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Abstract. Shimmy in aircraft landing gears is a dynamic instability commonly caused by structural and tyre-to-ground in-
teraction. The instability onset conditions can be predicted with linearized models that depend primarily on the structural
dynamics and simplified linear tyre loads. The shimmy self-excited mechanism is driven by divergent unstable motion that
can define the phenomenon’s boundaries in terms of vertical force and forward speed, limiting the aircraft’s operational
landing envelope. The control of the shimmy instability has been performed with passive and active techniques. Although
there are different control design strategies, the shimmy dynamics’ stabilization is still a formidable challenge. In this
context, this work proposes an approach to suppress unstable shimmy motion, considering uncertainties on a landing gear
structure. The landing gear model comprises torsional landing gear dynamics and tyre loads based on nonlinear coupled
lateral displacement and self-alignment angular motion. Polytopic convex hulls are used to describe the uncertainties,
and Lyapunov'’s stability function with Linear Matrix Inequalities (LMIs) are used to design a robust controller. Numeri-
cal simulations are carried out to demonstrate that the control gain can asymptotically stabilize the system responses to
assure a safe shimmy-free landing envelope. A complete analysis of the control performance is also presented.
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1. INTRODUCTION

Shimmy is an aeromechanical phenomenon that occurs in the aircraft’s landing gears (LG) when it is contact with
the ground. This phenomenon is associated with a self-excitation state of oscillations caused by the dynamic interaction
of the tyre-to-ground (Somieski, 1997). The shimmy occurrence results in a potential of instability that can introduce
high levels of vibrations in the LG’s structure, which can cause fatigue and structural limb failures. For this reason, the
shimmy phenomenon is undesirable and the study of techniques to suppress or alleviate it becomes very important for the
aerospace industry.

The dynamic characterization of shimmy in LG’s structures is described by the works (Somieski, 1997; Esmailzadeh
and Farzaneh, 1999; Thota et al., 2010; Rahmani and Behdinan, 2019a). Passive solutions to control this type of instability
has been also reported in the works (Li et al., 2017; Rahmani and Behdinan, 2019¢,b; Laporte et al., 2020). Despite
the authors discuss that passive dampers can mitigate shimmy vibrations, their performance can substantially reduce
when operating in different conditions related to those for which they are previously designed. On the other hand, using
active control strategies is an attractive option to suppress this phenomenon because they allow one to develop adaptive
controllers simpler.

In this context, Tourajizadeh and Zare (2016) compared a optimal control strategy with sliding mode controller to
stabilize the shimmy in the presence of uncertainty and external disturbances. Orlando and Alaimo (2017) designed a
robust non-linear controller to suppress the torsional shimmy with torque link free-play. Recently, Orlando (2020) applied
adaptive control techniques to suppress the shimmy in the landing gear.

In particular, for this study, robust controllers are designed to suppress the shimmy vibrations considering structural
uncertainties. A benchmark model to characterize this linear phenomenon is used, and the control action is achieved
by using a classical electro-mechanical actuator. Parametric uncertainties are considered in LG’s stiffness and damping,
described in terms of convex polytopic hulls to design the active controllers. A complete state feedback scheme is used
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and the controllers gains are determined based on the Lyapunov’s theory applied to the linear quadratic regulator (LQR)
problem with decay rate () restriction solved by means linear matrices inequalities (LMIs), following the Refs. (Olalla
et al., 2009; da Silva et al., 2019). The results demonstrate that this proposed LMI-based controller can be used to sup-
press shimmy instabilities, asymptotically stabilizing the aircraft landing operational envelope under presence of model’s
uncertainties.

2. TORSIONAL SHIMMY MATHEMATICAL MODEL

The benchmark model to study torsional shimmy in this work was based on (Somieski, 1997; Thota et al., 2010;
Tourajizadeh and Zare, 2016; Orlando and Alaimo, 2017; Orlando, 2020). As in real applications, here the inputs that
represent the torsional shimmy are: the vertical force applied on the structure (F,) and the airplane forward velocity (V).
According with appropriate combination of these parameters, the torsional shimmy is observed. The mechanical model
used in this work consists of a turning tube and a sliding tube that are connected by a collar. The Figure 1 is a sketch of the
assembly, which shows the structure parts. The torque link assure that the turning and the sliding tubes can move freely in
the vertical direction. The landing gear structure are linked to a wheel by a caster with length e. Only the torsional motion
(1 (t)), it is make possible to the system. The mass inertia moment of the assembly is I, about the z-axis and the nominal
stiffness and damping of the structure induced by torsional suspension of the LG are accounted for by k, and c,. The
tyre-ground interaction moment applied to the LG structure is accounted by Mr,, (A, 1/)) In addition, the control moment
applied by the electro-mechanical actuator is represented by M.(t).

F,

Actuator

Sliding tube

Torque link — v Tyre

Turning tube

_h
e Q“\

half contact
length

Figure 1. Sketch of the torsional shimmy model.

The differential equation of the motion that represents the shimmy dynamic can described by (Somieski, 1997):

LAp() + e (1) + kot (1) + M, (1, A) = Me(t) (1)
The tyre-ground interaction moment My, (A, Y) = Mg, + eFk, (\) + Mp, (¢), comprises the moment due to
the restoring force of the tyre (Fk, (A)), the self-aligning moment (M, ())) and the tyre’s tread damping moment

(Mp, (1)), with A being the lateral deformation of the main contact point between the tyre and the ground. Following a
linear approach of these efforts, the following relationships must be hold (Somieski, 1997; Thota et al., 2010):

k(XFZ
Mg, = =22
Tk\F,
Fie, = 27 @

MD>\ ('l/}) = %1/)

where k., and k) are the torsional and lateral stiffness of the tyre, respectively, c) represents the lateral damping of the
tyre.



26'h ABCM International Congress of Mechanical Engineering (COBEM 2021)
November 22-26, 2021, Florianépolis, SC, Brazil

The control moment M,.(t) is achieved by introducing an electro-mechanical actuator. It is proportional to the control
input signal u(t) (i.e., voltage applied in the actuator) with the moment constant k., as the following:

M. (t) = keu(t) . 3)
The tyre’s lateral dynamic is modeled by Von Schlippe theory, as the following (Somieski, 1997):

MO+ LM = ViE(E) + (e — byt @

where h is the half contact patch length of the tyre with the ground and L is the relaxation length that commonly exhibit
the values L ~ 3h.
Combining Egs. (1), (2), (3) and (4), the following dynamic model is obtained

La(t) + (c¢ + %) () + kypb(t) + Ff (ko + Tekx) M(t) = keu(t) -
A1)+ M) = VAE(E) + (e — D))

and its representation using the state space realization of Eq. (5) results in,

x(t) = Ax(t) + Bu(t) (6)

_ T
where x(t) = [w(t) Y(t) )\(t)} is the state vector. The matrices A € R"*™ and B € R"*"™ are respectively, the

dynamic and control input matrices, with n and m representing the number of states and control inputs, respectively.
These matrices are given by,

0 1 0
Ky cy | Cx F, 0
- b2 T (kg + Tek _
A= 7T, (12 IZV> IZL( +HTekN) | B = |k ©)
v 0

2.1 Structural Uncertainties Modeling

Parametric uncertainties are considered in LG’s structural stiffness (k) and damping (c,;), by introducing the param-
eter J that accounts the uncertainty fluctuation around the nominal value of the parameter, which results in:

ky = kyy + ko -
Cyp = Cyy + Oy, '

where ¢y, and ky, are the nominal LG’s structural damping and stiffness. The parameter 0 can vary by the range —dp <
0 < dp, with g being the uncertainty level considered in the controller’s design. It is very easy to note that these
uncertain structural parameters are bounded by minumum and maximum values, i.e., ¢y, = [Cy,.;.s Cipnan] aNd ky =
[Krrins Knas s that depends directly of d intensity.

In order to perform the control design, a convex polytopic hull is used to represent the system under these uncertainties.
Once, only the dynamic matrix A contains these parameters, the control matrix B is always constant in this analysis.
Therefore, the uncertain plant can be represented by:

x(t) = (Z aiA,) x(t) + Buf(t), Z a; =1 ©))

where «; is used to describe the simplex unitary hull and A;, i = 1,.. .4, are the sub-systems obtained by combination
of minimum and maximum values of ¢, and ky (i.e., vertices of the polytopic system). In particular to this work, two
uncertain parameters are used, which leads to a four sub-systems, that can be calculated as A1 = A(Cy,,.,s Kyppusn )» Ao =
A(Cyins ke )s Az = A(Cynans Kiprnsn) a0d Ay = A(Cy,rons Kiprnas )» With A(cy, ky) representing the application of
matrix A (cf. Eq. (7)) at particular values of ¢y, and k. Based on this modeling, the uncertain design space can be
represented by a rectangle (cf. Figure 2), and the controllers must be designed to assure the system’s stability for its whole
area.
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Figure 2. Illustration of the convex polytopic domain for controllers design.

3. ON THE ROBUST CONTROLLER’S DESIGN

A full state feedback controller gain is used to mitigate the shimmy phenomenon and stabilize the landing gear. The
control method is based on those proposed in references (Olalla et al., 2009), which consists of solving a linear convex
optimization problem in terms of LMIs. The method is based on the Lyapunov stability theory and results in a simple
structure’s final state feedback gain.

Considering the controlled uncertain shimmy plant represented by Eq. (9), the strategy is to determine a state feedback
control gain, K, by the control law u(t) = Kx(t), such that the following closed loop system is asymptotically stabilized.

x(t) = (A(a) + BK)x(?) (10)

where « indicates the presence of the uncertainties.

The linear quadratic regulator problem is used in this work to design the the controller gains in terms of LMIs. A
sufficient condition to ensure the asymptotic stability of the system and minimize the LQR performance index, J =
J.° x"Qx 4+ uRu) dt (Olalla et al., 2009), in terms of LMIs is used in this work and given by the Theorem 1. The
matrices Q and R are used to balance the transient performance and energy demand of the controllers.

Theorem 1 A state-feedback gain K that stabilizes asymptotically the system from Eq. (10) and guaranteed cost J and
decay rate v, if there are matrices W = W1 € R"*", Z € R™*", X € R™ ", such that they satisfy the following LMIs:

min  Tr(QW) + Tr(X)

subject to (11
AW +BZ+WAT + ZTBT +29W <0, i=1,...,4
X R'/2Z

where the Lyapunov matrix and the state feedback gain are respectively given by P = Wl and K = W1 Z.

Proof: See da Silva et al. (2019).
4. RESULTS AND DISCUSSIONS

To illustrate the presented approach numerical simulations are carried out considering the LG’s parameters defined in
Thota et al. (2010), for which the system’s physical and geometric properties are shown in Table 1. The shimmy stability
analysis is performed to find the instabilities boundaries (i.e., range of forward speeds where the phenomenon takes place)
and the robust control design is done by using the introduced formulation.

4.1 Linear Shimmy Analysis

Figure 3 depicts the evolution of real part of eigenvalues of the dynamic matrix with the forward velocity V, for the
torsional shimmy model, considering the vertical force (F,) as 150 kN. The linear shimmy phenomenon is identified when
the real part of the eigenvalues of the dynamic matrix reaches zero (i.e., Re(p;) = 0, where p; referring to the eigenvalues
of the state matrix A, with ¢ = 1,...,3). It is observed that for this vertical force level, the linear shimmy boundary is
defined in following range of forward velocity, V' = [4, 134.75] m/s. It is also verified that the more critical instability
condition occurs at V' = 19.5 m/s, highlighted by highest positive value of real part of eigenvalues. Additionally, Figure 4
shows the time histories of the structure for different levels of forward velocity inside the shimmy boundary of instability.

In order to verify the effect of structural uncertainties in the dynamic behavior of system, robust shimmy boundaries
were built considering two uncertain levels (i.e., g = 10% and 69 = 20%). An eigenvalue analysis of the four sub-systems
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Table 1. Parameters of the shimmy model.

Parameter Value
Caster length (e) 0.12 m
Torsional stiffness of the structure (k) | 3.8 - 10° Nmrad—!
Torsional damping of the structure (cy) 300 Nmsrad—!
Mass inertia moment on the z-axis (1) 100 kg m?
Half contact patch length (h) 0.1 m
Damping coefficient of the tyre (cy) 570 N m? rad—!
Torsional stiffness of the tyre (k) I mrad—!
Lateral stiffness of the tyre (k) 0.002 rad—!
Relaxation length (L) 0.3m
Vertical force (F,) 150 kN
Actuator Moment (k) 1000 N m

Real part of the Eigenvalues

Eigenvalues Curve

10 20 30 40 50 60 7

0 0 80 90 100 110 120 130 140 150
Forward Velocity [m/s]
Figure 3. Linear shimmy boundary.
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Figure 4. Time histories of system in shimmy instability.

(i.e., vertices of the polytopic system) is shown in Figure 5(a,b), respectively, for each considered level of uncertainty.
Based on these results, it is observed more critical instabilities when the LG’s stiffness and damping are minimum (i.e.,
vertex 1 of the polytope), which is physically expected.
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Figure 5. Effect of structural uncertainties on shimmy linear boundaries.

The increase of the uncertain parameter make the system more unstable, because the parameters variation covers more
values, both higher and lower for the torsional stiffness k, and the torsional damping of the structure c,,. As it is possible
to notice in both eigenvalues curves, the matrix A1 is is the point of greatest danger, which has the most real part of the
complex eigenvalues. This is mainly because at this point, the combination of values for &, and c,, are the least possible,
allowing vibrations to propagate. Furthermore, when analyzing the Eq. (1), it is noticed that the places in which the £
and ¢, coefficients are located significantly influence the oscillations caused in the landing gear due to multiplying the
torsional motion and velocity. Thus, the velocity V' for each uncertain value was based on the point of greatest intensity
in the shimmy effect for the matrix A;.

4.2 Control of shimmy instabilities

Using the methodology described in Section 3, the state feedback controller gains are obtained by solving the convex
optimization problem of Egs. (11). It is used the Matlab LMI toolbox considering Q = 0.001I343, R = 1 and decay rate
of v = 0.01. These values were defined arbitrarily and the controllers are designed at the forward speed when the worst
condition of instability is found. The controller’s gains for 10% and 20% uncertainty are given by:

Koy = [-0.62520 —0.04397 1.28826],  Kagy = [0.99635 —0.05152 1.46817] (12)

Based on these control gains, an eigenvalue analysis of the controlled shimmy system is carried out and depicted in
Figure 6(a,b), respectively for 10% and 20% levels of uncertainty. Based on these results, it is verified the complete
asymptotic stabilization of the system (i.e., for all shimmy boundary) with the implemented control strategy for the two
uncertain scenarios, which can be confirmed by negative values of real parts eigenvalues.

Real part of the Eigenvalues

-24

I I I I I I I I I I I I I I , 29 . . . I 1 1 1 1 1 1 1 1 1 1 )
0O 10 20 30 40 50 60 70 80 90 100 110 120 130 140 150 0 10 20 30 40 50 60 70 80 90 100 110 120 130 140 150

Forward Velocity [m/s] Forward Velocity [m/s|
(a) 8 = 10% (b) 8o = 20%.

Figure 6. Eigenvalues Curves for the Controlled System.

Figures 7 and 8 compares the uncontrolled and controlled time histories and phase portraits of the system, respectively.
The four sub-systems are analyzed for 10% of uncertainty. Based on these results, it is verified the asymptotic stabilization
of the LG for all vertices of the polytopic system.

Similarly, Figures 9 and 10 show the uncontrolled and controlled time histories and phase portraits of the LG, respec-
tively, considering 20% of uncertainty. From these results, the asymptotic stabilization of the system it is observed for all
vertices of the polytopic system.
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Figure 7. Comparison of the controlled and uncontrolled LG’s torsional motion considering § = 10%.
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Figure 8. Comparison of the controlled and uncontrolled LG’s phase portrait considering § = 10%.

5. CONCLUSION

In the present paper, an alternative approach to design a robust controller to suppress the effect of linear shimmy
phenomenon in the LG’s structure has been proposed, in which the feedback controller gains were found using the solution
of the convex optimization problem with LDQ performance index.

The classic model for the torsional shimmy was employed with the addition of a control moment. Structural uncer-
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Figure 9. Comparison of the controlled and uncontrolled LG’s torsional motion considering § = 20%.
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Figure 10. Comparison of the controlled and uncontrolled LG’s phase portrait considering § = 20%.

tainties were modeled using the convex polytopic hull to represent the area that the controller should be designed to assure
the system stability with LG’s structural stiffness (k) and damping (cy) as the parametric uncertainties. The LMI for-
mulation has been defined with the Lyapunov stability theory and modified to present the Lyapunov matrix and the state
feedback gain when the system is solved.

A numerical simulation for the linear shimmy was presented, in which, first, the open loop system was analyzed to
locate the worst instability condition in the LG’s structure. Then, the close loop system was considered and the controller
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gains for 10% and 20% uncertainty were computed using the Matlab LMI toolbox with arbitrary values for Q, R and
v to solve the LMIs system. Finally, the effectiveness of the controller was verified by comparing the controlled and
uncontrolled torsional motion and phase portrait of the landing gear.

The results demonstrate that the proposed LMI-based robust controller approach can be used as an active control to
suppress the shimmy instabilities, asymptotically stabilizing the aircraft landing operational envelope in the presence of
model’s uncertainties.
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