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Abstract. The Souza-Auricchio model pioneered in the description of pseudo-elastic and shape memory behaviors within
the setting of three-dimensional media, and it is currently available in commercial level simulation tools. Nevertheless,
the correlation between the stress-strain curves produced by the model and the experimental observation is still far from
satisfactory. Within this context, the influence of the Lode angle and phase proportion on the pseudo-elastic behavior
of Ni-Ti alloys under multiaxial loading programs are addressed in this paper. The new mechanical model incorporates
the volume fraction of the detwinned martensitic phase and the second and third invariants of the deviatoric stress and
transformation strain on the material parameters – elastic modulus, shear modulus, hardening modulus, radius of the
elastic domain and saturation strain – proposed in the three-dimensional model originally developed by Souza et al.
(1998). The resulting model exhibits better correlation with experimental observations reported by Mehrabi et al. (2015)
under axial, shear and combined axial-shear loading programs.
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1. INTRODUCTION

Shape memory alloys (SMAs) present two main behaviors: shape-memory and pseudoelasticity. The shape-memory
effect is described as the recovery of apparently permanent strain on the material when subjected to an increase in temper-
ature. The pseudoelasticity effect on the other hand, also called superelasticity, is characterized by a non linear hysteretic
stress-strain response and the recovery of the initial strain state upon unloading. Examples of alloys that present such
properties are NiTi, Shaw and Kyriakides (1995), TiNiAg Chun et al. (2014), and AuCd, Ishibashi et al. (2002), among
others.

These two phenomena are in fact manifestations of the same material property, which is the ability of undergoing stress
induced phase transformations. Upon the application of a loading, the material transforms from twinned martensite to
detwinned martensite under low temperatures, and from austenite to detwinned martensite under high temperatures. Such
transformation is accompanied by an accumulation of inelastic strain, which is referred to as transformation strain. In
general, we refer to twinned martensite or austenite as the parent phase and to detwinned martensite as product phase. At
high temperatures, unloading the material is enough to cause the reverse transformation back to austenite, which charac-
terizes the pseudoelastic behavior. At low temperatures an increase in temperature after unloading causes a transformation
from detwinned martensite to austenite, and the material recovers the transformation strain. This is the shape- memory
effect. A more thorough description of such phenomena can be found in the paper by Shaw and Kyriakides (1995).

Souza et al. (1998) proposed a model capable of representing the main properties of the SMAs in the context of
multiaxial loadings. Developed in the framework of Standard Generalized Materials, it considers a representation of the
transformation strain as a deviatoric tensor eT that characterizes the magnitude and direction of the detwinned martensite.
The magnitude of eT can be used to characterize the amount of product phase on the material by means of the formula:

υT (eT ) =
||eT ||
εTs

. (1)

The quantity υT represents the fraction of product phase on the material, and εTs is called saturation strain. When
completely on the parent phase υT equals zero and when completely on the product phase υT equals one. Mixture of
phases are represented by intermediate values.
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The Souza et al. model considers the following potential for the Helmholtz free energy:

ψ =

(
λ

2
+
µ

3

)
tr(ε)2 + µ ||e− eT ||2 + τM (T ) ||eT ||+

h

2
||eT ||2 + IεTs

, IεTs
=

{
0 if ||eT || 6 εTs;

+∞ otherwise, (2)

and the pseudo-potential of dissipation:

φ = R ||eT || , (3)

where λ and µ are the Lamé parameters and ε is the strain tensor. The material parameter h is called the hardening
modulus and τM (T ) is the Maxwell stress, a function of the temperature T . Finally R is interpreted as the radius of the
elastic domain. This model, together with the contributions from Auricchio and Petrini (2002), became known as the
Souza-Auricchio model implemented in the Ansys (2020) finite element code. These models do not take into account a
number of features observed in experiments, including the different elastic behavior of the parent and product phases, or
the distinction between the material parameters computed from axial or shear tests.

This work presents a new mechanical model that incorporates the third invariant of the deviatoric stress and of the
transformation strain on the material parameters. The hardening modulus, the radius of the elastic domain and the satura-
tion strain are functions of the deviatoric stress and the transformation strain. The fraction of detwinned martensite is also
considered on the elastic parameters and the radius of the elastic domain.

The paper is organized as follows: Section 2 presents the new mechanical model, which includes the equations for
the material parameters. The determination of material constants is considered on Section 3. Section 4 describes the
experimental data produced by Mehrabi et al. (2015) and the material parameters obtained from the axial and shear tests.
It is followed by Section 5 where the simulations perfomed are presented. Lastly, concluding remarks are presented in
Section 6.

2. THE MECHANICAL MODEL

Small strains are considered, and the the strain tensor ε is decomposed into an elastic strain εe and a transformation
strain eT :

ε = εe + eT . (4)

The elastic part is associated with the stress tensor σ by the relation:

σ = λtr(εe) + 2µεe. (5)

The stress induced phase transformation is assumed to evolve at a constant volume and, as a consequence, the transfor-
mation strain is described by a deviatoric tensor.

Analogous to the notion of elastic domain in classic plasticity, a region is defined on the stress space which bounds the
stress. It’s definition is dependent on the presence of the product phase, and is given by:

f(S) = ||S|| − τM (T )−R 6 0, ||eT || = 0, (6)

when there is no product phase, and by:

f(X) = ||X|| −R 6 0, ||eT || > 0. (7)

otherwise, with:

X = S− (τM (T ) + h ||eT ||+ Σ)NeT
. (8)

The quantity X is called the relative stress, and represents the difference between the deviatoric stress S and the center of
the elastic domain. The quantity NeT

is the direction of the transformation strain:

NeT
=

eT
||eT ||

. (9)

The non constitutive stress Σ accounts for the saturation of the transformation strain and obeys:

Σ = 0 if 0 6 ||eT || < εTs, Σ > 0 if ||eT || = εTs. (10)

The conditions for the evolution of the transformation strain on the Souza et al. model are as follows. The evolution
of eT always occurs in the direction of the relative stress X:

deT = dζN, dζ > 0, N =
X

||X||
. (11)
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The transformation multiplier dζ is non-negative, and characterizes the magnitude of evolution of eT . It is used to fully
describe the behavior of the material, together with the elastic domain function f , in the complementarity and persistence
conditions. The complementarity condition:

f dζ = 0, (12)

guarantees that no evolution of the transformation strain takes place in the interior of the elastic domain. The persistence
condition, on the other hand, is defined on the boundary of the elastic domain. It ensures that during the evolution of the
transformation strain, the stress can never be defined outside the elastic domain:

df dζ = 0, df 6 0, if f = 0. (13)

To characterize the behavior of the parameters R, h, εTs, λ and µ as functions of the loading mode (tension, shear),
the tensor invariants of the deviatoric stress and transformation strain are considered. For a tensor A, its second JA

2 and
third JA

3 invariants are:

JA
2 =

1

2
||A||2 , JA

3 = detA. (14)

It can be convenient to describe the third invariant JA
3 in terms of the angle θA defined as:

θA =
1

3
arcsin

(
3
√

3JA
3

2JA
2

3/2

)
. (15)

For the case of the deviatoric stress S the quantity θS is the Lode angle, and describes the stress mode. For traction, shear
and compression its values are:

θS =

 π/6 under traction;
0 under shear;

−π/6 under compression.
(16)

For combined stress modes the Lode angle assumes values between −π/6 and π/6.

Equations for εTs, h, R and elastic parameters

Experimental observations indicate that SMAs may present distinct saturation strains under axial and shear loadings.
In this study, the dependence of the saturation strain on the loading mode is accounted for by considering the expression:

εTs(ϕ
eT ) = (1− ϕeT )εTsax + ϕeT εTs sh, (17)

where εTsax is the saturation strain for a completely axial loading, εTs sh is the saturation strain for a completely shear
loading, and ϕεTs is given by:

ϕeT (θeT ) =
1

2
(1 + cos(6θeT )). (18)

Analogously, the dependence of the hardening modulus on the loading mode is described by:

h(ϕeT ) = (1− ϕeT )hax + ϕeT hsh. (19)

The constant hax corresponds to the hardening modulus on axial tests, while hsh corresponds to the hardening modulus
on shear tests.

The fraction of detwinned martensite on the material is considered for the equations of the elastic material parameters.
This allows characterization of the different elastic properties of parent and product phases. Assuming isotropic behavior,
the following equations are proposed for the elastic modulus E and shear modulus G:

E(υT ) = (1− υT )E0 + υTEs, G(υT ) = (1− υT ) G0 + υT Gs, (20)

whereE0 andEs are the elastic modulus of the parent phase and product phase, respectively, andG0 andGs are the shear
modulus for the parent and product phases, respectively.

Lastly, the radius of the elastic domain incorporates both the Lode angle and fraction of product phase. Under a
completely axial loading the Lode angle is constant, and the equation:

Rax(υT ) = (1− υT )Rax0 + υTRaxs, (21)
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is considered. The radius of the elastic domain under axial loading is Rax, while Rax0 and Raxs represent the radius of
the elastic domain under axial loading on the parent and product phases, respectively. The analogous equation is proposed
for the shear case:

Rsh(υT ) = (1− υT )Rsh0 + υTRshs, (22)

with Rsh being the radius of the elastic domain on a pure shear loading, and Rsh0 and Rshs representing the radius of the
elastic domain under shear loading on the parent and product phases respectively.

To combine the quantities Rax and Rsh into R, the Lode angle is considered:

R(υT , ϕ
S) = (1− ϕS)Rax(υT ) + ϕSRsh(υT ), (23)

where:

ϕS(θS) =
1

2
(1 + cos(6θS)). (24)

The four parameters Rax0, Raxs, Rsh0 and Rshs are able to describe the radius of the elastic domain in four different
characteristic situations, and allow a greater flexibility.

3. DETERMINATION OF THE MATERIAL PARAMETERS

This section describes the determination of the material parameters of the new model. It considers two experimental
loadings, one with pure axial stress and another with pure shear stress, on which complete phase transformation has
occurred, but no plastic deformation is seen. These two experiments are represented on Fig. 1 and Fig. 2 respectively.
Each one of the two experimental loadings is assigned four characteristic points, corresponding to four characteristic
events: nucleation of the product phase, saturation of the product phase, unsaturation of the product phase and depletion
of the product phase. Following is the association of these points with the stress-strain states of the material:

s
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Figure 1. Representation of an axial experimental
loading and its characteristic points.
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Figure 2. Representation of a shear experimental load-
ing and its characteristic points.

• Axial experimental loading:

– (ε
+0
, σ

+0
): nucleation of the product phase;

– (ε
+s
, σ

+s
): saturation of the product phase;

– (ε−s
, σ−s

): unsaturation of the product phase;

– (ε−0 , σ−0): depletion of the product phase.

• Shear experimental loading:

– (γ
+0
, τ

+0
): nucleation of the product phase;

– (γ
+s
, τ

+s
): saturation of the product phase;

– (γ−s
, τ−s

): unsaturation of the product phase;

– (γ−0 , τ−0): depletion of the product phase.

3.1 Elastic parameters

The determination of the elastic parameters E0, Es, ν0 and νs is described next. Considering the experimental axial
characteristic points the elastic modulus for the parent and product phases are given by:

E0 =
σ

+0

ε
+0

, Es =
σ

+s
− σ−s

ε
+s
− ε−s

. (25)

The shear modulus of the parent and product phase are computed accordingly to the shear test:

G0 =
τ

+0

γ
+0

, Gs =
τ

+s
− τ−s

γ
+s
− γ−s

. (26)
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3.2 Saturation strains

To determine the saturation strains under axial loading εTsax and under shear loading εTssh it is enough to consider the
transformation strain at the saturated stress-strain states on the axial and shear tests respectively. The equations obtained
are:

εTsax =

√
3

2

(
ε
+s
−
σ

+s

Es

)
, εTssh =

1

2

(
γ

+s
−
τ

+s

Gs

)
. (27)

3.3 Radius of the elastic domain

The four constants for the radius of the elastic domain can be determined accordingly to:

Rax0 =

√
2

3

σ
+0
− σ−0

2
, Raxs =

√
2

3

σ
+s
− σ−s

2
, (28)

and:

Rsh0 =
√

2
τ

+0
− τ−0

2
, Rshs =

√
2
τ

+s
− τ−s

2
. (29)

3.4 Maxwell stress τM (T )

On this work the determination of the Maxwell stress is done considering the axial experimental test, by means of the
formula:

τM (T ) =

√
2

3

σ
+0

+ σ−0

2
. (30)

3.5 Hardening modulus

The determination of the hardening modulus can be done utilizing:

hax =
1

εTsax

(√
2

3

σ
+s

+ σ−s

2
− τM (T )

)
, hsh =

1

εTssh

(√
2
τ

+s
− τ−s

2
− τM (T )

)
. (31)

4. NUMERICAL SIMULATIONS

The mechanical model was discretized considering an implicit scheme for the integration of the evolution laws: Equa-
tions (6) to (11). Experimental data produced by Mehrabi et al. (2015) was use to access the capability of the model
to represent the stress-strain behavior of shape-memory alloys. The data includes the pure axial and pure shear tests
necessary for the parameters determination, but also combined axial and shear experiments, with proportional and non
proportional loading paths. A total of five strain driven experiments were simulated, and labeled accordingly to Tab. 1,
which shows also the type of loading, the maximum axial strain and the maximum shear strain on each test. In all cases the
minimum axial and shear strains was zero. To compare the new model with respect to the Souza et al. model, simulations
with the latter were also performed with the same experiments.

Table 1. Description of the simulations performed.

Label Type Max. axial strain Max. shear strain
Test 1 Pure axial 6.3% 0
Test 2 Pure shear 0 9%
Test 3 Proportional 3.8% 4.2%
Test 4 Non proportional 3.5% 4.2%
Test 5 Non proportional 3.5% 4.2%

4.1 Loading paths

The pure axial and pure shear tests considered in this work have minimum axial and shear strains equal to zero, and
maximum axial and shear strains described in Tab. 1. The other three experiments considered are represented on Fig. 3,
Fig. 4 and Fig. 5. Figure 3 shows Test 3, a proportional test with strain control. The maximum axial strain on this test
was 3.8%, while the maximum shear strain was 4.2%. On Fig. 4 the strain control on Test 4 is shown. The maximum
axial strain is 3.5%, while the maximum shear strain is 4.2%. Finally, Fig. 5 shows the controlled strain for Test 5. The
maximum axial strain and shear strain are also 3.5% and 4.2% respectively.
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Figure 3. Prescribed strain on the pro-
portional experiment, Test 3.
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Figure 4. Prescribed strain on the non
proportional Test 4.
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Figure 5. Prescribed strain on the non
proportional Test 5.

4.2 Characteristic points and material parameters

Tests 1 and 2 were used for the determination of the material parameters. Figure 6 and Fig. 7 show the chosen
characteristic points for the axial and shear tests, respectively, along with the experimental data.
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Figure 6. Characteristic points on the axial experiment.
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Figure 7. Characteristic points on the shear experi-
ment.

The chosen characteristic points yield the parameters show in Tab. 2. For the Souza et al. model, all parameters
were determined from the axial experiment considering the parent phase when applicable, with the exception of the shear
modulus, which was determined from the shear test on the parent phase.

Table 2. Material parameters for the new model.

Phase E G Rax Rsh hax hsh εTsax εTssh τM (T )
(MPa) (MPa) (MPa) (MPa) (MPa) (MPa) (%) (%) (MPa)

Parent phase 16846.57 8596.53 53.01 45.24 2284.09 4359.97 4.26 3.69 128.71Product phase 13001.84 6997.27 72.27 72.49

5. RESULTS

The resulting simulations for the axial and shear tests for the new model and the Souza et al. are shown in Fig. 8 and
Fig. 9 respectively, along with the experimental data and the chosen characteristic points. We see on the axial case that
both models perform similarly, and are able to represent reasonably the experimental data. The Souza et al. model is able
to target three of the four characteristic points: nucleation, saturation and depletion. These are the only points used on
the axial test for this model. The new model, on the other hand, is able to target all four characteristic points on the axial
tests, since all of them were used to compute the material parameters for the axial case.

A significant deviation from the shear experiment is produced by the original Souza et al. model. There is no parameter
determination considering the shear data on this model, with the exception of the shear modulus. The chosen characteristic
points are therefore not satisfied, specially on the product phase, where the model predicts lower stress levels. On the
new model all four shear characteristic points were used for the determination of material constants, and the shear test is
characterized with greater precision: all four characteristic points are targeted, and we see greater stress levels accordingly
to the experiment.

Figure 10 and Fig. 11 show for the proportional test, Test 3, the axial stress-strain behavior and the shear stress-strain
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Figure 8. Simulations for the axial test.
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Figure 9. Simulations for the shear test.

behavior, respectively. On the axial test, both models perform equally, and we see higher stress levels in comparison with
the experimental data, specially on the product phase. On the shear test we see the opposite effect in both models, a lower
stress level when compared to the experiment. Since the new model presented higher stress levels on the pure shear test,
it might be expected to increase the stress level on this case. Figure 11 shows otherwise, with the two models presenting
almost the same behavior.
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Figure 10. Axial response on the simulation of Test 3.
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Figure 11. Shear response on the simulation of Test 3.

The axial stress - axial strain response for the first non proportional test, Test 4, is shown in Fig. 12, along with the
performed simulations. In this case the two models are able to represent reasonably the experimental data, with the greater
difference seen on unloading. The shear stress - shear strain response, represented in Fig. 13, and the shear stress - axial
stress behavior, Fig. 14, show a greater difference between the models and the experiments. On both models the shear
stress level are considerably lower with respect to the experiment. The new model presents a relative increase in such
level, but it is not enough to reach the experimental results.
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Figure 12. Axial response on the simulation of Test 4.
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Figure 13. Shear response on the simulation of Test 4.

On the second non proportional test, Test 5, the axial and shear stress-strain responses are show in Fig. 15 and Fig. 16,
respectively. On the axial case little difference is seen between the models and the experiment. The two models were able
to represent reasonably the cycle, with the correct stress levels. On the shear data, however, both models presented lower
shear stress levels than that seen in the experiment, and even though the new model was able to increase the shear stress
level, such increase was not enough to correctly characterize the experimental results.
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Figure 14. Shear stress - axial stress response on the simulation of Test 4.
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Figure 15. Axial response on the simulation of Test 5.
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Figure 16. Shear response on the simulation of Test 5.

With respect to the Souza et al. model, the new model presented some improvements in the characterization of experi-
mental stress-strain responses reported by Mehrabi et al. (2015). In the pure axial and pure shear tests the new model was
able to characterize much better the product phase behavior and the shear test behavior, with eight characteristic points
being utilized on the material parameter determination.

On Tests 3, 4 and 5, however, there was little difference seen between the models. The axial stress-strain behavior
was very similar, with both models performing well. The shear stress-strain behavior on the other hand presented greater
differences between the simulations and the experiments, with higher shear stress levels seen on the experiments. In some
cases, Tests 4 and 5, the new model was able to increase the shear stress levels on the simulation, but such increase was
small and not enough to accurately represent the experimental data.

As this is an ongoing investigation, other improvements are still to be considered. The different tension - compression
behavior reported by Liu et al. (1998); Orgéas and Favier (1998); Gall et al. (1999), for example, could be represented by
changing the definition of ϕ to allow differentiation between tension and compression. Other equations for the material
parameters can be used instead of simple linear combinations. Also, the effect of the Lode angle θS on the material
parameters h and εTs could be considered, and the quantity ϕeT could be used in the definition of R.

6. CONCLUSION

A new model was proposed for the description of the stress-strain response of shape-memory alloys. The model
was developed in the framework of the Souza et al. model, and proposes equations for the material parameters that allow
different behaviors between parent and product phases, and between axial, shear and combined loadings. Five experiments
realized by Mehrabi et al. were considered on simulations with the Souza et al. model and the new model, allowing to
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access the capabilities of the new model with respect to the Souza et al. model and the experiments. On the pure axial
and pure shear tests, the new model performed better, being able to adapt the stress-strain response accordingly to the
phase proportions and the loading type. On the other simulations performed, which considered proportional and non
proportional loadings, there was little difference seen between the models. The axial behavior was reasonably predicted,
but the shear stress-strain simulations presented lower levels of shear stress than that seen on experiments, and the new
model was not able to considerably enhance the results seen on the Souza et al. model.
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