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Abstract. This paper addresses the heat transfer process within living tissues, as modeled by Pennes’ equation, with
spatially variable parameters across the tissue thickness to account for different tissues: epidermis, dermis, subcutaneous
and inner tissue. The solution of this problem may be of major relevance in applications such as clinical diagnostics em-
ploying infrared thermography, burn injuries evaluation and hyperthermia cancer treatments, but it requires the accurate
knowledge of the thermophysical properties and blood perfusion rates, which are generally obtained with the solution of
the corresponding inverse heat conduction problems. Hence, the main goal of this research is performing the direct and
inverse analysis of this bioheat model by combining the Generalized Integral Transform Technique with single domain
formulation and Bayesian inference. In the direct problem solution, to allow faster convergence of the eigenfunction ex-
pansions, the eigenvalue problem is formulated including as much information as possible, with all the spatially variable
properties included. In the inverse problem analysis, to allow for faster sampling of the sought posterior probability den-
sities, a surrogate model based on Radial Basis Functions is employed for the prediction of temperature distributions. The
results obtained demonstrate that the use of the metamodel in the inverse problem can significantly reduce computational
time, besides the good estimates obtained with the employed approach.
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1. INTRODUCTION

The precise prediction of temperature distributions in living tissues has been a research topic in thermal sciences
with applications in cryopreservation, cryosurgery, cancer treatment using diathermy, hyperthermia and thermal ablation
(Diller et al., 2000). Microwave ablation, for example, is a type of treatment for cancer hyperthermia that involves heating
tumor cells. This technique uses electromagnetic wave effects to kill cancer cells (Selmi et al., 2019; Kabiri and Talaee,
2019).

The investigation of heat transfer and fluid flow in biological processes requires reliable mathematical models. The
physical-mathematical model commonly used in bio-heat transfer in biological tissues is based on Pennes’ equation
(Pennes, 1948). This equation incorporates terms that represent the effects of metabolism, blood perfusion and external
heat sources (Jiang et al., 2002).

Several analytical solutions provided in the literature represent the distribution of temperature across tissue structures,
but are restricted to situations with uniform thermophysical properties over the entire length of the tissue. Cotta et al.
(2010) advanced this study considering a single domain formulation in a heterogeneous medium with spatially variable
parameters, with constant thermophysical properties in each layer of the tissue. The Generalized Integral Transform
Technique (GITT) is used to produce an analytical-numerical solution of the heat biotransference model and the eigen-
value problem is treated with constant coefficients (Cotta, 1993). The single domain formulation was considered in this
study, but the solution was constructed with a series expansion upon simpler eigenfunctions, obtained from an eigenvalue
problem with constant coefficients.

Still concerning the single domain formulation concept, Knupp et al. (2012), employed GITT in combined conduction-
convection heat transfer problems in heterogeneous media, proposing a single domain formulation to model fluid flow and
channel wall regions , demonstrating that the use of an eigenvalue problem with spatially variable coefficients to construct
the basis of the eigenfunction expansion can remarkably improve the solution convergence rates.

Even with such analytical based solutions at disposal, the search for lower cost solutions still remains of major rel-
evance, specially when dealing with computationally intensive problems, such as optimization and inverse problems.
Studies on the metamodeling techniques have been used in several branches of science, mainly in engineering reliability
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analysis to reduce the time to solve such problems. A comparative study on metamodeling techniques was developed
by Jin et al. (2001) using different modeling criteria on a variety of test problems. Orlande et al. (2008) used RBF to
interpolate the likelihood function applied to inverse heat and mass transfer problems and obtained a significant reduction
in computational cost without loss of precision in the results.

The present work addresses a problem of heat transfer in a one-dimensional domain with multi-layered tissue, such
the one tackled by Cotta et al. (2010). The domain is treated as a heterogeneous medium using the single domain
formulation, so that the heat flow and temperature continuity are satisfied at the interfaces and a single equation is used
for the entire domain. The auxiliary eigenvalue problem is formulated by directly applying the separation of variables
to the homogeneous version of the original problem, so that all information related to the transition between layers is
represented by the coefficients with spatial variation of the eigenvalue problem, which in this case, is resolved with GITT.
The Markov chain Monte Carlo method (MCMC) is used in the analysis of the inverse problem that consists in estimate
the blood perfusion term. To allow for a faster sampling of the posterior probability densities, a surrogate model based on
Radial Base Functions (RBFs) is used to calculate the temperature distributions.

2. PROBLEM FORMULATION

Consider a linear heat conduction problem in a biological system in which the temperature field, T'(z, t), is modeled
by a partial differential equation as given by the Pennes’ equation with spatially variable properties and defined by (Cotta
etal., 2010) as:
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where L is the tissue layer thickness, w(x) is the thermal capacity of tissue, p(z) is the specific mass of tissue, ¢,(z) is
the specific heat of tissue, k(z) is the thermal conductivity of tissue, ¢(t) is the applied wall heat flux, & is the effective
heat transfer coefficient, T, (¢) is external environment temperature, w(x, T) is a term related to blood perfusion rates, pp
is the specific mass of blood, ¢ is the specific heat of blood, ¢,,(x, t) is the metabolic heat generation, T}, is the arterial
blood temperature, T),(x) is the steady-state solution.

Figure 1 presents a schematic diagram of the heterogeneous tissue for a characteristic one-dimensional transient heat
transfer problem. Tissues are assumed to be homogeneous within each layer. The initial condition, Eq. (2), is obtained
from the steady-state solution for the situation without external stimulus, i.e., ¢(¢) = 0, and constant external environment
temperature.
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Figure 1. Schematic diagram of the heterogeneous tissue. Adapted from Cotta et al. (2010)

2.1 Formulation of the direct problem

In this work, it is applied the so-called single domain formulation that allows a more straightforward treatment of the
chosen model, where coefficients with abrupt spatial variation are introduced into the equation. A filtering solution is
employed in order to improve the convergence behavior of the eigenfunction expansions, in the form:
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T(x, t) = Ty(a; t) + T*(x, 1) (7)

The filtering solution is written as a linear function in the space variable that simultaneously satisfies both boundary
conditions, Egs. (3)-(4), and it is given by:

a(t)

Ty ) = Tut) + 4

®)

This solution homogenizes the boundary conditions in the filtered partial differential problem to be integral trans-
formed. The filtered temperature problem formulation is written in the form:

w(m)% = (,% {k(m)wg?t)} + P*(z,t, T), 0<z<L, t>0 9)

T*(z, t) = f(z) = Tp(x) — T(x; t), 0<z<L, t=0 (10)

—k(m)%JrhT*(x, t) =0, x =0, t>0 (11)

M:0, v =1L, t>0 (12)
ox

where the filtered term is written as:

0Ty (x; t)

Pz, t, T) = —w(z, T)ppcsT™ (z, t) + gm(x, t) + w(z, T)ppcp[To — Tr(x; t)] — w(z) 5

13)

The formal solution of problem (9)-(13) is then obtained with the Generalized Integral Transform Technique, and is
written as the inverse formula below:

NT
T (z, t) = Z W, (2)T;(t), inverse (14)
i=1

where NT is a sufficiently large finite truncation order and the transformed potentials are defined with the integral trans-
formation operation given by:

L
Ti(t) :/ w(x)W;(x)T* (z, t)dz, transform (15)
0

where W, () are the normalized eigenfunctions and N; are the normalization integrals:

L
N; = / w(x)V(z)dw (16, 17)
0

The eigenvalues y; and eigenfunctions ¥, () are obtained from the eigenvalue problem defined by:

% {k(m)d\l;ix)] + p2w(z)V,(z) = 0, x € [0, L] (18)

with boundary conditions:

dx

—k(0) + h;(0) =0,

=0

=0 (19, 20)

The eigenvalue problem (18)-(20) does not allow for closed form solution, and the GITT is used to provide a simpler
auxiliary eigenvalue problem. The simplified auxiliary eigenvalue problem is represented as follows:

% [ff(x)d(z;(x)} + X240 (2)Q, (z) = 0, x €0, L] (1)

and the boundary conditions are defined as:
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+ 1, (0) =0,
=0

=0 (22, 23)

and the coefficients E(m), w(z) and h are chosen so as to admit an analytical solution to the auxiliary problem.
The solution of problem (21)-(23) offers a basis itself for the eigenfunction expansion of the original eigenvalue
problem, Eqgs. (18)-(20). The expansion of the original eigenfunction is then written as:

NT*

Vi(x) = Z Qn(x)qji,na inverse (24)
n=1

— L ~

Win = / () (2)V;(z)dz, transform (25)
0

where NT™* is the number of terms in the expansion of the original eigenfunction and the auxiliary normalized eigenfunc-

tions, Qn(at), and the auxiliary normalization integrals, N, , are given by:

VNg,

In the present work, the simplest possible choice is considered, with k(z) = 1, @(z) = 1 and h = h/k(z). The
integral transformation of the eigenvalue problem with space variable coefficients is then performed by operating on

Qn(z) =

L
Nq, = / W (x)Q2 (x)dx (26, 27)
0

Eq. (18) with fOL Qn () (-)dz, to yield the following algebraic problem in matrix form (Knupp et al., 2012):
(A — *B)¥ =0, (28)

where the matrix A and B are defined by:

3 . s s
A={Anm}, Apom = — [kz(x)flm(a:)W} - /0 k(m)%%ﬁdw (29)
_ _ L ~ ~

¥ ={T,,} B={B,n} Bpm = /0 w ()L ()R (x)dx (30)

The algebraic problem, Eq. (28), is numerically solved providing results for the eigenvalues, 12, and their respective
eigenvectors, W, which combined with the inverse formula, Eq. (24), provide original eigenfunctions, ¥;(x).

The integral transformation is now performed by operating on Eq. (9) with foL @Z(x)()dx, providing the following
transformed ordinary differential system:

dT; (¢ _ _
dt( ) + 12T (t) = gi(t, Ty), i,j=1,2,..,NT (31)

with the transformed source terms given by:
L ~
gi(t, T;) = / U, (z)P*(z, t, T)dx (32)
0
and the transformed initial conditions is obtained after operating Eq. (10) with fOL w(x)\fll (2)(-)dz:

L ~
Ti(o>:/0 w(@) f(2) ¥ (2)dx, i=1,2,.. NT (33)

The transformed ordinary differential system, Eq. (31), after truncation to a finite order N'7T', is numerically solved by
the NDSolve routine of Mathematica and combined by the inverse formula, Eq. (14), to produce the temperature field,
T*(x, t). The original temperature field, T'(x, t), is obtained using Eq. (7).

2.2 Radial Basis Function

The Radial Base Function (RBF) is a metamodeling technique based on interpolation. The method operates linear
combinations of a radially symmetric function based on Euclidean distance or another metric to approximate the response
functions. This technique consists of obtaining a function T(x) that has the following form (Fornberg et al., 2006):
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where T is the estimated temperature vector, IV is the number of points used in the interpolation, py are the weights
(unknown coefficients), ¢ is a set of N multi-quadratic radial base functions, || - || denotes the Euclidean norm, x are the
function’s input parameters, X; denotes the central value of the associated function and n; symbolizes the value of the
RBF width.

The weights are determined by solving a set of N simultaneous linear equations given by (Haykin, 2008):

P11 P12 .- PIN 1 T
P21 P22 ... PaN D2 T
. ) . ) ) = R (35)
PN1 PN2 ... ©ONN DN Tn
where
@ik:cp(Hxi*Xk’ ||)7 iak:1727'-'7N (36)
P =[p1,p2, . on]”, T=[T1,Ts, .. Tn]" (37, 38)

where p and T represent the linear weight vector and the desired response vector obtained by GITT, respectively, see Eq.
(7). Defining @ as an interpolation matrix with the elements ¢;:

® = {pu}i =1 (39)
than, Eq. (35) can be rewritten in its compact form:
op=T (40)

Assuming that the matrix ® is non-singular, than it is assumed that there is an inverse matrix, ®~1, the solution of
Eq. (40) is then obtained for the weight vector as:

p=&'T (41)
3. FORMULATION OF THE INVERSE PROBLEM

In the Bayesian approach, an attempt is made to use the available information to reduce the amount of uncertainty
present in a given inferential problem. As new information is obtained, it is added with the existing information to form
the basis for statistical procedures. The formal mechanism used to combine the new information with the previously
available information is known as the Bayes’ theorem. Thus, the term Bayesian is applied to describe the statistical
inversion approach, which is based on the following principles (Kaipio and Somersalo, 2004):

1. All variables included in the model are modeled as random variables;
2. The degree of information concerning these variables is coded in probability distributions;
3. The solution of the inverse problem is the posterior probability distribution.

The vectors containing the sought parameters, P, and the experimental measurements, Y, appearing in Eq. (44), are
givem by, respectively:

P= [P, P,... . Py)", Y=[Y,Y, ..., Yy, " (42, 43)

where N, is the number of unknown parameters and N, is the number of measurements. Bayes’ theorem is stated as
follows:
P)m(Y|P)

Tprior
7T;nosterior(P) = 7T(P|Y) =2 (

~0Y) (44)

with Tposierior (P) being the posterior probability density, 7,0, (P) is the prior density, 7(Y|P) is the likelihood function
and 7(Y) is the marginal probability density of the measurements, which plays the role of a normalizing constant.

In this work, it assumed the that the errors in the measured temperatures are additive, uncorrelated and normally
distributed with zero mean and known covariance matrix W. Than, the likelihood function can be defined as (Abreu et al.,
2018):
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m(Y[P) = (2m) /% (W2 exp{— ¥ — T(®)] "W Y — ()]} (45)

2
where T(P) is the vector of calculated temperatures, obtained from the solution of the forward problem with an estimate
for the parameters P.

In order to obtain an approximation of the posterior distribution for the unknown parameters, the Monte Carlo Method

with Markov Chains (MCMC) will be used within the inverse analysis, according to the Metropolis-Hastings algorithm,
considering the transition density as a uniform distribution. The steps of this algorithm are (Orlande and Fudym, 2017):

1. The chain starts with the initial state P°;

2. Sample a candidate P* given the current state, P("—1)_ from a proposal distribution q(P*, P(=1));

7(P*[Y)q(PU~Y P*)
(PO Y)q(P*, PUY)

3. Calculate the acceptance factor: B =min|1 (46)

4. Generate a random value U that is uniformly distributed on (0, 1);
5. If U < 33, define P = P(): otherwise, define P() = P(i—1).
6. Do ¢ =1+ 1 and return to step (2).

In this way, a sequence is generated to represent the posterior distribution and inference on this distribution is obtained
from inference on the sample {P(l), P®), - P(t)}, where ¢ is the chain size. It is important to note that values of P
must be ignored while the chain has not converged to equilibrium (the burn-in period).

4. RESULTS AND DISCUSSIONS

The solution to the heat transfer problem in this work involves the analysis of abrupt transitions between tissues layers.
The epidermis layer is disregarded due to its negligible thickness and relatively small thermal influence in this case. Due
to the abrupt nature of the transitions, a smoothing function, O(z), is employed between the layers:

1
On(x) = (e—2n)

= e (47, 48)
+e T

Ns
O(z) =Y Op_1+ (0, — O,_1)6n(2),

where Ns is the number of smoothing functions, =, € [0, L] is the transition position between two adjacent layers of
tissue and v, is a parameter for adjusting thermal properties. Table 1 presents the exact values of the parameters used in
the solution of the heat transfer problem.

Table 1. Values of tissue and blood thermophysical properties. Extracted from Cotta et al. (2010).

Sample total thickness L =0.042 (m) Dermis properties p = 1200 (kg/m?)
Metabolic heat generation @m = 420 (W/m?) ¢p = 3300 (J/kg °C)
Ambient temperature Ts =20(°C) k=0.45(W/m°C)

Effective heat transfer coefficient
Adjustment parameter

h =10 (W/m?°C)
Yn = 200

1 =0.002 (m)
w = 0.00125 (1/s)

Subcutaneous tissue properties

p = 1000 (kg/m?)
¢y = 2500 (J /kg °C)
kE=0.19(W/m°C)

Inner tissue properties

p = 1000 (kg/m?)
¢y = 4000 (J /kg°C)
k=0.5(W/m°C)

1= 0.01 (m) 1= 0.03 (m)
w = 0.00125 (1/s) w = 0.00125 (1/5)
Arterial blood properties oy = 1060 (kg/m®) Parameters in applied ¢ = 200

¢y = 3770 (J/kg °C)
T, =37(°C)

heat flux function

zy = 10e110(s)
q = 1000 (W /m?)

First, the approximate solution of the single domain approach to the eigenvalue problem with variable coefficients is

examined. A convergence analysis is performed to determine the required number of terms in the temperature expansion.
Table 2 illustrates the convergence behavior for the first five eigenvalues associated with the original problem, Egs. (18) -
(20). There is a convergence of five to six significant digits for NT* = 70 when compared to NT™* = 80.
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Table 2. Behavior of the convergence of the first five eigenvalues (;) of the problem (18)-(20).

pz  NT* =30 NT* =40 NT* =50 NT* =60 NT* =170 NT* =80
1 0.000041418 0.000041398 0.000041392 0.000041388  0.000041388  0.000041387
0.000898910  0.000898670  0.000898570  0.000898530  0.000898520  0.000898510

0.002264800

0.002263500

0.002263000

0.002262800

0.002262700

0.002262700

0.005397400

0.005396800

0.005396600

0.005396500

0.005396500

0.005396500

| | W

0.009956700

0.009947100

0.009944400

0.009943200

0.009942700

0.009942700

Table 3 presents the convergence of the numerical solution of the temperature for the eigenvalue problem with variable
coefficients, obtained by GITT, at different point of the tissue for time ¢ = 100 s as the truncation orders, NT', increases.
Based on the quality of the convergence shown in Table 2, NT* = 70 is fixed. For comparison purposes, the last
column provides numerical results obtained with the Method of Lines implemented in the NDSolve routine of the Wolfram
Mathematica platform with sufficient mesh refinement to achieve accurate results. It is possible to verify that, for the case
where NT' = 10, at least four significant digits are already fully converged to the temperature field over almost the entire
domain when compared to the results obtained with NT' = 15 to N7 = 30 and the results acquired through NDSolve.

Table 3. Numerical convergence of temperature for the eigenvalue problem with variable
coefficients for time ¢ = 100s and NT™ = 70.
T NT =5 NI'=10 NI =15 NT =20 NT =25 NT =30 NDSolve
0 42.049 41.734 41.741 41.747 41.751 41.753 41.750
0.0042  36.630 36.793 36.785 36.791 36.793 36.791 36.790
0.0084  35.897 36.160 36.155 36.159 36.156 36.157 36.157
0.0126  36.871 36.620 36.621 36.622 36.621 36.621 36.621
0.0168 36.868 36.778 36.778 36.778 36.777 36.777 36.777
0.0252  36.810 36.948 36.948 36.948 36.948 36.948 36.948
0.0294 37.103 36.991 36.991 36.991 36.990 36.990 36.991
0.0336  37.185 37.016 37.016 37.016 37.016 37.017 37.017
0.0378  36.993 37.031 37.030 37.030 37.031 37.031 37.031
0.0420  36.856 37.035 37.036 37.034 37.035 37.035 37.035

For the inverse problem solution, initially, a sensitivity analysis of the parameters, P;, is performed, in order to
facilitate the comparison and the identification of non-correlated parameters. For that, we define the scaled sensitivity
coefficients, 5, as:

oT;

Sij = ija

P; (49)
where n,,, corresponds to the total number of measurements and 7, is the number of parameters to be estimated.
Figure 2 shows the temporal variation of the sensitivity coefficients for three parameters displayed in Eqs. (1)-(6) and

a single sensor is used, located at the position z = O m.

o 2T
oP;
60
50}
40} —
30¢ Ta
20F Teo
10
. T T Lt (S)
2000 4000 6000 8000

Figure 2. Sensitivity coefficients of the parameters

It can be noticed a low sensitivity in the perfusion term and a high sensitivity in the internal temperature and in the
ambient temperature. Since the reference values for the internal temperature, T, and the ambient temperature, 7., can
be found in the literature or measured, in this work is performed the blood perfusion rate estimation, w, which is one of the
essential parameters in applications such as clinical diagnostics employing infrared thermography (Bousselham, 2018).
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For the RBF-based solution, it is used a set of 301 time measurements taken in the interval 0 < ¢ < 600s in the
position = 0 m. Table 4 shows the relative error, ||, between the solutions acquired by GITT and those obtained
by RBF. It can be seen, for this case, that the average error decreases as the number of points used in the interpolation
increases. It can also be observed a low value for the error, except for w = 0.00100 and w = 0.00150, which correspond
to the boundaries of the sampled points employed in the RBF construction.

Table 4. Average percentage relative error between GITT and RBF results.

Points  |erei| (%) leret| (%) lerei| (%) lerei| (%) leret| (%) leret| (%)
RBF  w=000100 w=0.00110 w=0.00120 w=0.00130 w=0.00140 w = 0.00150
10 3.053600 0.289130 0.089532 0.083389 0.093620 17.03100
20 1.926200 0.292930 0.089363 0.083441 0.121310 14.86900
30 0.583960 0.290520 0.089308 0.082868 0.221820 2.828600

For the investigation of the solution of the inverse problem, we consider the vector of unknowns, P = {w*}, and a
vector of synthetic experimental data, Y, obtained by solving the direct problem calculated with the exact parameter and
adding a noise given by a normal distribution, N, with zero mean and standard deviation, o

Y, = Ti(Pegca,ct) + &4, € N(O7 U) (50)

where P4t = {0.00125} and 0 = 0.5°C.

Table 5 presents six cases for the blood perfusion term estimation considering different numbers of points in the RBF
function in the range [0.00100, 0.00150]. The purpose of this analysis is to verify the ideal number of points to obtain
an adequate estimate for the perfusion term. It can be noticed that, with the exception of case 1, estimates were obtained
close to the exact value using 10 or 30 points in RBF. When employing 20 points, the estimates in cases 1 and 6 (extremes
of the interval) did not converge to values close to the exact one.

Table 5. Results of the simulations performed. Exact parameter value w = 0.00125.

10 Points 20 Points 30 Points
RBF RBF RBF
Case Inicial state Estimative w*  Estimative w*  Estimative w*

P% = {0.00100}  0.0010070 0.0010062 0.0010034
P’ = {0.00110}  0.0012578 0.0012531 0.0012497
P° = {0.00120}  0.0012584 0.0012480 0.0012493
P% = {0.00130}  0.0012601 0.0012558 0.0012501
P° = {0.00140}  0.0012528 0.0012518 0.0012594
P% = {0.00150}  0.0012619 0.0014598 0.0012530

| O | W N~

Table 6 shows six simulations to estimate the perfusion rate for different initial states. In all cases, 30 points, generated
in the same range used in Table 5, are applied for interpolation with the RBF width value of 7 = 2 x 107°. The results
are obtained by the Monte Carlo Method with Markov Chains in the absence of prior information and using an uniform
transition density. All cases present good accurate estimates, except for case 1, which did not converge to an approximate
value of the perfusion term. It can also be observed a low cost computational. The simulations were performed on a
computer with an Intel Core i7-7700k CPU @ 4.20 GHz with 16 GB of DDR4 RAM.

Table 6. Inverse problem results (exact value w = 0.00125).

Case Inicial state Estimative =~ Chain  Burn-in  Computational
w* size period cost
1 P’ = {0.00105}  0.0012554 10000 1000 117.64s
2 P° = {0.00110} 0.0012578 10000 1000 121.72s
3 P’ = {0.00115} 0.0012565 10000 1000 120.36's
4 P° = {0.00135}  0.0012508 10000 1000 119.45s
5 P° = {0.00140} 0.0012566 10000 1000 118.67s
6 P° = {0.00145} 0.0012598 10000 1000 110.86s
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Figure 3 presents the evolution of Markov Chains and in Figure 4 it is possible to observe the frequency histogram
for initial estimate of P® = {0.00145}, respectively. It is observed the convergence of the chains and that the histogram
shows a Gaussian behavior.

1500
>
2 1000
()
3
o
2
L
500
0.0010* ’ v y y : 0
2000 4000 6000 8000 10000 0.001150.00120 0.00125 0.00130 0.00135 0.00140
Markov chains states w (1/s)
Figure 3. Markov chains - case 6 Figure 4. Frequency histogram - case 6

Figure 5 illustrates a comparison between the solution of the direct problem obtained by GITT and by metamodel with
the exact value of w = 0.00125 and confirm the results presented in Table 4. Figure 6 illustrate the measurements data
together with the solution obtained by the complete model using the estimated value w* = 0.0012598. It is possible to
observe, despite the noise employed in the experimental data, a good agreement between the curves.
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Figure 5. Transient behavior of the temperature field across Figure 6. Simulated experimental measurements and tem-
the tissue thickness perature field obtained with w*

Figure 7 shows the behavior of the temperature profile over the total thickness of the tissues in « € [0, L] along
the space variable for different times. It is noted that the surface region responds quickly to the external stimulus, and
that this information is markedly decreased within the first two layers of the tissue structure, thus leaving the third layer
unchanged. This behavior is clearly visible in Figure 8, for the 3-D plot of the temperature field along both the space and
time variables. For plotting these graphs it was used N7™ = 70, NT' = 10 terms and w* = 0.0012598.
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Figure 7. Behavior of the temperature field across the
tissue thickness Figure 8. Profile of the estimated solution
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5. CONCLUSION

The Generalized Integral Transform Technique was used to solve the heat transfer problem modeled by Pennes’
equation. The results obtained for the direct problem reveal that the proposed approach results in accurate estimates of
temperature distributions in heat transfer problems even for situations where there are abrupt variations in thermophysical
properties.

An analysis of the inverse parameter estimation problem present in modeling a heat transfer problem in a biological
system was performed. At first, a sensitivity analysis was performed, which demonstrated that the choices of the sensor
location and the time interval in which the measurements will be acquired for use in solving the inverse problem must be
carried out carefully, since they affect the reliability of the estimates.

A surrogate model based on Radial Base Functions is used to predict temperature distributions. The use of the meta-
model in the prediction of temperatures proved to be an efficient tool both in the quality of the numerical results and in the
low computational cost. Finally, the good results obtained demonstrate the feasibility of the approaches here proposed.
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