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Abstract. Rotor-stator rubbing is an intriguing dynamic phenomenon and can cause dangerous effects that may lead to
machinery failure, hence, it is of fundamental and practical importance to investigate it. In this study, the established
approximate analytical solution to the problem of rotor-stator rubbing is extended to include the Coulomb friction
between the rotor and stator. There are two sources of non-smoothness in the investigated problem, where the first is
related to the switching between contact and non-contact regimes. The second non-smoothness relates to friction during
contact and depends on the change in the direction of the relative velocity between the rotor and stator. The governing
equations of motion are strongly nonlinear due to the nonlinear contact forces. The analytical solutions for the individual
contact and noncontact regimes are obtained then both solutions are coupled together at the switching interface by
precisely evaluating the switching instances. These instances represent the end time for the previous state and the initial
time for the new state where switching occurs. Moreover, the relative velocity between the rotor and stator while in
contact is monitored to adjust the direction of the tangential contact forces. The results of both the individual contact
and noncontact models, and the complete analytical model are verified with the numerical methods based on direct
integrations methods. The time response results show that both the numerical and analytical solutions are matched in
case of periodic and quasi-periodic responses.
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1. INTRODUCTION

The importance of rotor-stator rubbing in the industry leads to hundreds of experimental and theoretical research studies
that deal with this phenomenon. A comprehensive review on rotor-stator rubbing can be found in (Jacquet-Richardet et
al., 2013; Prabith and Krishna, 2020). The theoretical models for rotor-stator rubbing may be divided into low dimensional
models (Hong et al., 2019; Behzad and Alvandi, 2020; Yang et al., 2021; Feng and Zhang, 2002), continuous system
models (Zhang et al., 2021; Phadatare and Pratiher, 2021; Huang et al., 2011; Ma et al., 2015a) or finite element models
(Hao et al., 2021; Yu et al., 2021; Liu et al., 2020; Chen et al., 2017; Ma et al., 2015b). Most of the literature is based on
low dimensional models as they are relatively simple, which allows for comprehensive analysis of the models and their
parameters. In addition, an analytical solution may be derived from such low dimensional models.

Pavlovskaia et al. (2004) introduced a model for the contact between the rotor and preloaded snubber ring. In this model,
the snubber ring centre is not fixed and the location after intermittent contact is obtained using the principle of minimum
elastic energy. Karpenko et al. (2006) introduced an experimental verification to the model introduced by Pavlovskaia et
al. (2004). The results of experimental and theoretical studies are in good correlation to each other. Qin et al. (2008)
investigated the grazing bifurcation in the response of rotor-stator rubbing. The rotor model is obtained using the transfer
matrix method. The results showed that the response could go to chaos from periodic under grazing bifurcation. Chévez
and Wiercigroch (2013) investigated the complex dynamics of intermittent contact between the Jeffcott rotor with bearing
clearance. The study was based on path following and detection of periodic trajectories and their bifurcations using TC-
HAT software which is a toolbox of AUTO 97. Pdez Chavez et al. (2015) investigated a mathematical model for rotor
contact with a snubber ring which is isotopically supported. The model is validated with experimental results. The results
show that the theoretical model is effective in predicting experimental results at lower frequencies. Wang et al. (2020)
investigated the four-dimensional piecewise smooth rotor-stator rubbing system. Their results introduced a deep
explanation to the self-excited dry friction. Srivastava et al. (2021) investigated the effect of involving a smoothening
function in the rotor rub model. They introduced the benefits of such a model in reducing the computational time. Praveen
Krishna and Padmanabhan (2017) investigated the rotor-stator rubbing theoretically and experimentally. The theoretical
model is done using harmonic balance method and time variational method. The experimental results are used to validate
the proposed model. Yu and Chen (2021) used a combination between harmonic balance method and trust region methods
to obtain the rotor stator rub model solution. Hong et al. (2018) investigated theoretically and experimentally the effect
of non-smoothness due to rotor stator contact on the system response. The theoretical model is based on finite element
modelling. Their results show that the intermittent contact results in a significant increase in the modal frequencies and
critical speeds of the rotor.

Karpenko et al. (2002) introduced an approximate analytical solution to the problem of piecewise smooth rotor-stator
contact. In this model, the nonlinear contact forces are approximated using first order Taylor's expansion in order to
linearize the system equation and to obtain an analytical solution. The contact between the rotor and stator is assumed as
frictionless. The model results were very promising in obtaining the system periodic and chaotic responses. Jiang (2009)
investigated the rotor-stator rubbing problem based on a low dimensional model. Jiang introduced an analytical solution
to the solutions phases, then the solution boundaries in the parameter space were investigated. Shang et al. (2011) extended
the work of Jiang (2009) after including the dry friction effects. They concluded that contact stiffness affects the
characteristics of dry friction.

The present paper is considered as an extension to the established analytical solution for the piecewise rotor-stator rubbing
problem. The Coulomb friction at the contact point is considered in the present model. This increases the complexity of
the analytical model. After this introduction, Section 2 introduces the piecewise analytical solutions for the cases of
noncontact and contact regimes and the two solutions' coupling. Section 3 introduces the present model results. This
includes an evaluation of the contact forces and the system eigenvalues. Then, the effect of introducing the coefficient of
friction between the rotor and stator is considered using both the present analytical solution and the direct integration
numerical method. Finally, the conclusions section summarizes the main findings.

2. ANALYTICAL MODEL

The physical model of the considered rotor system is assumed be a rotating disc with speed is Q, having mass m, stiffness
and damping of k,. and d,. respectively. The rotor is surrounded by an isotropic circular stator which has a stiffness of k.
The circular clearance between the rotor and stator is y as shown in Figure 1. The rotor 0O, is the geometrical centre of
the rotor, O, is the geometrical centre of the stator, O, is the mass centre of the rotor, e is radial distance between the mass
center and the geometrical center, and ¢, is the initial phase angle. R, is the rotor radius. The x and y coordinates are
located at the geometrical centre of the rotor which is assumed constant in this work. The radial position of the geometric

centre isr = \/x? + y? . When the rotor is in contact with the stator, a normal and tangential force components are created
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which are Fy, and F; respectively. The coefficient of friction between the rotor and stator is p. Since the rotor is assumed
massless, Jeffcott rotor model can be used to represent the physical model. The equation of motion for the rotor
geometrical center can be written in case of r < y as shown in Equation (1). When the rotor contacts the stator i.e. r >
y, the equation of motion can be written as in Equation (2).

(a) (b)

Figure 1 Schematic diagram for rotating disc contact with stiff wall; (a) physical model (b) adopted co-ordinate
system and variables.
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The vector [Fx  F,]T represents the nonlinear contact force, where the contact forces in x and y directions:

Fe=—=Fy(x /1) + Fr(y /1), F,=—=Fy(y /1) —Fr(x /7)),

where
Fy = ks(r —y) and Fr = sign(v,) p Fy = pc Fy,
v,.1s the relative velocity between the rotor and stator and can be calculated as:

v = Ryw +y(x/m)—x(@y /1),
if (r —y) > 0 and the relative velocity v,~0, contact stick occurs.

Equations (1-2) can be written in the nondimensional form as:
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Il
(b)
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where

kr r_d dr Q , £2 4 52Y1/2
wzfz,rzwt, =—,v= == 2= +9pH)1/2,

The dimensionless nonlinear contact forces can be further expanded as:

o= =K = +K 2 (1-3) = K9 (1-3) = +KFe®9) = Kitefor(%.9), ©
R, = % =Kf,=+K9 (1 ——) + K uck (1 ——) = +Kf1,(&,9) + Kpefoy (R,9), ©)

where fi, = fo, = % (1 - i) and fo, = f1, = (1 - _)

The analytical solution can be constructed from the linear non-contact solution and the contact solution which is nonlinear.
The analytical solution for non-contact equation (1) can be written as:

£=e"" (c;cos(B 1) + ¢y sin(B 1)) + ¢c11 cos( T+ @) + ¢35 SIN(M T + @), 7
§=e7(c3cos(B 1)+ cysin(B 1)) + ¢33 cos( T+ @) + C4q5in( T + @), (8)

where f = V1 — v?2 . c1-c4 are the transient solution constants and ¢, ; - ¢, are the steady state constants. These constants
can be obtained from the initial conditions and steady state solution. X'and $’ can be obtained by differentiating X and ¥
with respect to t.

The analytical solution for the nonlinear contact Equation (2) is more challenging because of the nonlinear contact
forces. To derive an analytical solution, the nonlinear contact forces are linearized then an approximate analytical solution
to Equation (2) is introduced. The first order Taylor's expansion is used to approximate the contact forces at the contact
point. Applying Taylor's expansion to the contact forces Equations (5-6) in the vicinity of (%,, ¥,) results in:

A ~ - =2 .
fixle=zy = faylezzy = %o (1= ) + (1 - 2+ 25) B = %) + 22 (9 - 7), ®)
Y=o y=¥o
Foeleess = Faylimsa = 50 (1 - — +(1 ! y")( )+ 2% 6 %) (10
2x|1%=%9 = 1y J?=J?o:y0( __) - = 5 Yy - yO 5 X—XO
y=¥o y=¥o \/E \/E at at

where a = X3 + 2. Equations (9) and (10) can be simplified as:

f1x|9?:9?0 = f2y|f=fo =A,2+B, Y+ Dy (11)
R y=%o R y=3o
foxlz=2, = fiyle=g, = A2 9 + B £+ D, (12)
y=o y=o
where
1 xO XoJo _ _ %
- _1 y_O — %Yo _ _&
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Now, Equations (5) and (6) can be written as:

fx|f=f0 = (A —ucB) X+ (B, —pucAz) ¥ + (Dy — ucDy) (13)
Y=o

fylz=z, = (B + pic A) £+ (A + pcBy) 9 + (D + pucDy) . (14)
y=%o

Finally, the contact equations (4) can now be written as:

2 [} %1 [Far Fpi]lR F
Contact (2 > 1):;?[;] + 2\%[1(] + [ a1 “] [)f] = —[ ‘“] + 80?2 [COS (e + %)],

y Foo Fpolly Fg, sin (Nt + @)
where
Foi = (1 + K(A; — Hch)), Fyy = K(B; — pic Az), Fgy = K(D; — ucD,),
Far = (1+K(4; + ucBy)), Fpo = K(B, + pc Ay), Fap = K(Dy + p.Dy).

The analytical solution in this case can be written as:

X = eV (c; cos(y1T) + ¢ sin(y;,T) + ¢35 cos(y,T) + ¢, sin(y,T)) + 44 cos(py + n 1) +

C228in(N T+ @p) + Cs5, (15)
9 =e V(51 ¢y cos(yy T) + 81 ¢ sin(y; T) + 5, €3 cos(y,T) + 5, ¢4 sin(y, 7))
+ c33¢c08(N T+ @g) + Cau SIN(N T+ @g) + Cop, (16)
where
s, = Yi+vi-Fa ' (17}
o
s, = V2 +ve—Fa1 ) (18}
Fp1

The transient solution constants c; — c, and steady state constants c¢;; — cg¢ Can be obtained from the initial
conditions and the steady state terms.

Up to this point, we have obtained an analytical solution to the individual cases of contact and noncontact. To reach the
complete solution, both solutions need to be coupled. This is accomplished by defining the following f, function as:

fz = \/f(fi To, X0, Jo, Xo, Fo)? + 9(T; To, X0, Fo, Xo, Fo)? — 1. (19)

If £, is greater than zero, then the contact solution is initiated and vice-versa. The exact time of switching between the
two cases is evaluated using bisection method or spline method. In order to achieve higher accuracy in the evaluation of
the nonlinear contact force, the contact point location is updated at each time step. Meanwhile during the times when the
rotor is in contact with the stator the relative velocity between the rotor and stator is monitored at each time step to adjust
the direction of the tangential contact force.

3. RESULTS AND DISCUSSION

In the present section, the nonlinear contact forces are evaluated at the possible contact points locations using the
approximate value based on Taylor's form in Equations (9) and (10) and using the exact analytical form. Then, the
eigenvalues at the possible locations are also investigated for selected parameters. Finally, different responses are obtained
using the present analytical solution and the results are compared with the system solution based on direct numerical
integration methods. The general system parameters considered through the present work are listed in Table 1.
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Table 1 Non-dimensional parameters considered in the present analysis

Parameter Value
Borehole stiffness ratio, K 17.5 — 17.5€5
Rotor damping ratio, v 0.009478

Disc radius ratio, R, = R, /y 46.16
Unbalance eccentricity ratio, é = e/y 46.16
Rotational speed ratio. n = 2/w 0.7818
Coefficient of friction, u (0-0.1)

3.1  Contact forces based on approximate and exact values:

In this section, the nonlinear contact forces obtained using equations (5-6) are compared with the nonlinear contact forces
evaluated based on the approximate form equations (9-10). This aims to investigate the effect of nonlinear contact force

linearization on the evaluated forces. The nonlinear contact forces are function of the rotor's position, the radial clearance,
and the borehole stiffness.

The calculated nonlinear forces are presented for the for the case of K = 17.6e3, u = 0.1. The rest of system parameters
are shown in Table 1. The nonlinear horizontal and vertical forces based on the exact equations are shown in the first
column of Figure 2 . Similarly, the approximated forces based on first order Taylor approximation are represented in the
second column of Figure 2. It is worth noting that the origin of the Taylor approximation is updated at each location. The
difference between the exact and the approximate force is presented in the third column of Error! Reference source not
found. The results show that the forces evaluated using the first order Taylor expansion are very close to the exact results
and the deviation between the exact and approximated forces at all points is less than 1e-10. It is also shown that for Z <
1, the contact forces are equal to zero where noncontact condition prevails.

10
X
5000 5000 3
.
& 0 £ o0 & 0
a0 |
-5000 -5000 & s
I | 1
1 1 1
0 1 0 0 1 0 0 ] 0
] z (] z Yy T
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) X
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Figure 2 Dimensionless contact force evaluated using exact and approximate forms. The right column represents
the difference between forces evaluated using the two methods. (K = 17.6e3,u = 0.1).

3.2 System response solution

Here the results of the proposed analytical solution are compared with the results of numerical solution for the same
problem using direct numerical integration Runge-Kutta ODE45. The system input parameters are shown in Table 1. Six
different cases are selected to compare the analytical solution results with the numerical solution results. Figure 3 a-f
represent the system flow in case of coefficient of friction 4 = [0, 0.01,0.02,0.03, 0.04, 0.05] respectively. The value of
relative wall stiffness is selected as K = 17.6. The initial conditions are taken as: ¥, = 0.88544, X¥; = 0,7, =
—0.64312,§, = 0. For all the studied cases, the system responses obtained using both the analytical and numerical
solutions are demonstrated in Figure 3. The figure results show that both the analytical and numerical solutions are very
close together at 1 < 0.04. Further increase of the coefficient of friction results in deviation between the two solutions.
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Also, the reader can realize that within the present scope of parameters, involving the coefficient of friction results in
changing the solution from periodic (Figure 3 a) to quasi-periodic (Figure 3 b-e) then to chaotic (Figure 3 f).

Numerical —— — Analytical

(a) (b)
1

1.5 5
1 1
0.5 0.5
> 0 > 0 >
-0.5 -0.5
-1 -1
1.5 1.5

(d) (e)

'f/‘ 74
05 0.5 YR=F ‘:{f‘ﬁ\:d > o
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BT

P ”“‘"%':\\‘\} X
o (/ \' 2

Figure 3 Orbit plots for the nonlinear contact equations using numerical (ODE45) and analytical methods. (a)-(f) [u =
0.0,.01,0.02,0.03,0.04,0.05] respectively. [ v = 0.009478,n = 0.7818, é=7.52, %, = 0.88544,%; = 0,7, =
—0.8039, 7, = 0].

4. CONCLUSIONS

In this work, an approximate analytical solution was obtained for the rotor rubbing problem and the model was applied
to the transverse vibrations of the drill-string problem. A derivation of the analytical solution was presented, and the
results are compared with the results obtained from direct numerical integration.

The main novelty of this work is in including the frictional effects into the analytical solution for the contact
problem and investigating the robustness and validity of the analytical solution for such a highly stiff problem, where
brute force numerical simulation can lead to large errors. The present analysis shows that introducing of friction at certain
conditions results can result in system instability.

The verification of the analytical solution with the numerical solution shows that both the numerical and analytical
solution give the same results in the case of the periodic response and quasi-periodic response. However, by increasing
the value of the coefficient of friction, the response becomes chaotic and the numerical and theoretical flows start to
deviate.
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