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Abstract. The oil and gas industry raises the demand for new gas separation technologies due to the exploration of the
pre-salt reservoirs where the natural gas have a high concentration of carbon dioxide. The sugar and ethanol industry
also contributes to this demand with the increase of the production of biogas from vinasse, which also has a high CO2

content. For this reason, we investigate the feasibility of using supersonic gas separators to remove part of the carbon
dioxide content from raw natural gas and biogas. In that context, we have developed a model of the fluid flow behaviour in
a nozzle which allows the verification of the supersonic nozzle separator performance in the component separation of fuel
gases that contain high amounts of carbon dioxide and methane. The proposed model assumes inviscid one-dimensional
compressible flow of a gas mixture with homogeneous nucleation and growth of CO2 droplets. We implemented a partial
differential equation solver of the set of equations that model the flow based on the AUSM scheme. We predicted the
thermodynamic and physical properties of the fluids using expressions that consider non-ideal fluid behaviour and non-
equilibrium states, such as metastability, and are readily available in computational libraries. First, validations of the
numeric model were carried out, through the comparison of simulation results with experimental data of supersonic wet
steam flows found in the literature. Next, we have produced a numerical model of the flow of methane and carbon dioxide
mixtures at supersonic speeds in nozzles. In the simulations performed, the mixture reached conditions in which the
carbon dioxide condensed while methane remained gaseous. With the simulation results, we analysed the impact of the
nucleation phenomenon in the flow and could assess the sensitivity of the nucleation behaviour to variations of some
flow parameters, such as total pressure, total temperature, and carbon dioxide concentration at the inlet. These results
constitute a first analysis of the purification capacity of the supersonic gas separator by the condensation of carbon
dioxide.
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1. INTRODUCTION

With the growth of the biogas production and pre-salt oil wells exploration, gas streams rich in methane but also with
high concentration of impurities, as carbon dioxide, are available. To use those streams as energy source in applications
such as vehicles or even for injection in the gas distribution network, the gas composition must meet the regulatory agency
requirements (ANP requirements in the case of Brazil). Therefore, purification technologies need to be applied to remove
the impurities of the fuel streams mentioned above.

When the impurities of these gas streams are analysed, it can be seen that the carbon dioxide is the most abundant, as
it is usually the second species in terms of molar fraction of all gas components. Hence, methods of extracting the carbon
dioxide from streams turn to be extremely relevant. Many developments happened in the last decades and nowadays the
technologies that are more advanced are highlighted in Table 1.

Table 1. Purification methods comparison.

Purification method Technology maturity Purification level Roubustness
Absorption Very high Very fine Medium
Adsorption Low Fine Low
Membranes High Fine Low
Cryogenic Medium Coarse High

In this paper we focus on the study of the principles of modelling one of the cryogenic separation methods, which is
the supersonic separator. This device is composed of a nozzle, a swirl generator and a collector. A example of one of
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Figure 1. Schematic diagram of the Twister supersonic separator (Prast et al., 2006)

these devices is the Twister supersonic separator, which is schematically represented in Figure 1. Here we investigate the
nozzle of the device, and employ a numerical model to perform a first estimate of its capabilities of gas separation. This
is possible because the nozzle is responsible for promoting the phase change of the carbon dioxide, and because only the
condensed impurities can be separated. So we can determine the maximum raise of the fraction of the desired component,
which is methane in this application.

To address the problem of modelling the supersonic separator some recent works (Bian et al., 2018; Sun et al., 2017)
have used the two-dimensional analyses of the flow, but the thermodynamic models they employed presented a number
of issues. In this paper, we propose a one-dimensional model to study the flow behaviour which accounts for the real gas
behaviour of mixtures, and focus on delivering solid results with respect to the thermodynamic aspects.

2. METHODOLOGY

The model of the nozzle is based on the simplification of the Euler equations for compressible flow (Christodoulou
and Miao, 2012) considering that the variations of the flow variables occur predominantly in the stream-wise direction.
Therefore, we reduce the original set of equations from three-dimensional to one-dimensional and add some new terms to
account for the variation of area of the nozzle. In the end, we obtain the following system of partial differential equations
(PDEs) for a one dimensional compressible flow,

∂

∂t

 ρ
ρu
ρE

+
∂

∂x

 ρu
ρu2 + p
ρuH

 =
∂

∂x
lnA

 ρu
ρu2

ρuH

 , (1)

where ρ, u, p, E, H , A and x are, respectively, the density, velocity, static pressure, total internal energy, total enthalpy,
area of the cross section and the axial position.

However, this system of equations is not sufficient to model all the phenomena found in the device that we want study,
because it does not include phase change (condensation). So we performed a review of several liquid droplet nucleation
models found in the literature, especially those applicable for compressible fluid flows in nozzles. The main models used
in the literature are shown next.

2.1 Condensation modelling

In the literature, two additional quantities are calculated in order to have all the relevant variables of a compressible
flow with condensation. The two variables are nucleation rate and the droplet radius growth rate. In this section we will
first explore the nucleation models and next the radius growth models.

By using the classical nucleation theory (CNT) (Kalikmanov, 2013), we can see that the nucleation rate is given by

J =

√
2σ∞
πm1

ρV pV

ρlkBT
exp

(
− 4

27

θ3
∞

lnS2

)
, (2)

where σ∞ is the surface tension between vapour and liquid phase, ml is the weight of one molecule of the liquid phase,
ρV is the density of the vapour phase, pV is static pressure of the vapour phase, ρl is the density of liquid phase, kB is the
Boltzmann constant, T is temperature, Θ∞ is the non-dimensional surface tension and S is the saturation ratio.

Different from the other variables that are direct thermodynamic properties of the flow, the adimensional surface
tension is defined as

Θ∞ =
σ∞s1

kBT
, (3)
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and the saturation ratio as

S = exp

[
µV (pV , T )− µsat(T )

kBT

]
, (4)

where s1 is

s1 = (36π)1/3(vl)2/3, (5)

vl is the theoretical volume of one molecule, µV the vapour chemical potential and µsat the vapour chemical potential at
the saturated equilibrium state.

Some inconsistencies between the experimental results and the model showed the need of correcting the original model
of the classical nucleation theory (Kalikmanov, 2013). Because of that, two additional nucleation rate models were are
listed here so a analysis of the difference between all models results can be carried out to ensure that the most accurate
nucleation model is applied. The first model is the internally consistent classical nucleation theory (ICCT), for which the
nucleation rate that is calculated as

JICCT =
1

S

√
2σ∞
πm1

ρV pV

ρlkBT
exp

(
θ∞ −

4

27

θ3
∞

lnS2

)
. (6)

The second is the classical nucleation theory with the non isothermal correction applied (NISOCNT) (Kantrowitz, 1951),
which is given by the equation

JNISOCNT =

(
1

1 + ε

)
JCNT , (7)

where,

ε = 2
γ − 1

γ + 1

hlv
RTv

(
hlv
RTv

− 0.5

)
, (8)

γ is the ratio of specific heat, R the universal gas constant and hlv the condensation enthalpy.
In the context of the droplet radius growth rate model, two models are commonly found in the literature. The first one

is the Gyarmarthy model (Gyarmathy, 1962),

∂r

∂t
=
λv

(
1− r∗

r

)
(Ts − T )

ρlhlvr
(
1 + 3.18Kn

Pr

) . (9)

The other model is that presented by Young (Young, 1980), and expresses the radius growth rate as

∂r

∂t
=

λv

(
1− r∗

r

)
(Ts − T )

ρlhlvr
[

1
1+2βKn + (1− ν)3.78Kn

Pr

] . (10)

In the equations above, r is the droplet radius, t is time, λv is the vapour thermal conduction coefficient, r∗ is the critical
droplet radius, Ts is the saturation temperature, Pr is the Prandtl number, Kn is the Knudsen number and β and ν are and
model calibration coefficients.

2.2 System of PDEs for modelling a supersonic separator

To complete the system of equations (1) so it can handle two-phase flow, it is necessary to add additional terms in
order to account for the condensate in the flow. For that, the method of momenta was applied as presented by Put (2003).
Consequently, the number of equations goes from 3 to 7 and the final system becomes
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In this model we have momenta of different order,Qi, which are scalars used to represent the droplet radius distribution
effect without the need of calculating the radius of each group of droplets that are formed in the domain. Therefore, Q0,
Q1, Q2 and Y , which is a substitute for Q3 in equation 11, are scalars that can be read as the number of droplets, the
radius of the droplets, the surface area of all droplets and the volume of all the droplets, respectively. This became more
evident as the source terms in the right hand-side of equation 11 are analysed. In this approach, as if a root mean square
of the droplet radius were taken as the mean droplet radius, we have the mean radius, by definition, as,

r =

√
Q2

Q0
. (12)

2.3 Equation of state and thermophysical properties

To ensure closure to the problem a equation of state must be defined. In this work we selected the Peng-Robinson
equation of state which is defined as

p =
RT

v − b
+

a

(v + ∆1b)(v + ∆2b)
. (13)

This equation is already implemented in the CoolProp thermophysical library (Bell and Jager, 2016), used in this work.
Another important variable to the nucleation problem is the surface tension. We used one expression for water surface

tension,

σ = 235.8

(
1− T

Tc

)1.256 [
1− 0.625

(
1− T

Tc

)]
, (14)

And a second expression for other species,

σ = kTc

(
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[
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(
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(
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)]
. (15)

where Tc and ω are the critical temperature and the acentric factor.
Finally, the thermal conductivity must be determined and for that we use,

λm =
λ1x1

x1 +A12x2
+

λ2x2

x2 +A21x1
, (16)

Where,

Aij =
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23

[
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√
λ0
i
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j

4

√
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]2

(
1 + Mi
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)1/2
. (17)

and M is the molar mass of the specie.
We also employed the Stiel-Thodos (Stiel and Thodos, 1964) correction expression, which allow us to correct the

thermal conductivity as a function of the pressure, that is,

(λm − λ0
m)ζmz

5
cm = 14.0× 10−8

(
e0.535ρrm − 1

)
, if ρrm < 0.5, (18)

where,
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ρm
ρcm

, (19)
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T

1/6
cm M

1/2
m

P
2/3
cm

, (20)

and,

zcm = 0.291− 0.08ωm = 0.291− 0.08
∑

xiωi. (21)
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2.4 Numerical Scheme

In order to solve the system of PDEs, equation (11), the AUSMDV split flux method was implemented according to
Wada and Liou (1994). The interface flux between two elements is defined in the AUSM scheme by

F1/2 =
1

2

[
(ρu)1/2(ΨL + ΨR)− |(ρu)1/2|(ΨR −ΨL)

]
+ p1/2, (22)

where

Ψ =
[
1 u H Y Q2 Q1 Q0

]t
, (23)

and

P1/2 =
[
0 p1/2 0 0 0 0 0

]t
. (24)

In addition, the momentum in the interface, (ρu)1/2, is

(ρu)1/2 =
1

2
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1

2
(1− s)(ρu2)AUSMD , (25)

where
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2
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|pR − pL|

min(pL, pR)

)
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and
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1

2
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In these expressions, u+
L e u−R are

u+
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{
αL

(uL+cm)2

4cm
+ (1− αL)uL+|uL|

2 if |uL| ≤ cm,
uL+|uL|

2 other cases,
(29)

u−R =

{
αR − (uR−cm)2

4cm
+ (1− αR)uR−|uR|

2 if |uR| ≤ cm,
uR−|uR|

2 other cases.
(30)

In equations (29) and (30) the αL, αR and cm factors are defined as

αL = 2(p/ρ)L
(p/ρ)L+(p/ρ)R

, αR = 2(p/ρ)R
(p/ρ)L+(p/ρ)R

, cm = max(cL, cR). (31)

In equation (22), p1/2 is calculated by

p1/2 = p+
L + p−R, (32)

where

p+
L =

{
pL

(uL+cm)2

4c2m
+
(

2− uL

cm

)
if |uL| ≤ cm,

pL
uL+|uL|

2uL
other cases,

(33)

p−R =

{
pR

(uR−cm)2

4c2m
+
(

2 + uR

cm

)
if |uR| ≤ cm,

pR
uR−|uR|

2uR
other cases.

. (34)

In this scheme, we still have to apply a specific correction in the element at which the subsonic-supersonic transition
occurs. For that we define two cases,{

Case A: uL − cL < 0 and uR − cR > 0,

Case B: uL − cL > 0 and uR − cR < 0.
. (35)

With the cases defined, we apply the correction as follows:{
If only case A: F1/2,E−Fix = F1/2 − C∆(u− c)∆(ρΨ),

If only case B: F1/2,E−Fix = F1/2 − C∆(u+ c)∆(ρΨ).
(36)

In equation (36), ∆() ≡ ()R − ()L and C = 0.125. We employed a first-order Euler temporal scheme with a CFL of
0.5 and the spatial discretization of 1000 uniform cells along the nozzle axis. All those calculations were carried out by a
Python script made by the first author.
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3. Results

The objective of the model is to predict the behaviour of multi-phase, multi-component flows through nozzles. How-
ever, first a validation step must be carried out.

3.1 Model Validation

In the validation of the model we used experimental results from experiments by Moses and Stein (1978). The nozzle
geometry used in the experiments is presented in Figure 2. Two cases of experiments were chosen to validate the model.
The boundary conditions of those two experiments are shown in Table 2.

0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14 0.16
0

0.5

1

1.5

·10−2

x(m)

y
(m

)

Nozzle geometry

Figure 2. Nozzle geometry used for validation (Moses and Stein, 1978).

Table 2. Table of boundary conditions of the simulation carried out to reproduce the experiments of Moses and Stein
(Moses and Stein, 1978).

Case P0[Pa] T0[K]
424 41903 376
193 43032 366

Figure 3 shows the results we obtained for case 193. With those results we concluded that the NISOCNT model was
the most suitable for the case. A comparison between the two models of droplet radius growth rate and the experimental
results is also shown in the same figure.

We also have analysed the results of case 424 but only for the NISOCNT nucleation model. The pressure field and
relative error are shown in Figure 4. From the error graphs of Figures 3 and 4 it is possible to conclude that the two droplet
radius growth rate models predict well the phenomenon when the NISOCNT nucleation model is applied. However, as the
Gyamarty model has simplifications that makes it specific for water, we use the Young model to make the next analyses.

3.2 Monocomponent simulation

To analyse the monocomponent nucleation behaviour, we use a geometry proposed by Sun et al. (2017) shown in
figure 5. As an exploratory analysis, we predict the flow behaviour for different conditions in order to see mainly the
effect of changes in boundary conditions over the condensation phenomenon. We used the boundary conditions listed in
Table 3 so we can verify the changes that the total pressure in the inlet of the nozzle has on the nucleation process.

As we intend to verify the maximum capacity of condensation of the device, we plot in Figure 6 the condensate mass
fraction as a function of the position. We can see that, as the pressure is increased, the condensation wave takes place
earlier and the mass fraction of condensate at the nozzle exit is higher.
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Figure 3. Comparison of pressure field between experimental data and results of different nucleation models for wet steam
and relative error of NISOCNT model with the Gyarmarthy (GYAR) and Young (YOUNG) radius growth models - Moses

and Stein, case 193.
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Figure 4. Comparison of pressure field between experimental data and results of NISOCNT nucleation model for wet
steam and relative error of NISOCNT model with the Gyarmarthy (GYAR) and Young (YOUNG) radius growth models

- Moses and Stein, case 424.

Table 3. Boundary conditions for monocomponent (CO2) flow simulations.

P0[MPa] T0[K]
2.25 293.15
2.00 293.15
1.75 293.15

3.3 Two-component simulation

To be closer to the fluid of the final application, we carried out results of the flow of a mixture of CH4 and CO2 through
the same nozzle (see Figure 5). The boundary conditions employed in the simulations were those in Table 4. The results
of methane molar fraction in the simulation of two-component are shown in Figure 7. As the methane molar fraction
curve presents an asymptotic behaviour in each case, we conclude that more than one step is necessary in order achieve
higher molar fractions of CH4 if a low initial CH4 molar fraction is imposed. In the results of Figure 7 it is possible to see
that if we desire to upgrade a stream that initially was with 70% of CH4 molar fraction to 90% of CH4, we would need, at
least, 3 expansion processes if we consider that all condensate is extracted from the main stream.
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Figure 5. Nozzle geometry for flow analyze (Sun et al., 2017).
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Figure 6. Condensate mass fraction in CO2 flow with condensation varying total pressure in nozzle inlet.

Table 4. Boundary conditions for the two-component flows.

Varying yCH4
Varying P0

P0[MPa] T0[K] yCH40 P0[MPa] T0[K] yCH40

6 293 0,9 6 293 0,7
6 293 0,8 5 293 0,7
6 293 0,7 4 293 0,7

4. CONCLUSIONS

The proposed model could reproduce the pressure field of the experimental data available in the literature for the water
expansion in a convergent-divergent nozzle. The model was conceived so it can handle multicomponent flow, as long as
just one specie can condensate.

In the expansion of carbon dioxide it was possible to see that the boundary conditions have major impact in the capacity
of the device to condensate the fluid. In the tested case, the increase in pressure resulted in the raise of the fraction of
condensate in the outlet of the nozzle.

In the expansion of mixtures of CH4 and CO2 the boundary conditions also play major role in the condensation capacity
of the device. In the carried out analyses the change of CH4 mole fraction and the pressure in the nozzle inlet had direct
impact in the variation of mole fraction. The lower the CH4 mole fraction the higher the mole fraction variation and the
higher the pressure the higher the mole fraction variation. Another important information retrieved from the results is
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Figure 7. CH4 molar fraction in the gas phase field in a CH4-CO2 flow varying the gas composition in the nozzle inlet.

that the CH4 mole fraction exhibits an asymptotic behaviour. Therefore it is not possible to greatly reduce the CO2 mole
fraction of the mixture in a single expansion. In the simulations carried out, the variation of CO2 mole fraction ranged
from 5% to 10%.

Finally, the quasi-one-dimensional model presented itself as a valuable tool to model the flow with homogeneous
condensation. Therefore, an initial optimisation of the nozzle profile using the described model is possible to enhance
the capacity of the nozzle to generate condensate, as well as an exploration of the optimum boundary conditions for the
nozzle.
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