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Abstract. In this article, contact stress field between two gears was approximated as ellipsoidal curved surfaces
according to generalized contact theory. Crowned teeth have surfaces modified lengthwise to produce localized
contact. A static load was used to compare the results obtained in the numerical and analytical methods using general
equation proposed by Hertz. Numerical methods applied in ANSYS® were Pure Penalty, Normal Lagrange and Multi-
Point Constraint. Considering normal contact stress, Pure Penalty method in convex-convex configuration obtained
result closest to analytical method while Normal Lagrange method obtained least difference in case convex-concave. It
was proven that shear stress as expected, has a lot of influence on result, mainly on equivalent stress and normal
Lagrange method obtained results closer to analytical method in this regard.
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1. INTRODUCTION

Crowning or barreling is the bulging of the tooth face from the center to the reaching edge and is usually described
as a circular arc profile, making the tooth surface slightly convex. This method allows the gear to maintain contact in
central region of tooth and avoids the contact of edge. Use of crowning (Kubota and Nyumon, 2010; Bergseth and
Bjorklund, 2010) shifts peak load from tooth flank edges and therefore reduces the risk for high contact pressures at
edges.

Gear teeth modifications such as lead crowning are often recommended to compensate for misalignment. Defect can
occur even if gears themselves are correct. Assembly process may present errors of parallelism of two axes or
eccentricity when assembling gears in axes. This is due to other elements that generate interference caused by
inaccurate machining of the casting, housing, shafting, gearboxes, or bearing journals (KHK, 2021). It is also important
to consider contact stresses between gears because of contact fatigue. Contact fatigue differs from the classic structural
fatigue generated by flexion or torsion because it results from a state of contact or hertzian tension. This state of
localized tension occurs when the curved surfaces are in contact under a normal load (Brezeanu, 2015; Azarov and
Zhuravlev, 2017; Purushothaman and Thankachan, 2014) and when one surface moves over the other as in a pair of
gears (Hwang et al, 2013) or in contact of a roller on a track in a bearing (Guidi and Silva, 2013). In this fatigue mode,
the failures are initiated by alternating subsurface shear stresses associated with compression stresses at the contact
(Chandra et al, 2016). Removal of material or fragmentation occurs due to the propagation of micro-cracks generated by
the underground plastic deformation that accumulates with increasing cycles (Tallian, 1967; Rycerz et al, 2017).

The objective of the study in this paper is to better understand the numerical methods cited in other studies on
contact compared to the analytical method using the general contact equation of Hertz as an approximation in case the
gear tooth faces have concave and convex profiles for understand the contact mechanism in this state.

2. ANALYTICAL ANALYSIS OF CONTACT

The contact interactions were studied in two cases. First case was between two identical crowned spur gears acting
as convex-convex configuration model. In second convex-concave case, contact occurred (hypothetically for the study)
between a crowning gear and a non-standard spur gear inspired by Andrei (2005) work whose face width is curved with
modified geometry. The crowned gear studied was generated from modification of a spur gear of module equal to 3
with 20 teeth. The face and flank were modified by shifting the lateral and upper corners, generating a crowning
thickness of 0.2 mm, keeping the envolvental curve in center of face and flank. The two solids generated are illustrated
in Figure 1. The altered gears, in both situations, maintain contact only in the central region of the tooth (pitch circle)
and avoid the contact of the edge.
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Figure 1. The models of solids generated: the first with a concave surface and the second with a convex surface.

In general case when solids are pressed by an external force, they create a contact area delimited by an ellipse as
shown in Figure 2. In the contact region, tractions occur in the normal and tangential directions due to external loading.
These tangential and normal tensions are accompanied by an elastic field of displacements, deformations and stresses in
the bodies (Kalker, 1990). From this, using this theoretical foundation known as generalized contact case, the aim of
article was to understand the behavior of the elastic field of stresses on the surface of bodies where the contact
phenomena occur. The study follows the generalized case according to the Hertz assumptions (Purushothaman and
Thankachan, 2014; Juvinall and Marshek, 2008; Timoshenko and Goodier, 1970): Contact surface is slightly curved;
Stress-strain state is subjected to the linear elasticity theory; Contact surfaces are frictionless; Bodies in contact are
elastic, isotropic, homogeneous and smooth.

convex-concave

Figure 2. Contact region between solids.

According to Eq. (1) (Juvinall and Marshek, 2008; Timoshenko and Goodier, 1970; Sackfield and Hills, 1983)
defines the force F acting between two solid is equal to volume of semi-ellipsoid generated by semi-diameters a and b
of the elliptical region. Maximum pressure p,,q, due to this interaction occurs at the center of the elliptical contact
surface.

2
F= ff pdA = (gﬂ'ab) Pmax (1)
The semi-diameters a and b are defined from Eq. 2 and Eq. 3 (Norton, 2013; Juvinall and Marshek, 2008):
2
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Where:

F is the force acting on the system;

v,and v, are the Poisson's ratio of solids 1 and 2;
E,and E, are the elasticity modules of solids 1 and 2;

kgqandkpare coefficients dependent on geometric constants of solids 1 and 2 according to equations 4 and 5
(Norton, 2013; Juvinall and Marshek, 2008);

k, = 50.192¢ 086215 )
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¢is defined by cos™? G). Geometric constants A and B depend on radius of curvature of solids in contact
according to Eq. 6 and Eq. 7 (Norton, 2013; Juvinall and Marshek, 2008):

1/1 1 1 1
A_E(R_1+E+E+R_£) (6)

1
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R4, Riare the radius of solid 1;
R,, Rjare the radius of solid 2;

Properties of gears are in Table 1.

Table 1. Gear properties.

Properties Convex profile gear Concave profile gear
Poisson's ratio 0.29 0.29
Elasticity module, GPa 207 207
External force, N 100 100
R, mm 18 -25
R', mm 189 -250

The angle @ (in degrees) occurs between planes containing the radius R, and R, of two bodies. In case of cavities
the radius will be negative.

Equations 8, 9 and 10 refer to main stresses acting on center line on surface of bodies (Juvinall and Marshek, 2008;
Timoshenko and Goodier, 1970; Sackfield and Hills, 1983). These stresses are compressive and their values are
maximum on the surface. The tensions decrease significantly, increasing the depth and the distance from the center line.

Oy = — [21/ + (1 - ZV) abj] Pmax (8)
oy, = — [Zv +(1-2v) a%] Pmax 9
0z = —Pmax (10)

Maximum shear stress below surface due to normal stresses in xy plane is defined according to Eq. (11) (Juvinall
and Marshek, 2008; Timoshenko and Goodier, 1970).

Txy = 0,304pmax (11)

Equivalent stress ¢' Eq. (12) is hypothetical uniaxial tensile stress that would produce same distortion energy that is
created by the actual combination of actual stresses involved in solid (Norton, 2013; Juvinall and Marshek, 2008).

o' = /o2 + 02 — 040, + 37, (12)
3. NUMERIC SIMULATION
The commercial software ANSYS® was used for the development the application of the numerical method in

convex-convex and convex-concave contacts in the Static Structural module of the Workbench. The steps of this study
are illustrated in flowchart form in Chart 1:
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Chart 1. Study stages.

3.1 Development of solids and selection of materials

The solids of the two studied contact configurations are developed in design modeler tool. In this study the altered
gears, in both situations, maintain contact only in the central region of tooth (pitch circle) and avoid the contact of the
edge. This assumes the simplification of the case for the pair of teeth in contact. The symmetry tool in the yz plane was
used generating 1/2 of the model in Design Modeler in both configurations as shown in Figure 3 this feature reduces
processing time and allows a greater number of elements in the mesh.

Convex-concave contact

Convex-convex contact

Figure 3. Solids generated in the software.

The material used in the solids was the structural steel available in the software material library with Poisson's ratio
of 0.3, elastic modulus of 207 GPa, tensile yield strength equal 250 MPa and tensile ultimate strength equal 460 MPa.
This material has the mechanical properties similar to the gears listed in Table 1.

3.2 Definition of contact parameters and numerical methods used

The algorithms used were Pure Penalty, Multi-Point Constraint (MPC) and Normal Lagrange. A summary
comparison of the characteristics and particularities of the methods according to (ANSYS, 2015b) are presented in
Chart 2:

Multi-Point Constraint

Good convergence behavior (few

Pure Penalty Normal Lagrange

Additional equilibrium iterations if needed

Good convergence behavior (few
equilibrium iterations).

chattering is present.

equilibrium iterations).

Sensitive to selection of normal

Mo normal contact stiffness is required.

Mo normal contact stiffness is

contact stiffness. required.
Contact penetration is present and Usually, penetration is near-zero. Mo Penetration.
uncontrolled.
Useful for any type of contact - Only Bonded & No
behavior. Useful for any type of contact behavior. Separation beliavios.
Contact dﬂepc;liz;lsat integration Contact Detection at Nodes. Contact Detection at Nodes.

Chart 2. Characteristics and particularities of the methods. Adapted from (ANSYS, 2015b).

The penalty method involves adding a penalty term to enhance the solving process. This method is characterized by
the use of a penalty term to improve the solution. In the case of contact problems the penalty term includes the stiffness
matrix on the analyzed contact surface. The matrix results from the concept of imaginary penetration resistance between
bodies (Stefancu et al 2011; ANSYS, 2007a).
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Lagrange Formulation adds an extra degree of freedom as contact pressure to satisfy contact compatibility (Lanoue
et al 2009). Consequently, instead of resolving the contact force such as contact stiffness and penetration, the contact
force (contact pressure) is explicitly resolved as an extra constraint (Hattori and Serpa, 2015). The Normal Lagrange
method is so named because the Lagrange multiplier formula is used in the normal direction, while the penalty-based
method is used in the tangential direction (Lanoue et al 2009).

The MPC internally adds constraint equations to trap the displacements between the contact surfaces. This approach
is not based on the previous methods. It is a direct and efficient way of relating surfaces of contact regions that are
hurried or connected (Zhang et al, 2012; Xie and Feng, 2009).

In options of the contact were used "Contact stiffness factor" equal to 0.1, "pinball region" equal to 10 um and the
contact defined by "No separation" considering that the components always touch during loading (Guidi and Silva,
2013). The "pinball region" is a parameter of contact element that differentiates between the status of the open or closed
field. It can be thought of as a spherical boundary around each point for contact detection (Guidi and Silva, 2013).

3.3 Mesh development and application of restrictions and loads

Convex-convex configuration was generated automatically with the element SOLID187 used for irregular 3-D
mesh (Guidi and Silva, 2013) with the resources adaptive sizing, transition fast, smoothing medium and mesh refining
was used on the contact faces of the cylinders, and the refining on the was done with option 3 in the contact faces. In
this case the options refer to the refinements of the mesh made automatically reducing the size of the elements, option 3
means the use of the smallest elements, that is, a denser mesh. It is advantageous to use this feature in this study because
of the relatively small size of the models and their simple formats. The use of this tool generates the finest and most
homogeneous mesh in a pre-established way without spending a lot of resources and processing time. Refinement of
meshes on surfaces in contact makes it possible to generate a reliable model with more accurate results. While a mesh
with coarser elements can generate errors or difficulties in the convergence of results, especially when it comes to the
study of the contact interface, uncertain results can occur due, for example, to false contact detection or surface
penetration.

Restrictions used in this system limit the movement of drive gear tooth in directions of x and y axes while the
driven gear tooth is restricted in all axes. The external load used has an intensity of -100 N in the direction of the z axis.
All of these procedures are illustrated in Figure 4.

Figure 4. Contact regions, mesh profile and restrictions assigned in the convex-convex model.

In other case, convex-concave, mesh was automatically generated with the element SOLID187, the procedures are
illustrated in Figure 5. Mesh refining was used on the surfaces that touch during the loading; both were generated with
option 3. The concave solid (driven gear tooth) received restrictions on all axes and the convex (drive gear tooth) only
moves on the z-axis. The load assigned to drive gear tooth was identical to that used in case of convex-convex of -100
N on the z-axis.

Figure 5. Contact regions, mesh profile and restrictions assigned in the cylindrical convex-concave model.
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3.4 Adjusting the pinball region tool and comparing results

The pinball region parameter defines how far the contact surfaces are separated, that is, it differentiates if the
contact is "far field open" or "near field open" in each interaction. This element acts within a spherical area defining the
limits of each contact detection point. For example, if a node is inside this sphere at the contact interface of the target
surface, the software checks this area after each interaction in search of contact detection. However, elements outside
this sphere are considered distant and will not be monitored between interactions (ANSYS, 2015b).

In this study, contact was defined as no separation and this influences the behavior of the pinball region. In this
case, the software considers as closed contact the elements of the contact and target surfaces within this region. In the
case of curved surfaces, the software can consider that the nodes and distant elements are in contact if the pinball radius
is greater than necessary, generating excessive restrictions on the contact matrix. From that, a manual interaction
method was used, increasing the pinball radius to 100 um and then 500 pm for the results to converge according to the
results of the analytical method.

4. RESULTS
Results obtained from stress values generated in the contact of two configurations studied using the analytical and
numerical methods are shown in Table 2 and Table 3. For greater approximation with the analytical method, interactive

mode was used for all methods.

Table 2. Results of convex-convex configuration.

Method used in convex-convex contact

Stress Analytical Pure Penalty Normal Lagrange MPC
Equivalent 761.670 MPa 763.850 MPa 777.680 MPa 589.250 MPa
Normal 768.800 MPa 751.160 MPa 871.510 MPa 915.960 MPa
Shear 48.780 MPa 50.986 MPa 50.802 MPa 45.970 MPa
Table 3. Results of convex-concave configuration.
Method used in cylindrical body in a cylindrical cavity contact
Stress Analytical Pure Penalty Normal Lagrange MPC
Equivalent 207.680 MPa 188.720 MPa 162.510 MPa 821.550 MPa
Normal 201.100 MPa 204.430 MPa 200.230 MPa 948.950 MPa
Shear 12.001 MPa 9.234 MPa 6.017 MPa 23.953 MPa
Percentage differences obtained between results are shown in Table 4 and Table 5.
Table 4. Differences between results in convex-convex contact.
Compared Methods
Stress Analytical / Pure Penalty | Analytical / Normal Lagrange Analytical / MPC
Equivalent 0.286% 2.102% 12.811%
Normal 2.294% 13.360% 19.142%
Shear 4.522% 4.145% 5.761%
Table 5. Differences between results in convex-concave contact.
Compared Methods
Stress Analytical / Pure Penalty | Analytical / Normal Lagrange Analytical / MPC
Equivalent 9.129% 21.750% 295.585%
Normal 1.656% 0.433% 99.608%
Shear 23.050% 49.858% 371.880%
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The small differences found in the convex-convex case between the compared methods were between 0.2% and 4%
using Pure Penalty. While in the other case convex-concave the minor differences between the methods occur using
Normal Lagrange ranging from 0.4% to 49%. The lowest result between the comparisons occurred with the Pure
Penalty method in the convex-convex configuration considering only the normal tension with a difference 0.286%.

From results of analytical method was obtained the behavior of contact stresses normalized in reaction to depth,
illustrated in Figure 6. Normal compressive stress o,, decreases with the depth below the elliptical contact surface as
well as the behavior of o, and o,.

04

0.2

Mormalized Depth z'a

Figure 6. Normalized stresses as a function of depth.

Material is subjected to action of force in negative direction of z-axis and tends to expand in x and y directions due
to Poisson's ratio (Kohn and Silva, 2020a; Kohn and Silva, 2020b; Norton, 2013; Juvinall and Marshek, 2008).
Therefore, the material cannot move within this region of acting pressure and reacts by generating compressive forces
in the x and y directions. Due to symmetrical shape of load, stresses in x, y and z directions, shown graphically in Fig. 6
are the main stresses (Kohn and Silva, 2020a). Shear stress has positive values and according to (Norton, 2013) have
maximum value just below surface. In this case, as shown in Figure 6 equivalent stress has a curve behavior similar to
that of shear due to its great influence on material distortion (Kohn and Silva, 2020a).

In Figures 7-9 the results of methods used in convex-convex contact configuration were illustrated. Regions present
a significant difference in amplitude of gradients resulting in normal and shear stress, while regions delimited by
equivalent stress are similar in MPC and Lagrange methods.

AADL

Equivalent Marmal

Figure 7. Stresses in convex-convex contact using Pure Penalty method.

AAA

L1
Equivalent Shear Normal

Figure 8. Stresses in convex-convex contact using MPC method.
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Equivalent

Figure 9. Stresses in convex-convex contact using Normal Lagrange method.

In convex-concave configuration there is a similarity in shape and amplitude of equivalent stress gradients in all
methods. In Figures 10-12 results of methods used were illustrated. In normal stress results, similarity occurs between
MPC and Pure Penalty methods. However, in shear results, stressed regions are different with asymmetric amplitudes.
Differences in results are obtained from characteristics of each contact mechanism and because of differences in contact
areas as seen in gradients of each method used. In this case, it was verified that in all methods there are two points of
contact on tooth face and this behavior was not expected, even with an interactive method changing the contact
parameters, the gradient persisted. This can justify the high error compared to the analytical method, since only one
elliptical-shaped contact point was foreseen.

Equivalent Shear Normal

Figure 10. Stresses in the convex-concave contact using the Pure Penalty method.

Equivalent

Figure 11. Stresses in the convex-concave contact using the MPC method.
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Equivalent Shear Marmal

Figure 12. Stresses in the convex-concave contact using Normal Lagrange.

5. CONCLUSION

Analyzing the results of normal contact stresses from analytical and numerical studies, the Pure Penalty method in
convex-convex configuration obtained closest result to analytical method while the Normal Lagrange method obtained
the smallest difference in convex-concave case.

It was verified that the shear stress has a lot of influence on the result as shown in Figure 6, mainly in the equivalent
stress where it has a similar curve behavior due to its great influence on the material distortion. Considering the shear
stress, the Pure Penalty method obtained the closest results to the analytical method in both configurations.

Considering the behavior of the results obtained in the numerical method, it is observed that the areas where the
generated stresses act are different even though the characteristics of meshes and constraints used are identical between
the three methods. In Figures 7-9 the results of the convex-convex contact methods show a significant difference in the
amplitude of the normal and shear stress gradients, while the regions bounded by equivalent stresses are similar in the
MPC and Lagrange methods. In the convex-concave configuration, there is a similarity in shape and amplitude of the
equivalent stresses gradients in all methods as shown in Figures 10-12. In the case of normal tension, there is a
similarity between the MPC and Pure Penalty methods. Even with the similarity of the stresses amplitude format (in
relation to the other two methods), the percentage difference obtained in the MPC results in relation to the analytical
method exceeded 99%. The interactions with the pinball region had no effect for the result to converge with the
expected. Therefore, in this case, the MPC method with the configurations used was not viable for the convex-concave
study.

The cause of the variation in the results can be generated by the area recognized in the contact between the solids,
as shown in Chart 2, the contact detection in the Normal Lagrange and MPC methods takes place at the nodes while in
the Pure Penalty method it takes place at the integration points. In this specific case with curved surfaces the contact
without separation can influence the contact region in an erroneous way with the use of the pinball region. If the radius
value of this region is beyond what is necessary the software can generate closed contact in distant areas enlarging the
interaction region also affecting the number of nodes included in the equations of all methods. Thus, it can lead to a
sampling space where the mathematical model used is restricted and ineffective.

In the numerical study of the hypothetical gear (convex-concave) it was found that in all methods there are two
contact points on the tooth face and this behavior was not expected even with an interactive method changing the
contact parameters the gradient persisted. This can be caused by the hypothetical gear face not being suitable for the
envolvental curve with the parameters used in the gear.
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