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Abstract. This paper aims to develop a model in the state-space of a flexible beam under piezoelectric actuation, which
can be actively controlled using an optimal control strategy. Robotics has been growing at an accelerated rate in recent
years, especially in robotics that aims at the interaction between humans and robots more safely. Under this context,
soft robotics emerged to propose robots that need unstructured environments, which goes against traditional robotics.
Therefore, this work presents a mathematical model of a beam with actuators that follow soft robotics’ premises: high
deformation capacity and low rigidity. The obtained simulations showed that, at the price of the increase in computational
cost, the output reaches the desired references, which opens possibilities for using this type of system in robots that require
high deformations. The use of MFCs proved to be efficient for the performance of soft systems, and the control strategy
adopted allowed the optimization of inputs according to the desired outputs. The simulation algorithm’s construction was
done using the Python programming language, which allowed the algorithm’s generalization for future work involving
systems control under state-space formulation.
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1. INTRODUCTION

The purpose of this work is to present an active control method on beams using piezoelectric actuators. The chosen
actuators (Macro Fiber Composite, MFC) were developed at the NASA Research Center (NASA Langley Research Center,
Wilkie et al. (2000)) in order to be structured with piezoelectric properties and, in parallel, have high flexibility (unlike
conventional piezoelectric materials, such as ceramics, which have high values of modulus of elasticity).

As it is an active process, the control project aimed to reproduce the movement’s reference of interest in the system.
For this, an optimal control strategy was applied: Model Predictive Control (MPC). This control strategy minimizes a cost
function responsible for calculating the performance required by the system. In the present study, the reference that the
control must follow changes at each instant of a predetermined time, thus imitating the desired behavior.

The model considered for the study was that of a beam under the Euler-Bernoulli hypothesis with boundary conditions
embed at one end and free at the other. The solution to this problem will be given through the variable separation method.
This proposed solution is widely reported in the literature, as can be found in the authors’ book Balachandran and Magrab
(2018).

The differential of this work is a new proposal for the formulation of the system in state-space. Model-based control
strategies can be explored using this formulation. This is the case of optimal control, where the designer can choose a
cost function to minimize or maximize some property of interest (amplitude of vibration, energy used in control, rate of
change of actuation).

The simulations showed that the adopted approach was efficient in controlling the movement of the system. The
developed methodology can be applied to control vibrations or in areas that work with flexible systems, such as soft
robotics, as shown in Gillespie et al. (2016), where a soft robot had its trajectory projected by the control strategy used in
this work (MPC).

This work is divided into four sections: Section 2 presents the modeling of the system, and Section 3 the control
strategy. Results are presented in Section 4, while conclusions are drawn in Section 5.

2. SYSTEM PROPOSAL AND MODELING

The term "intelligent" is linked to unusual properties of materials, the definition presented in Leo (2007) brings the
following classification: a type of material will be classified as intelligent if it exhibits multiphysical coupling. In other
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words, it can convert energy between multiple physical domains. The property of interest for the actuation of systems that
connect the mechanical domain to the electrical domain is piezoelectricity.

Piezoelectricity is a property that can be used in a variety of applications, for example: harvesting (Erturk and Inman,
2011), actuation (Shahab and Erturk, 2016), (Shahab, 2015; Bent, 1997) and vibration control (RimasSauskiené et al.,
2019). The mathematical approach for the different applications is similar since the relationship between the physical
domains (mechanical and electrical) is the same regardless of their use.

The use of ceramic actuators and sensors with piezoelectric properties has a limitation that restricts its applicabil-
ity: low deformation. The density values for piezo ceramic materials have the same order of magnitude as metals such
as aluminum or steel. Combined with low deformation, the low force imposition capacity also restricts the use of ce-
ramic actuators in high deformation systems. To solve the problems involving the use of ceramic actuators, macro-fiber
composites with piezoelectric characteristics (MFC) were created.

The piezoelectricity constitutive equation in ceramics foresee linear relationships between the inputs and outputs of
the physical domains; however, this characteristic is untrue for the electric field between the piezoelectric fibers of the
MEC. To get around this problem, some modeling proposals have been reported, such as in Bilgen et al. (2010), Bilgen
et al. (2008) and Huang (2017). In general, the modeling revolves around defining a fraction of volume to study the
properties and subsequent generalization for the entire body.

Figure 1. Macro Fiber Composite from Smart Material (2003 -2021) with dimensions in milimeters.

In this paper, the approach proposed by Deraemaeker et al. (2009) is adopted for the modeling of MFCs. Their
proposal is to use equivalent properties for representative units of volume and the combination of their effects on the
final behavior of the MFC. This approach was validated experimentally by Shahab (2015), where the electromechanical
couplings estimated were analyzed in the laboratory.

2.1 PROTOTYPE AND HYPOTHESES ADOPTED

The proposed system is modeled using an Euler-Bernoulli beam (Fig. 2), where L, b and h represents the length,
width, and thickness of the beam. The beam will oscillate to reproduce the reference movement. A point to be highlighted
in the project is the location, and the number of MFCs used, as these variables make up two fundamental quantities to
control. Optimizing the positioning and the number of actuators is out of the scope of the present work. Figure 1 shows
the geometric definitions of the MFC used.
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Figure 2. Structure scheme with the allocation of MFCs, dimensions and allocation of control points.

The presence of point masses positioned on the beam will not be considered. The stiffness and mass per unit length of
the beam will be constant over L. This statement is not true since the rigidity and mass of the actuators are disregarded.
However, due to the magnitude differences between the properties of the beam and MFCs, this hypothesis does not
jeopardize the model’s numerical evaluation.
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The actuation is delivered by the bending moment imposed by the actuators, where effects in other directions are not
considered. As it is the Euler-Bernoulli model, the equation will have the following hypotheses:

* Material homogeneity along the beam;

* Material with linear elasticity;

e Symmetry of the cross-section;

* The plane of the cross-section, at any position along the  axis, remains perpendicular after deformation;
* Rotation effects disregarded.

2.2 MODAL DOMAIN SOLUTION

The partial differential equation for vibration of an Euler-Bernoulli beam immersed in the air is given by

_82M(:c, t)
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where W (x, t) is the term that represents the transverse displacement of the beam, I the moment of inertia of the structure,
¢s the damping coefficient proportional to the stiffness, ¢, the damping coefficient due to ar, m the mass per unit length
of the beam and M (z, t) the internal bending moment. The hypotheses for the Euler-Bernoulli beam and the air damping
were used in similar works that investigated it experimentally and shown to be consistent. Examples of these investigations
can be found in Zhao and Erturk (2012), Bilgen et al. (2010) and Bilgen et al. (2008).

The term that models the moment will introduce the electromechanical coupling, responsible for translating the applied
electrical voltage into actuation force. As previously mentioned, the modeling for the moment (and electromechanical
coupling) was presented by Shahab (2015), where the mixing rules technique was used (Deraemaeker et al., 2009). The
modal domain solution for W (z, t) is given by

W(z,t)=>_ én(@)ne(t), ©)

in which the term representing the vibrating modes ¢..(t), a function of the boundary conditions imposed on the beam,
weighs the possibilities of dynamic behavior of the points of interest, described by the modal domain equation 7,-(¢). The
equations for obtaining ¢,.(¢) and 7,-(t) can be seen below:

i (t) + 2Crwpn(t) + Wgnr (t) =0,V (), 3
_ (L)
or(z) = Cp | =S() —I-T(:E)Q(L)} , 4
where
2
2w, = % + %, Wy = A2 :;L{u Qr(x) = cosh <>Zx> + cos (/}jx) ,

Ar Ar B Ar Ar
Sy (x) = cosh <Lx> — cos <L;1:> , T.(z) = senh (Lx) — sen <Lx> .

The term C, is the constant calculated from the orthogonality conditions, (- the modal damping, w, the undamped
natural frequency, 6,. the electromechanical modal coupling, V' (¢) the electrical voltage at the terminals of the actuators
and finally F; the beam stiffness, given by the product of the moment of inertia of the cross-section I by the Young
module of the structure Y.

The values of A, that distinguish the modes of vibration, natural frequencies and damping factors are given by the
transcendental equation:
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1+ cosAcosh\ = 0. (®)]

Equation 3 assumes the use of a single pair of MFCs coupled to the beam. To generalize the number of MFCs used,
the following relationship are defined:

i (£) + 26w, () + wine (1) = > 0n:Vi(1), ©6)
=1

where for a pairs of MFCs allocated, the equation of the electromechanical coupling 6,.; between the positions x,,; and
Tp s 18 given by

Tnf
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2.3 STATE-SPACE FORMULATION
Before defining the states to be worked on, two considerations must be made:

* The mathematical description of the system is more precise as more modes of vibration are taken in the approxima-
tion of W (x,t);

» The system’s response approaches a continuous system’s response the greater the number of points to be controlled.

The following formulation for the state space was considered, where x € IR?"*! is given by:
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where the terms «;,¢ = 1,2, 3... determine the points of interest, and the terms ¢;,j = 1,2, 3... the approximation of

the modes of vibration. The sum of the odd index states represents the movement of the beam at the point of interest, for

example, with an approximation of two modes of vibration: W («; L, t) = 21 + 23, W (a2 L, t) = x5 + 27 and so on.
Thus, one can define the vector of outputs y € IRP*! as the sum of the modal contributions, in the folowing form:

W(alL,t) Tr+x3+ -+ Top—1
y = W(aL,t) \ — Jon—140+ 22144+ | ®)

The matrix equation in the state space domain will take the following form:

x = A x + B u, (10)

2nix1 2nixX2ni2nix1l 2nix3 3x1

, (11)
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where the input vector u € IR®**! is composed of the electrical inputs yielding u” = [Vi(t) Va(t) V3(t)]%, n is the
variable that controls the number of modes of vibrating and ¢ is the variable that controls the number of beam points.
The construction logic of the A matrix is given by

0 1 0 0 0 0
—OJ% —2(1 w1 0 0 0 0

A_| O 0 0 1 0 0 (12)
0 0 *wg *2(2(.02 0 0

The A matrix grows horizontally and vertically as the number of modes for the approximation increases and grows
diagonally as the control point number increases.
As for the construction of the B matrix, the following logic is built:

0 ) 0 ) 0 }
*¢1(OZ1L)911 *¢1(Q1L)921 *¢1(OZ1L)931
B= 0 0 0 . (13)
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The matrix B grows vertically as the number of modes for the approximation increases. For the present work, B will
have 3 columns since the number of MFCs that will act on the beam will be 3 pairs.
Finally, for the matrix C, the following logic is built:

101010
C=1|. . . . . . (14)

The matrix C grows horizontally as the number of modes for the approach increases and grows vertically as the
number of beam control points increases.

3. OPTIMAL CONTROL STRATEGY

The adopted control strategy (MPC) revolves around the optimization of an objective function (also known as a cost
function) (Wang, 2009; Camacho and Alba, 2013). Some works had used the MPC in control of beams with piezoelectric
performance, as in Rosenzweig et al. (2018). Other control possibilities involving piezoelectric actuators were also
investigated, such as control based on Prony algorithm (Sheng et al., 2016), LQR (Jarzyna et al., 2012) and through fuzzy
logic (Zhang et al., 2016). In the present paper, the cost function based on the quadratic error is used.

3.1 COST FUNCTION

Let be a system of differential equations in the time interval 7" (Bryson, 1975; Snyman et al., 1992; Franklin et al.,
2002):

x(t) = f (¢, x(t),u(t)), (15)

where x(¢) € R?>! and u(t) € IR**! represent the state and control, respectively, with ¢ being the time variable. For
optimal control problems with constraints, considering discrete systems, with the quadratic error as an objective function
(Hedengren et al., 2014), the following function is determined:

Np—1
min J = min >~ (v(K) — ye(k)" we (y(K) = ye(k) + y () w, + u(k) w, + Au"wandu, (16)
yy,u X,y,u k:l
subject to

0=n(5 u 0<g(2X Aye oo
- Atvxayv ) ) At7X7Yau ’ Te At Y+ = sp,
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where J represents the objective function to be minimized, y is the model’s predictions, y; is the reference trajectory,
w; represents the penalty given to the reference trajectory, way represents the movement penalty of the manipulated
variable, w,, and w, represent the input and output weights, y, x and u are the outputs, states and inputs, respectively, Au
the change in the manipulated variable, N, the number of samples in the prediction horizon, and h and g the restrictions
of equality and inequality, for every ¢ € [0, 7. The term sp(¢;) represents the setpoint at time ¢;, such that the applied
control considers it as a fixed reference and the speed with which y;(¢;) reaches sp(t;) is controlled by 7., which, in this
study, is set as a low value, for a convergence to sp(t;) quickly, ensuring that the system follows the moving reference.

In the present study, only restrictions in u (inputs) were used, with lower and upper limits of electrical voltage equal
to -500 and 1500 Volts, respectively, constituting the inequality constraint g. A restriction was also used for the increment
(in Volts) for the input, given by Au,,.; = 50 V. In addition to these restrictions, the equations that govern the model
studied in state-space constitute the restrictions shown in h.

4. NUMERICAL RESULTS

For all simulated cases, a 3-second simulation time with 1500 samples was used, and in 70% of the total time, the
setpoint was reset to check the efficiency of the controller for both a moving and fixed reference. The moving reference
was given by the third mode of vibration of the structure normalized for a maximum amplitude of 2 cm (in L). Three pairs
of MFCs were used, located in the positions 0.04L, 0.6L, and L.

Three situations were considered for simulation, the first with 1 control point, the second with 3 control points, and
finally with 5 control points. Table 1 summarizes information about the number of vibration modes used in each case,
together with the allocation of control points.

Table 1. Conditions for simulation considering the number of points and number of modes considered.

Condition Number of control points Allocation of points Number of modes
1 1 [L] 3
2 3 [0.2L, 0.5L, L] 5
3 5 [0.2L, 0.4L,0.6L,0.8L,L] 5

The physical and geometrical parameters of the beam are given in the Tab. 2. An MFC (actuator) of the type M-2814-
P1 was used, and specifications can be found in the manufacturer’s datasheet (Smart Material, 2003 -2021). In addition,
information about the parameters used in the control project is displayed in Tab. 3. The GEKKO (Beal et al. (2018))
optimization library was used to apply the control strategy.

Table 2. Physical parameters adopted in the simulations.

Parameter Description Value Unit

L Beam length 0.40 m

b Beam width 0.02 m

h Beam thickness 3x1072 m

p Beam material density 1340 kg/m3

E Modulus of elasticity of the beam material 3x107 Pa

G Damping rate for the first mode 0.01 Dimensionless
Ca Damping rate for the second mode 1.2 x 1072 Dimensionless

coupling Electromechanical coupling disregarding the beam thickness 2 x 10~° Nm/V

Table 3. Parameters adopted in the design of the control.

Parameter Description Value Unit

Te Time constant for controlled variable response 1 x 107° s

N, Prediction horizon 80 Dimensionless
Wi Penalty outside reference trajectory 1 Dimensionless
Wy Weight on output 1 Dimensionless
Wy Weight on input 0 Dimensionless
WAu Manipulated variable movement penalty 0 Dimensionless

The first simulation is the least complex case, with only one point of interest and three modes for the approach, yielding
6 states to be controlled. The desired output (movement reference in L) is a sinusoid with an amplitude of 2 cm (Fig. 3).
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The dynamic behavior of the point follows the desired reference with a small quadratic error, indicating an efficiency in
choosing the cost function and the control parameters. Except for the start of the simulation and the change from moving
to a fixed reference (close to 2 seconds), the quadratic error remains null, which indicates the quality of control.

It appears that the inputs also show harmonic behavior, with the MFC number 2 reaching the lower limit of electrical
voltage. The actuator in position 1, closest to the cantilever, is the one that least consumes energy in the process in relation
to the others.
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Figure 3. Condition 1. In (a), (b) and (c) the electrical voltages obtained by the control strategy in the positions of MFCs
1, 2 and 3 respectively, in (d) in blue (— ) the desired output and in red (- - -) the output obtained by the model and in (e)
the calculated quadratic error.

The second simulation raises the computational cost compared to the first: 3 control points and 5 modes, totaling 30
states. Input references were also sinusoidal, with different amplitudes at points of interest (Fig. 4). As can be seen,
the error obtained has an order of magnitude smaller than the reference or the output of the system. However, due to
the increase in the number of states, the error also increases: the dynamic behavior of the point L does not follow the
reference imposed in the same way as the simulation under the condition 1.

The inputs do not follow a harmonic pattern as in Fig. 3, since with more points (and states) to be controlled, the
demand on the actuators is greater. It is also noted that for control points 1 and 3, the output was smaller in amplitude
than the reference during the entire simulation period, while for control point 2 (located at 0.5L from the cantilever), the
output was greater than the reference. This indicates that the control action was more conservative in points 1 and 3 and
allowed greater displacements in 2, given the configuration of the MFCs along the beam.

The third simulation is the case with the highest computational cost: 5 control points and 5 modes, totaling 50 states.
The increase in the error observed between the first and the second simulation also occurs between the second and third, to
the detriment of the increase in the number of states. The increase in the number of control points should be weighted by
the project’s need, as, as noted, the output error increases as % increases (Fig.5). Another consideration that must be made,
concerns the possibilities of physical references: the ways of vibrating ¢ (z) limit the possible behaviors of the beam.

Although it did not reach the setpoints in amplitude, the control was able to reproduce the behavior of the frequency
reference. Among the possible solutions to make the system reach the desired reference at all points would be to study
the allocation of MFCs and find the optimal position that maximizes performance. In addition, more modes of vibration
could be included to represent the structure, with increased computational cost. Another possible strategy would be to
increase the number of MFCs or increase the applied voltage restriction limits (if this is physically possible) depending
on the type of MFC used.
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Figure 4. Condition 2. In (a), (d) and (g) the electrical voltages obtained by the control strategy in the positions of MFCs

1, 2 and 3 respectively, in (b), (¢) and (h) in blue (—) the desired output and in red (- - -) the output obtained by the model

for the first, second and third points, respectively [0.2L, 0.5L and L] and in (c), (f) and (i) the quadratic error calculated
following the same order as the points.

5. CONCLUSIONS

The application of the presented method, although it has an initial motivation in the control of vibrations, can be used
in tracking dynamic behaviors in elastic systems, where examples can be found in some robotic systems that present low
structural stiffness (also known as soft robots).

The beam control is able to reproduce the desired behavior, preserving the approximation for the rigidity of the struc-
ture (which disregards the effects of the allocation of the MFCs). The control strategy is efficient, but the computational
cost of the optimization can become significantly high depending on the number of modes and the number of points that
are used in the model approximation. The simulation is consistent with the expected results; however, due to the character
of the approximations made, the model lacks experimental validation, especially the relation of points and modes taken
to approach the model.

Among some points to be further investigated, it essential to highlight the importance of the MFCs’ allocation along
the beam. These localizations influence the control output amplitude, variations in the reference, other ways of vibrating
the structure, or some other reference. In addition, investigations about structural and control modifications such as beam
length, width, thickness, control strategies, etc., should also be carried out.

Specifically, regarding control, the objective function used, given by the quadratic error, could be replaced by an 11-
norm objective function with lower and upper limits that can bring different and comparable results, constituting another
parameter to be taken into account in the analysis. One could also build some kind of metric to evaluate the quality of the
output values compared to the reference values, such as a mean square error, for example, and the time required for the
control to reach the desired trajectory.

The generalization of the problem presented, whether to the damping rate provided by other means (fluids other than
air) or to different boundary conditions to the end (free or cantilever ends), also constitutes suggestions for future work.
Although the generalization proposals increase the complexity of the equations, the elaboration of the state space will
follow the same model.
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Figure 5. Condition 3. In (a), (f) and (k) the electrical voltages obtained by the control strategy in the positions of MFCs

1, 2 and 3 respectively, in (b), (d), (g), (i) and (1) in blue (—) the desired output and in red (- - -) the output obtained by

the model for the first, second, third, fourth and fifth points, respectively [0.2L, 0.4L, 0.6L, 0.8L and L] and in (c), (e),
(h), (j) and (m) the quadratic error calculated following the same order of points.
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