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Abstract. This paper shows the results obtained in the estimation of a position and time dependent high magnitude heat
flux by Unscented Kalman Filter in a three-dimensional nonlinear heat conduction problem. The heat flux is applied to
the top surface of a thin flat plate and the heat flux is estimated by using transient temperature measurements taken at
the opposite side. The nonlinear behavior of the physical problem is caused by the material properties, which depend
on the local temperature. This paper addresses the high computational cost of using a three-dimensional model by using
techniques, such as parallelism, algorithm optimization and reduction of dimensionality, to enhance the performance of
the Unscented Kalman filter for this physical problem. The obtained values are agreeable and coherent to the referenced
values while keeping execution times smaller than simulation times, showing real time execution.
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1. INTRODUCTION

Frequently, inverse heat conduction problems involve the estimation of unknown thermal boundary conditions of a heat
conduction model through its partially measurable temperature information. Throughout the literature, the application of
such class of problems has been analyzed over various engineering and technical fields, such as aerospace, armament,
computer, metallurgical and power engineering, as well as nondestructive testing (Pacheco et al., 2015a; Wen et al., 2019;
Wan et al., 2020).

During the last few years, sustained research has been aimed at reconstructing a position- and time-dependent high
magnitude heat flux. For instance, Orlande et al. (2013) utilized a Markov chain Monte Carlo method (MCMC) with a
reduced model to estimate the spacially varying high magnitude heat flux. In addition, Pacheco et al. (2014a,b, 2015a)
researched the uses of Kalman filtering (KF) and its combination with the Improved Lumped Analysis and the Approx-
imate error model for solving the same physical problem while reducing its computational effort. All these approaches
utilize a reduced model of the original three-dimensional nonlinear model. For this reason, Pacheco et al. (2015b) per-
formed the estimation of a position- and time-dependent high magnitude heat flux in a three-dimensional nonlinear heat
conduction problem by utilizing the Unscented Kalman Filter (UKF), a technique from the family of Kalman Filters mod-
ified for nonlinear problems (Julier and Uhlmann, 1997) while reporting a very large computational time. Pacheco et al.
(2016) solved the inverse problem in real-time when resorting to reduced models by utilizing the Steady-State Kalman
Filter (SSKF). Similar papers that address this problem using different techniques can be found in the literature, such as
Laplace’s Transform (Feng et al., 2011), LSQR (Dennis and Dulikravich, 2012) and DCT/Laplace Method (Afrin et al.,
2013).

Being inspired by said authors, this work searches to reproduce the results obtained by Pacheco et al. (2015b) while
incorporating optimizations and analysis for the mathematical and computational models to reduce the computational
time. The physical problem considered in this work is the estimation of the heat flux of a three-dimensional nonlinear
heat conduction problem and it is solved by UKF. The development is divided in the forward problem and the inverse
problem as the forward problem is needed for the UKF. Due to its three-dimensional and nonlinear characteristics, this
problem poses a difficult challenge for researchers in the area of inverse problems, having been a subject of several
past investigations in the literature (Orlande et al., 2013; Pacheco er al., 2014a,b, 2015a,b). Said authors agree on the
difficulty in estimating the heat flux at real time, reporting computational times whose order ranges from minutes to
hours, for a situation considering two seconds of physical time. Pacheco ef al. (2016) reported that real-time estimation
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could be achieved by using reduced order modelling and the Steady-State Kalman Filter (Simon, 2006). However, due to
linearizations performed in the reduced order modelling, accuracy was lost at the final part of the numerical experiment.
Therefore, one concludes that a real-time solution is yet to be achieved.

2. FORWARD PROBLEM

The proposed problem in this paper involves the heating of the top surface of a flat plate as illustrated by Fig. 1. The
plate is supposed to be initially at a constant temperature and the heat flux has high magnitude and it is applied in small
areas of the top surface. As a result of the high magnitude, temperature dependence of thermophysical properties needs
to be taken into account. Heat transfers through the remaining surfaces are considered to be null. In Fig. 1, a, b and ¢
represent the length, the width and the thickness of the plate, respectively.

Figure 1: The geometry of the physical problem.

The mathematical model used for the physical problem is the heat conduction equation (Ozisik, 1993) where T" repre-
sents the temperature and g represents the heat flux in the top surface.
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The temperature-dependent thermal properties C, volumetric heat capacity, and K, thermal conductivity, are given by
Eq. (2a)-(2b) (Orlande et al., 2013).

C(T) = 1324.75T + 3557900 [J/m3 K] (2a)

K(T) = 12.45 4+ 0.014T 4 2.517 x 10757% [W/mK] (2b)

This three-dimensional nonlinear heat conduction problem was discretized in the space domain by the Finite Volume
Method (FVM) (Versteeg and Malalasekera, 2007), which allows the transformation of the partial differential equation
into a system of ordinary differential equations represented by Eq. (3), and then solved by using the 4" Runge-Kutta
as initialization and the four-step Adams predictor-corrector pair (Ascher and Greif, 2011). In Eq. (3), P represents the
boundary heat flux values and T represents the vector of temperatures.

88—: — A(T,C, K,P)T + b(P) 3)

3. INVERSE PROBLEM

The inverse problem of estimating the heat flux at the top surface of the plate can be considered as a state estima-
tion problem within the Bayesian framework (Kaipio and Somersalo, 2004). The problem is recast in the form of the
evolution-observation model (Simon, 2006; Orlande et al., 2008) given by Eqs. (4a)-(4b). The state vector x; contains
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the temperature values of all elements in the FVM mesh as well as the discretized heat flux values applied at the top of
the control volumes at the z = ¢ surface and the observation vector y is comprised of the temperature values at the
z = 0 surface. The vector uy, represents known control functions acting over the dynamic model and is herein assumed
to be null. The vectors v and wj, represent the observation model noise vector that is associated with the covariance
matrix Ry, and the evolution model noise vector that is associated with the covariance matrix Q,,, respectively, and they are
considered to be Gaussian white noise. The function f}, represents evolution function while hy, represents the observation
function.

X1 = fi (Xp, up, W) (4a)

Y. = hi(Xx, vi) (4b)

The complete three-dimensional nonlinear state estimation problem is tackled directly by using the Unscented Kalman
Filter (Julier and Uhlmann, 1997; Julier et al., 2000; Wan and R. Van Der Merwe, 2000; Simon, 2006; Pacheco et al.,
2015b). The UKF differs from typical algorithms such as the Extended Kalman Filter (EKF) by the manner on how
the statistics of the state variables are propagated in time. In the UKF, these propagations process are handled through
the Unscented Transformation (Julier et al., 2000), which uses a set of appropriately chosen weight points in order to
approximate the mean and covariance of the transformed state. This approach can be referred as an intelligent particle
filter (Simon, 2006) since its sampling process occurs in a deterministic and systematic way, differing from the usual
random approach of the traditional particle filter algorithms. These selected points are often called sigma points and there
are many ways of choosing these points, this work selects its points according to Eq. (5). The notation [.]; is utilized to
get the i™ column and the notation [.],_., is used to iterate from the a™ column to the b™ column, effectively returning a
matrix.

o= oo VIR e [V

The algorithm of the general UKF is presented by Eq. (6a)-(6j), in which P, ZP, _xP, Q, R and K represents the
covariance matrix of the state vector, the covariance matrix of the observation vector, the cross covariance matrix between
the state vector and the observation vector, the covariance matrix associated with the evolution model noise, the covariance
matrix associated with the observation model noise and the Kalman gain, respectively.

Xsukr1)k = (B ([Xsir] )] ooy (6a)
2L
Xjt+1k = ngm) (X5t (6b)
=0
2L
T
Prsie = 3 Wi ([xsuran]; = %) (Ksaeranl; = %en) + Qi (6¢)
=0
Ysik+1k = [hk ([Xs;kﬂ\k]i)]izo;u (6d)
2L
Yit1k = Zng) {YS;IC-&-I\I@L (6e)
1=0
2L © T
JPrt1k = Zwi ([YS;kJrl\kL - Yk+1|k> ([YS;k+1|kL - Yk+1\lc) + Ry, (6f)
i=0 )
2L
T
oPry1k = ZWE ) ([Xsskr1ik]; — Xe+1)k) ([ys;kJrl\kL - yk+1|k) (6g)
i=0 )
T —1
Kiy1 = gPriije (JPrse) (6h)
Xpp1k+1 = Xpg1k T Kea (ka - yk+1\k) (61)
Prijiir = Prripe — Kigt Prp (Kigr)” (6))

The sigma points are composed of a set of length 2L+ 1, where L is the dimensionality of the state vector x. The zeroth
sigma point is equal to the posterior estimate of the previous time step X, and the other 2L sigma points are obtained by
adding or subtracting each column of /(L + )Py, to X, (Pacheco et al., 2015b). The parameter A\ = a?(L+kK)—L
represents a scaling factor. The parameters «, 5 and x represents the spread of the sigma points, the knowledge of the
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previous distribution and a secondary scaling factor, respectively. Usually, these parameters are set to be equal to 1073,
2 and 0 (Wan and R. Van Der Merwe, 2000), respectively. There is a weight that is represented by W associated to each
sigma point for the estimation of the new mean and covariance described by Eq. (7a)-(7c), where the superscript “m” and
“c” refers to the mean and covariance, respectively.

(m) A

Wy = 7
5 Y (7a)
© - A1 _a?p) (7b)
0 L+ )
m c 1 .

W =W =~ _fori=1,...,2L (7¢)

AL+ )

The evolution of the temperature values is calculated by solving the forward problem for one time step with the values
of heat flux maintained as constant. The observation function consists in taking the state vector as input and the values of
temperature of the bottom surface as outputs.

This mathematical model can be optimized in the steps described by Eq. (6¢)-(6g) due to the observation function
only selecting values from the state vector. In other words, the calculation of the empirical mean and covariance matrix
of the transformed points and the cross-covariance matrix can be reduced to a slice of the a priori estimate of the state
vector and of the calculated sum of covariances of each sigma point. Equations (8a)-(8e) describe this optimization.
The Slice operator receives as input a vector and an one-dimensional size or a matrix and a two-dimensional size and
returns a new vector or matrix with the firsts elements up to the size of the input vector or matrix, respectively. The Size
operator receives a vector or a matrix and returns the number of elements that it contains in an one-dimensional size or a
two-dimensional size, respectively.

2L
Proeae = O Wi ([Xswraie), — %) (Xswgape), = Xsan) (8a)
=0
Piyije = Prprane + Qp (8b)
Y1 = Slice (xk+1|k, Size (Yk+1\k)) (8c)
YPiy1pk = Slice (Ppy1jns Size (JPrian)) + Re (8d)
yPry1e = Slice (Ph;k-i-l\lm Size (EP;H_H,(J))) (8¢)

To talk about computational costs and runtimes, it is necessary to introduce the asymptotic notation. The O-notation,
the (2-notation and the ©-notation is used to represent an asymptotic upper bound, lower bound and tight bound, re-
spectively (Cormen et al., 2009). While this algorithm is bounded by the orders O(L;L?) and Q(L;L?) where L, is the
number of temporal subdivision, the implementation can vary wildly. Furthermore, while the reduction of the compu-
tational cost order is desirable, recent technologies made the parallel approach with higher order faster than lower order
implementations for an adequate dimensionality. The bottlenecks for this algorithm are the high-order methods such as
Cholesky decompositions, the sum of covariance matrices and the matrix inversion. While each of them have independent
parallel aproaches, the speed gain is normally at the order of the dimensionality. On the other hand, the calculation of the
forward problem in the evolution step is not considered a bottleneck despite the possibility of higher order costs because
itis ©(L) in the simplest approach using Euler’s method.

Considerations are made to speed up the calculation such as using parallelism, a more powerful computer and, if it is
not enough, reduction of the dimensionality. The parallelism is tackled in the mathematical approach while the last two
are considered after analyzing the performance of the main algorithm. Thus, all code was properly built for GPU usage
utilizing CUDA technology, where parallelism is native (NVIDIA, 2020a). The biggest bottlenecks mentioned are solved
by using dedicated libraries created by NVIDIA, especially CuBLAS and CuSolver (NVIDIA, 2020b). The new operator
Slice is a memory copy of the input vector inside the GPU memory. Furthermore, the memory copy is faster than the
summation of vectors or matrices needed in the original algorithm. The combination of the parallel implementation and
the optimized algorithm is called Optimized Parallel Algorithm (OPA).

4. RESULTS AND DISCUSSIONS

In order to test the viability of the proposed approach, a numerical experiment was performed, considering a set
of synthetic measurements generated as follows. The forward problem was solved using a temperature grid of sizes
59 x 59 x 13 with 4096 time steps within 2 s of physical time. The dimensions of the plate are assumed to be 120, 120
and 3 mm. The heat flux applied at the top surface is defined by Eq. (9). The standard deviation o7, associated with
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measurement errors is assumed to be equal to 1.25 K. Figure 2a represents the evolution of temperature at center point of
the bottom surface, while Fig. 2b represents the temperature profile of the bottom surface at ¢t = 2s.
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Figure 2: Generation of synthetic temperature measurements: (a) time evolution at the center of the z = 0 surface; and
(b) Contour lines at the z = 0 surface att = 2's

The input data is considered acceptable as the temperature curve is increasing with the inwards heat flux. Furthermore,
these values are supposed to be close enough to be interpolated trilinear in the spatial axis, x and y and time axis to the
same grid size as the input for the inverse problem.

The inverse problem was solved in a 24 x 24 X 6 computational grid, resulting in 3456 values of temperature and
576 values of heat flux, adding up to a total of 4032 state variables, which is the dimensionality of the state vector. The
temporal subdivision L; is chosen to be equal to 100, leading to a time step of 0.02 s. The synthetic measurements are
assumed available at each time step for every control volume at the z = 0 surface. The estimated values of temperature
at the bottom surface of the plate at ¢ = 2 s are shown in Fig. 3a and the estimated heat flux values at the top surface are
shown in Fig. 3b. One can observe that an excellent agreement was achieved between estimated and reference values.

Estimated Temperature Estimated Heat Flux
0.12 ‘ ‘ ‘ 1000 0.12 T ‘ ‘ 6x108
o1 I || 900 ol b | B 5108
800 6
4x10
0.08 |~ - - 0.08 [~ - o
700 M4 k|
_ g _ 3x108 B
5006 [~ -1/ 600 & 5 0.06 - S
) Cal =
2 o 2x108 B
 s00 @ g
0.04 — & 0.04 — - o
F= 1x108
F 400
0.02 |~ - 0.02 [~ -
F4 300 re
0 \ \ \ \ \ L a0 o I 1 \ | 1 L peio6
0 002 004 006 008 01 012 0 002 004 006 008 01 012
x [m] x [m]

() (b)
Figure 3: Results obtained with the UKF at ¢ = 2 s: (a) estimated temperature at the bottom surface; and (b) estimated
heat flux at the top surface.

The time evolution of the estimated and synthetic values is also analyzed. It was selected the center of the xy plane
to represent the temperature and heat flux evolution as it is close to the center of the heating. Figures 4a and 4b show the
temperature and heat flux evolution, respectively.
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Figure 4: Time evolution of estimated and synthetic values: (a) temperature at the center of the bottom surface; and (b)
heat flux at the center of the top surface.

The evolution of temperature residuals is shown in Fig. 5a to quantify how much the estimated temperature values
differ from the synthetic ones. The residuals peak around ¢ = 0.46 s, caused by the delay needed for the temperatures
at the opposite side of the plate to exceed the measurement error values. For the remainder of the numerical experiment,
the residuals show no correlation, oscillating around zero with amplitude of the same order of magnitude of o7, . The
contour lines of the residuals at ¢ = 0.46 s which are presented in Fig. 5b show that the residuals are concentrated only in
the heating surface.
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Figure 5: Analysis of the residuals: (a) values at the center of the bottom surface; and (b) values at the bottom surface at
t =0.46 s.

Despite having considerable agreement between the estimated data and the synthetic data, the execution time is still
on the order of minutes. While this is an improvement compared to previous works (Orlande et al., 2013; Pacheco et al.,
2014a, 2015a,b, 2016), there are still improvements that can be made, such as the reduction of the dimensionality and the
utilization of powerful hardware.

The reduction of the dimensionality of the inverse problem results in a lower grid size, in a lower temporal subdivision,
but also in a lower precision. Furthermore, it is paramount to abide the stability conditions of the solution of the forward
problem. To perform this reduction, it was considered lowering the temporal subdivision L, the z and y axis subdivisions
representing the surface subdivision L and the z axis subdivision L. The surface subdivision is equal to the subdivision
of the z axis and the y axis. The order of the UKF algorithm implies in a linear reduction by reducing L, and a superlinear
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reduction by reducing L or L, being, at least, quadratically in the dimensionality of the state vector and it can be seen
in Fig. 6a, Fig. 7a and Fig. 8a. The loss in precision is acceptable, specially when considering that the 99% confidence
interval of the estimated heat flux encapsulates the exact value after stabilizing.
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The reduced dimensions for a case comparison was chosen to be L; = 50, L, = L, = 12 and L, = 6 and the
results are described by Fig. 9a and Fig. 9b. While the algorithm with a coarse grid converges to the synthetic values, the
synthetic values for the coarse grid are not as close to the simulated values as the fine grid implying in a second loss of
precision by trying to use a trilinear interpolation.
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Figure 9: Time evolution of the results in a 12 x 12 x 6 grid with 50 time steps: (a) temperature at the bottom surface; (b)
heat flux at the top surface.

While reaching real time calculations with certain reductions, it is still possible to use powerful computers to gain
improvements. It was utilized a workstation to solve the inverse problem with no reduction and with a chosen reduction
of 12 x 12 x 6 with 50 temporal steps, obtaining the execution times of 10.306s and 0.37819s, respectively. The result
of the execution time of the reduced grid is considered real time calculation due to being smaller than and not close to the
simulation time. Table 1 shows each execution time for all the improvements made and also for previous publications on
this problem. It is possible to observe that the present approach was not only successful in solving the inverse problem in
real time, but not requiring use of reduced models, as was done in previous works.

Table 1: Computational times for the numerical experiments.

Author Reduced Modelling Method Time
(Orlande et al., 2013) Y MCMC 2.7h
(Pacheco et al., 2015a) Y KF 5 min
(Pacheco et al., 2015b) N UKF 32h
(Pacheco et al., 2016) Y SSKF 09s
Present Work — Serial N UKF 16 h
Present Work — OPA N UKF 185.45 s
Present Work — OPA + Server N UKF 10.31s
Present Work — OPA + Reduced Grid N UKF 2.14 s
Present Work — OPA + Server + Reduced Grid N UKF 0.37s

5. CONCLUSION

In this work, the algorithm UKF was optimized using a few techniques to solve and to reach real time calculation
for the estimation of the heat flux in a three-dimensional nonlinear heat conduction problem. Although only one set of
data was utilized, there were no optimization specifically for this data, proving real time possibility for this problem using
UKEF and no reduced model. Still, this inverse problem has an undesirable computational order, resulting in unfeasibility
of this model if the grid sizes are increased in every direction.

For future researches, there are three lines of thought to further improve on this problem. The first one is to validate this
work with actual experimental data and, if possible, test this approach as a virtual sensor. The second one is to utilize other
and newer technologies or hardware to further enhance the performance, a few examples that may improve performance
is to better organize the working threads to reduce the number of synchronization points, change the memory layout to
improve data access speeds or to just use better and faster hardware. While the final one is to explore new mathematical
optimizations or methods to achieve lower computational orders, a few examples are the utilization of the sparsity or
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locality of the problem to reduce the number of needed calculations, the discovery of new mathematical optimizations or
properties to enhance efficiency or even the change of main algorithm that solves the inverse problem.
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