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Abstract. Detecting incipient damage in structures is an important challenge for the engineering community. The design of
structural health monitoring (SHM) systems usually involves selection of actuators and sensors, defining their positions on
the structure and post-processing output signals. This article presents an approach to determine the optimal frequencies
for damage detection in plates considering perpendicular incidence of longitudinal waves incoming in the damage. At
these optimal frequencies are observed the maximum reflected and the minimum transmitted longitudinal wave amplitudes.
Two damage detection indexes are introduced and if they are computed for the optimal frequencies it is possible to
determine the damage depth. It is demonstrated that pulse-echo configuration is more convenient for damage detection
because it involves higher wave amplitudes variation than the pitch-catch configuration. Numerical simulations are
carried out by considering an aluminum plate, and the results show that the approach contributes to establish more
efficient SHM systems.
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1. INTRODUCTION

Engineers and researchers have employed important effort to develop new techniques for structural health monitoring
(SHM). The development usually involves to detect incipient damage, which can contribute to reduce costs of maintenance
and improve safety when using equipment (Baptista et al., 2014; Lopes Júnior et al., 2000; Gonsalez et al., 2015).

Several approaches in the literature are focused on post-processing input and output signals obtained experimentally
by using actuators and sensors placed on the structure (Hendrick, 1988; Dasgupta et al., 2004; Ai et al., 2018). They can
also involve computational tools, as presented by Wu et al. (1992); Spillman et al. (1993); Doebling et al. (1996), and
others.

SHM techniques based on post-processing input and output signals usually are demonstrated considering experimental
data obtained from well-controlled tests conducted in laboratories. Authors have also considered more signals to include
statistic-based procedures to infer a general efficiency of their methods. Although this a scientific method employed in
engineering, SHM techniques have also been developed by investigating the wave propagation in the structure. Gonsalez-
Bueno (2019) presents a strategy for monitoring beams with corrosion like-damage. The author considers longitudinal
and flexural waves to demonstrate the wave interactions with symmetric and asymmetric damage. Optimum frequencies
are defined to improve the damage detection. Piezoelectric transducers are employed to obtained experimental data to
validate the accuracy of the proposed modeling.

Modeling wave propagation in structures allows one to investigate different issues in engineering, as shown by Szefi
(2003); Nucera et al. (2015); Santos (2018), and others. Ahmida and Arruda (2002) obtain structural vibration modes from
wave propagation using the Spectral Element Method (SEM). The authors introduce a parameter to measure the structural
mode complexity. Mace (1984) investigates the vibration behavior of beams considering the effect of geometric disconti-
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nuity. The article shows the importance of near-field waves for computing the amplitude of motion accurately. However,
there is a few number of works in wave propagation focused on developing SHM techniques (Lee and Staszewski, 2003;
Mal et al., 2005; Ryue et al., 2011; Gonsalez-Bueno, 2019).

The effects of geometric discontinuities on the coefficients of transmission and reflection waves are investigated
by Younho Cho (2000); Schaal and Mal (2016) and Poddar and Giurgiutiu (2016) considering plate-like structures with
cross-section changes. Thickness increasing and decreasing are employed to represent the discontinuity. On the other
hand, different geometric shapes are considered by Cho and Rose (2000); Pau and Achillopoulou (2017); Kubrusly
et al. (2019). Lowe and Diligent (2002) investigate the coefficient of reflection in a plate considering the presence of
an asymmetrical rectangular crack in the case of incidence of S0 Lamb wave, the first symmetric lamb wave mode and
characterized by the axial displacement of the middle plane of the plate. The authors show that resulting wave amplitudes
exhibit periodic behavior according to the excitation frequency, with maximum and minimum magnitude depending on
the damage width and excitation frequency. They highlight the importance of understanding this dynamic behavior for
detecting the damage via non-destructive-based techniques considering the S0 lamb wave.

Based on this context, the present article introduces a modeling for the longitudinal wave propagation in a plate-like
structure. It is considered a symmetric thickness reduction to represent the damage and a perpendicular incidence of
longitudinal wave incoming in the damaged section. Transmitted and reflected wave amplitudes are obtained in relation
to the incident wave amplitude and it is presented how they change over frequency. An analytical approach is employed
by using the notation of state vector, which allows one to demonstrate that maximum wave amplitudes depend on the
damage depth.

2. LONGITUDINAL WAVE PROPAGATION IN PLATES

The longitudinal displacements u and v respectively in the x and y directions (Fig. 1) in a rectangular plate are related
by the following equation of motion (Giurgiutiu, 2014)
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where Ep is the Young’s modulus, ρp is the material density and νp is the Poison’s coefficient. The subscript p indicates
the undamaged plate. The solution of both equations in Eq. (1) is obtained by considering the vector d on the x-y plane
which contains the plate, such that d = u~i + v~j, which allows one to rewrite the equation of motion as follows (Park
et al., 2001; Yeo et al., 2017)
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where~i and~j are unitary vectors in the x and y directions, respectively, • indicates the scalar product,∇ = ∂()i
∂x + ∂()j

∂y is
the gradient operator and∇2 = ∇ •∇ is the Laplacian.

The solution vector d can be conveniently given by considering potential functions ϕ(x, y, t) and ψ(x, y, t), such
that (Miklowitz, 1978)

d(x, y, t) = ∇ϕ(x, y, t) +∇×ψ(x, y, t) (3)

where ϕ(x, y, t) is a scalar function representing the potential linear displacement and ψ(x, y, t) represents the potential
angular displacement and normal to the plate plane, i.e., ∇ • ψ = 0 (Park et al., 2001). Substituting Eq. (3) into (2), it is
obtained (see appendix A for details):
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Equation (4) allows one to write ∇2ϕ =
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, which are respectively related to the longitu-

dinal and the shear waves in the middle plane of the plate. Their respective phase velocities are cl =
√
Ep/[ρp(1− ν2p)]
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and cs =
√
Gp/ρp, where Gp is the shear modulus. The shear waves can be neglected, which allows one to introduce the

following equation to compute the potential linear displacement (Park et al., 2001)

ϕ(x, y, ω) = [B1e
i(−k1x−k2y) +B2e

i(k1x−k2y) +B3e
i(k1x+k2y) +B4e

i(−k1x+k2y)]e−iωt (5)

where B1 to B4 are potential function amplitudes, k1 and k2 are component of the longitudinal wavenumber respectively
in the x and y directions, i2 = −1 and ω is the circular frequency. Considering the case of wave propagation only in the
x direction, it is possible to write that k1 = k and k2 = 0, where k = ω/cl is the wavenumber. k ≡ kp for the plate
undamaged region and kd for the damaged one.

Based on Eq. (5) and considering that u = ∂ϕ/∂x e v = ∂ϕ/∂y (Park et al., 2001), the longitudinal displacements
are given by

u(x, y, ω) = [Are
−ikx −Ale+ikx]e−iωt

v(x, y, ω) = 0
(6)

The wave amplitudes are Ar = −(B1 + B4)ik and Al = −(B2 + B3)ik, where subscripts r (right) and l (left) indicate
positive and negative directions of x axis, respectively, as illustrated in Fig. 1.

o

Ar

y

x

v

u

Al

Figure 1. Longitudinal waves propagating from a point o on the plate, whereA(.) is the wave amplitude and the subscripts
r and l indicate respectively right and left. Point o indicates the coordinate system origin. u and v are the displacements

in the x and y directions, respectively.

The line forces per unit of displacement in the x and y directions are Nx and Ny , respectively given by (Giurgiutiu,
2014; Radwańska et al., 2017)
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where hp is the plate thickness. Substituting Eq. (6) into Eq. (7), it is possible to write
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From Eqs. (6) and (8), the state vector h = {u Nx}T is defined. In this case, Ny is proportional to Nx (Ny = νNx),
them just one them is used. Brennan (1994) noted that is convenient to introduce the transformation matrix H, the spatial
transformation matrix T and the vector of wave amplitudes a to rewrite a state-vector-based notation such that

h(x, ω) = H(ω)T(x, ω)a(ω) (9)

Note that the dependency of x and ω indicated in Eq. (9) is omitted in this article by simplicity. As made by Brennan
(1994) for the case of beam-like structures, the equations for the plate considered herein can be similarly rearranged, and
the following matrices and vector can be defined
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where diag( ) indicates a diagonal matrix.
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2.1 Longitudinal Wave Propagation in thin Plates with Symmetrical Damage

Shen and Pierre (1990) introduce that a symmetric damage can be represented through a local thickness reduction. In
particular to the plate, it is considered a damage with width lx << Lx and length Ly , where Lx and Ly are the lengths of
the plate in the x and y directions, respectively. Based on this configuration, the following section introduces the relation
between wave amplitudes (i.e., transmitted or reflected in relation to the incident waves). It is assumed that an actuator C
is placed on the left-hand side of the damage. A sensor Sr is considered on the right-hand side of the damage. Using the
state-vector-based notation previously introduced in the present article, it is investigated a configuration corresponding to
the actuator generating waves in the positive direction of x.

2.1.1 Incident Wave Propagating in the positive direction of x

Figure 2 shows an infinite plate with an actuator C placed on the point p and a sensor Sr placed on the point a. It
is assumed that the transducer in C works as actuator and sensor. Assuming that longitudinal waves are generated in a
positive direction of x, a transmitted longitudinal wave is obtained by Sr from the point s, whereas a reflected wave is
obtained by C from the point q, as illustrated in Fig. 2.

h
p

hd
lx

C Sr

dx1

q a

Ap

Aa

dx2

p

Aq

Asr r

rr

Aq
lApl

s

y

x

Figure 2. Symmetric damage with width lx in the x direction and Ly length in the y direction. Actuator C excites the
plate in the positive direction of x. Sensor Sr measures the transmitted wave and sensor C measures the reflected wave.

Damage depth equal to (hp − hd)/2.

Considering the force and displacement continuity at the point q, hql = hqr and, hence, H(p)a
q
(l) = H(d)a

q
(r), where

the subscripts p and d indicate the plate (undamaged region) and damage regions, respectively. Based on Eq. (12),
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r A
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l }T , where the superscripts i and o indicate respectively the incoming and the outgoing waves at the

point q. Similarly, H(d)a
s
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q
(r) and T(d) is obtained from Eq. (11) for x = lx. Note

that as(r) = {0 A
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r }T because no wave comes to the point s from the right-hand side of the plate. To establish a

relation between aq(l) and as(r), the following equation can be introduced H(d)T(d)[H(d)]
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appendix A 1 for details). Rearranging this last equation, it is possible to demonstrate the following equation:
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where Q = Hh. The exponential-based function F is F = eikdlx . In addition, h = hd/hp and H =
√
Eρ, where

E = Ed/Ep, ρ = ρd/ρb. It is assumed νp = νd.
The spatial transformation matrix T can properly be employed to rewriteAs(o)r at the point a (sensor Sr) and, similarly,

A
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Apr is the wave amplitude generated by the actuator (C), Aar is the transmitted and Apl is the reflected longitudinal waves,
which are described by the following equations
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where φ = (dx1 + dx2) and γ = 2dx1.
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3. RESULTS AND DISCUSSION

This section presents numerical simulations to demonstrate the approach proposed to investigate the interactions be-
tween damage and waves in a thin plate. It is considered an aluminum plate with ρp = 2710 kg/m3, Ep = 68 GPa,
νp = 0.31, dx1 = dx2 = 0.15 m, hp = 0.0015 m m and lx = 0.01 m.

The actuator C works as sensor and capture the reflected longitudinal waves and sensor Sr is horizontally aligned
with the actuator (i.e., points a and p on a same horizontal line). For this particular case, Fig. 3 shows that the transmitted
wave amplitude is equal to the incident wave for the frequencies corresponding to lx

λd
= (n + 1)/2, with n = 0, 1, ...,

where λd = λp, i.e, the wavelength of the plate - assuming damaged and undamaged regions with the same physical
properties. It is possible to note that at these frequencies the transmitted wave does not detect the damage. Similar
results are observed for the reflected waves at these frequencies, as shown in Fig. 3.. On the other hand, at frequencies
corresponding to lx

λd
= (n + 1)/4, with n = 0, 2, 4, ..., it is noted an important variation in both transmitted and

reflected wave amplitudes, which means that ft = fr ≡ f0 =
(
n+1
4lx

)√
Ep/[ρp(1− ν2p)] Hz, for n = 0, 2, 4, 6, ..., are

respectively the optimal frequencies for damage detection using the pitch-catch (transmitted wave) and the pulse-echo
(reflected wave) configurations, whatever the depth of the damage (hp − hd)/2. Gonsalez-Bueno (2019) showed similar
results for beam-like structures, including comparisons between these two SHM configurations.
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Figure 3. Magnitude of transmitted wave amplitude in relation to the incident wave (|Aar/Apr |) in terms of lx/λd for
different damage depth: h = 1 (i.e., undamaged plate, dash-dotted line), h = 0.75 (dashed line) and h = 0.5 (continuous

line).
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Figure 4. Magnitude of reflected wave amplitude in relation to the incident wave (|Apl /Apr |) in terms of lx/λd for different
damage depth: h = 1 for (i.e., undamaged plate, dash-dotted line), h = 0.75 (dashed line) and h = 0.5 (continuous line).

Because the maximum reflected Ar|max and the minimum transmitted At|min waves amplitudes are only dependent
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on the ratio h, it is possible to write Ar
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1+h2 , which occurs at the optimal frequencies.

These results show that Ar
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√
2 when h = (

√
2 − 1) ≈ 0.4142, i.e., hd ≈ 0.4142hp, as shown in

Fig. 5, which corresponds to damage depth equal to d/2 ≡ dc ≈ 29.29% of the plate thickness (symmetrically on its top
and bottom surfaces).
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Figure 5. Maximum reflected wave amplitude Ar
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(continuous line) and minimum transmitted wave amplitude

At
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(dashed line) in terms of h. These amplitudes are equal each other for a damage depth 29.29% of the plate
thickness, symmetrically on its top and bottom surfaces (� symbol).

The index It = (Ai −At|min) /Ai can be used to detect the damage at the optimal frequency using the transmitted
wave. It is rewritten by It = (1−h)2/(1+h2), such that It = 0 for the healthy structure. Similarly, Ir = (Ar|max) /Ai =
(1− h2)/(1 + h2) can be applied to detect the damage using the reflected wave. To compare pulse-echo and pitch-catch
configurations, it is possible to evaluate when Ir > It. This inequality implies h < 1, which means that, whatever
the depth of damage, the pulse-echo configuration (i.e., the reflected wave) provides wave amplitudes higher than the
pitch-catch, and because of this it is more convenient to detect the damage.

4. FINAL REMARKS

The present article introduced an approach to evaluate longitudinal waves focused on structural health monitoring
in plates with symmetric damage. It was shown that there are optimal frequencies to observe the interaction between
damage and transmitted and reflected longitudinal waves. The SHM analyst can previously define the damage width lx to
be detected, which allows one to compute an optimal frequency. At these optimal frequencies, transmitted and reflected
wave amplitudes are obtained proportional to the coefficients 2h

1+h2 and 1−h2

1+h2 , respectively. These wave amplitudes can
be determined using these coefficients multiplied by the wave amplitude generated by the actuator because the magnitude
of this last one is equal to the incident wave incoming to the damage (there is only a phase between them).

For the case of perpendicular incidence of longitudinal waves on the damage, the optimal frequencies for damage
detection using SHM systems are obtained when the relation lx

λd
= (n + 1)/4 is well established, being the optimal

frequencies equal to f0 =
(
n+1
4lx

)√
Ep/[ρp(1− ν2p)] Hz. However, it changes when there is a variation in the incidence

angle and this equation can be used just for the case shown in this article. The change in the optimal frequency occurs
because the reflected and transmitted waves will be collected in different points of the plate, so the methodology has to be
adapted.

Damage detection indexes are defined in terms of the maximum reflected and minimum transmitted wave amplitudes.
They demonstrated that pulse-echo configuration is more convenient for damage detection because it involves higher
wave amplitudes than the pitch-catch configuration, which is an advantage to carry out the measurements in practical
applications. These damage detection indexes (It and Ir) can be employed to identify the damage depth computing
hc =

I
1+I hp, where I = It/Ir.
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A Equation of Motion

This appendix presents algebraic rearrangements to obtain the equation of motion (Eq. 20). Complementary informa-
tion can be found in Park et al. (2001). The first step is to substitute Eq. (3) into (2), such that

(1− ν)
2
∇2 [∇ϕ+∇×ψ] + (1 + ν)

2
∇(∇ • [∇ϕ+∇×ψ]) = (1− ν2)ρ

E

∂2

∂t2
[∇ϕ+∇×ψ] (17)

where∇ •∇ϕ = ∇2ϕ and ∇ • (∇× ψ) = 0 (Park et al., 2001), which allows one to rewrite

(1− ν)
2
∇2 [∇ϕ+∇×ψ] + (1 + ν)

2
∇(∇2ϕ) =

(1− ν2)ρ
E

∂2

∂t2
[∇ϕ+∇×ψ] (18)
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considering that∇2(∇ϕ) = ∇(∇2ϕ) and∇2(∇× ψ) = ∇× (∇2ψ). In this case, it is possible to obtain ∂2

∂t2 (∇× ψ) =
∇× ( ∂

2

∂t2ψ) and ∂2

∂t2 (∇ϕ) = ∇( ∂
2

∂t2ϕ), which allows one to write Eq. (18) in the following form

(1− ν)
2

[
∇(∇2ϕ) +∇× (∇2ψ)

]
+

(1 + ν)

2
∇(∇2ϕ) =

(1− ν2)ρ
E

[
∇
(
∂2ϕ

∂t2

)
+∇×

(
∂2ψ

∂t2

)]
(19)

From this last equation, it is possible to obtain

∇
(
∇2ϕ− (1− ν2)ρ

E

∂2ϕ

∂t2

)
+∇×

(
(1− ν)

2
∇2ψ − (1− ν2)ρ

E

∂2ψ

∂t2

)
= 0 (20)

A 1 Incoming and Outgoing Waves Vectors

The state vector at the point q shown in Fig. 2 is hql = H(p)a
q
(l) for the left-hand side and hqd = H(d)a

q
(r) for the

damaged side. It allows one to obtain aq(r) = [H(d)]
−1H(p)a

q
(l), where aq(l) = {A

q(i)
r A

q(o)
l }T . Points q and s are related

by as(l) = T(d)a
q
(r), where TI(d) is determined by Eq. (11) considering k ≡ kd and x ≡ lx for geometric properties

of the damage. Using these equations it is possible to write as(l) = T(d)[H(d)]
−1H(p)a

q
(l). Similarly, at the point s

H(d)a
s
(l) = H(p)a

s
(r) because hsl = hsr, where as(r) = {A

s(o)
r 0}T . Then,

H(d)T(d)[H(d)]
−1H(p)a

q
(l) −H(p)a

s
(r) = 0 (21)

Equation (21) can be rearranged to write aout = C−1Bain, where aout is the vector of wave amplitudes result-
ing from the interaction between incident wave and damage. It corresponds to the outgoing waves such that aout =

{As(o)r A
q(o)
l }T . On the other hand, vector with incoming waves is ain = {Aq(i)r 0}T . The matrices B and C are given

by

B =
[(
−H(d)T(d)[H(d)]

−1H(p)

)
1

(
H(p)

)
2

]
(22)

C =
[(
−H(p)

)
1

(
H(d)T(d)[H(d)]

−1H(p)

)
2

]
(23)

where ( )1 and ( )2 denote respectively first and second columns of the matrices inside the round brackets.


