumes was used, a level of refinement initially
applied to the input and contouring the drop. The adaptive mesh was used throughout the simulation, and the refinement
criteria used were density gradient and vorticity magnitude.

Figure 6. Initial velocity field for the two-dimensional case.

Figure 7 shows the evolution of the flow over time for this initial two-dimensional test. Note the formation of a shock
wave at the domain entrance, and with the advance of time, this shock wave reaches the water drop. The refinement
follows the density gradient, which is more expressive in the contact between the two phases, and in the region with great
vorticity.

As good numerical stability and convergence of variables in the MFSim were observed for the two-dimensional case,
we performed the simulation of the three-dimensional case. Fig. 8 presents the initial velocity field and the drop positioned
immersed in the air.
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(a) Instant 1 (b) Instant 2

(c) Instant 3 (d) Instant 4

Figure 7. Temporal evolution for the two-dimensional case.

Figure 8. Initial velocity field for the three-dimensional case.

Figure 9 shows the evolution of the flow over time for the three-dimensional case. Similar to what happened in the
case in two dimensions, a shock wave is formed at the domain entrance, which propagates in the flow direction, reaches
the static drop, and then the fluid surrounds this drop and occurs the formation of a wake downstream of the drop water.

(a) Instant 1 (b) Instant 2 (c) Instant 3

(d) Instant 4 (e) Instante 5 (f) Instante 6

Figure 9. Temporal evolution for the three-dimensional case.

Figure 10 shows the deformed droplet at the simulated final instant. Note that it assumes a conical shape due to
supersonic flow. It is also possible to observe that the VoF methodology remained stable, showing no numerical oscillation,
thus being an efficient way to model two-phase flows using the All-mach technique developed in the context of this work.

Figure 11 shows the position of the shock wave that forms on the drop in dimensionless time t∗ = 0.04 in a central
plane Z = 2D. Note the formation of a shock wave over the drop, similar to the result presented by Xiao et al. (2016).

4. CONCLUSION

This present work presents numerical simulations of multi-phase flow with compressibility effects. The multi-phase
flow is modeled with the volume of fluid technic, and the compressibility is modeled using a pressure-based calculation
method. All the implementations and simulations are carried out using an in-house computational code named MFSim
(Multiphysic Simulator) Satisfactory results were obtained for the benchmark test cases, showing a good efficiency of the
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(a) Initial time (b) Final time

Figure 10. Drop deformation due to flow.

(a) Presente (b) Xiao et al. (2016)

Figure 11. Comparison of the shock wave over drop in time t∗ = 0.04.

applied technique. To reduce the computational cost, the adaptive mesh technique was used, refining only in the region of
interest.
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