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Abstract. In this work the region of thermal development at the entrance of asymmetric bifurcations is approached. 
Measurements of the length of this stretch are performed on images generated by numerical simulation, executed with 
the aid of the finite difference method, as well as a commercial simulator. The objective is to draw equations that can 
predict the extension as a function of diameter and dimensionless quantities such as Dean and Prandtl numbers. Three 
equations are proposed that deal with the isolated variation of the flow rate, the angles of the bifurcation, as well as the 
diameter of the feeder channel. These expressions. are also tested as a wide-aspect equation, that is, a correlation that 
could predict the extension of the not developed thermal region with the variation of all dimensional and flow 
characteristics together. The study considers that the proposed equations are valid for symmetric and asymmetric 
bifurcations. Subsequent work is recommended where the behavior of the thermal development is verified as a function 
of physical properties like density and viscosity, which make up the Reynolds number 
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1. INTRODUCTION  
 

In the last three years, the authors have developed works that intend to predict the extension of the so-called region 
of flow development in symmetric and asymmetric bifurcations of microchannels and conventional pipes under laminar 
flow. Thus, six manuscripts (three full papers and three abstracts) were submitted, approved, presented and published in 
important national and international conferences, multi-thematic and specific to mechanical sciences (Amado et al, 2017, 
Amado et al., 2018a Amado et al, 2018b, Amado et al, 2018c,  Amado et al, 2018d, and Amado 2018e). In addition, the 
authors submitted to COBEM 2019 a fourth paper (Amado et al, 2019), which intended to test the same equations for the 
flow of oils with very low Reynolds number values, involving variations in density and viscosity. The present proposal 
intends to enlarge the state-of-the-art, investigating now the region of thermal development of laminar flows in 
bifurcations.   

According to Ghobadi and Muzychka, 2016, in an excellent review of correlations describing the pressure drop and 
heat transfer in laminar flow through curved ducts, up to the publication date of their work, there were very few equations 
that set out to describe the size of the thermal developing region in toroidal geometries. In this way, it becomes absolutely 
legitimate and necessary a work of surveying equations for this purpose.    

Initially, Janssen and Hoogendoorn, 1978, proposed an expression in the format shown in Eq. (1), which aims to 
describe the length of that region at the entrance of helical tubes, under boundary conditions that address constant 
transverse heat flux and constant peripheral temperature at the wall, in stretches of developed flow but still undergoing 
thermal development. 

 

𝐿௧௛ =
ଵହ.଻௉௥షబ.ఴ

஽௘
                                                                                                                                                              (1) 
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Additionally, for concomitant conditions of flow and thermal development, they established Eq. (2) below. 

 

𝐿௧௛ =
ଶ଴௉௥బ.మ

஽௘
                                                                                                                                                                 (2) 

 
In both equations, Pr is the Prandtl number and De, the Dean number, classically defined in Eq. (3), where Re is the 

Reynolds number, R the radius of curvature of the helicoid and a, the inner radius of the tube. 
 

𝐷𝑒 = 𝑅𝑒ට
௔

ோ
                                                                                                                                                                   (3) 

 
Since a bifurcation is not exactly a curved geometry, in Amado et al, 2018b, R is defined as the radius of the arc 

containing the feeder channel of the bifurcation and one of the fork outlets, and is determined by Eq. (4). 
 

𝑅 =
ଵଶ଴଴.ହ஽ோ௘బ.లల

ఏమ                                                                                                                                                            (4) 

 
Here, D is the diameter or hydraulic diameter of the bifurcation pipe, and θ the half angle of the fork. 
Equations (1) and (2) were corroborated by Yao, 1984, and indicate that the length Lth, of the thermal developing 

region is primarily influenced by the secondary flow generated in the curve and somewhat less by thermal diffusivity, 
which is the main determining factor in straight stretches. 

Later, Liu and Masliyah, 1994, under conditions of simultaneity of thermal and flow development, proposed a more 
complex formulation, evidenced in Eq. (5) below: 
 

𝐿௧௛ =
଴.ଵହହା଴.଴଴଺ସ஽௘బ.ఱ௉௥బ.మఱ

ଵା଴.଴ଵଶଶ஽௘௉௥
𝑃𝑟                                                                                                                                     (5) 

 
According to them, this equation is valid for 0.01<(R/a)<0.15 and 20<De<5000. 

  
2. MATERIALS AND METHODS 
 

Considering the above, the primary proposal of the research is the lifting of correlations in the formats shown in Eq. 
(6) and (7), aiming at the prediction of the length of the not developed thermal region, Lth, under conditions of simultaneity 
of flow and thermal development in bifurcations, with variation of angles, flow rates and diameters of channel, separately. 
 

 𝐿௧௛ =
௖ଵ௉௥೎మ

஽௘೎య                                                                                                                                                                   (6) 

 

𝐿௧௛ =
௖ସା௖ହ஽ ೎ల௉௥೎ళ

௖଼ା௖ଽ஽௘௉௥
𝑃𝑟                                                                                                                                                  (7) 

 
Where c1 to c9 are constants to be raised by measurements in images generated in CFD simulations by finite 

differences and through a commercial CFD package, which work with finite elements, as well as by mathematical 
iterations.  

Beyond that, it is necessary to observe that equations in the format of Eq. (6) and (7) must be also tested with variation 
of angles, flow rates and diameters of channel simultaneously, so that a wide-reaching expression, i.e., an expression that 
translates in itself the variation of all the parameters which influence the phenomenon, be established. If these correlations 
are not suitable for wide aspect, a new option should be lifted.  

It is important to note that, according to Amado et al., 2019, symmetric bifurcations are specific cases of asymmetric 
bifurcations, and therefore, equations proposed herein, are valid for any angular composition of bifurcations, within the 
flow rates and diameters in which the simulations were performed. Thus, a standard asymmetrical bifurcation with half 
angles θ1 = 45º and θ2 = 30º was employed. The fork was designed as a steel tube with a wall thickness of 1 mm and a 
conductivity of 80 W/mK.  The flow rate was varied according to Tab. 1, the half-angles of the asymmetric bifurcation, 
as shown in Tab. 2, with the diameter of the bifurcation tube varying as stated by Tab. 3.  

As in the methodology developed and applied in Amado et al 2018a, the simulated images from the commercial 
package served as reference for the simulation in finite differences. It was just for the comparison of the shape. 
 
2.1 Simulation Strategy and Boundary Conditions 
 

The simulation strategy used in the present work is similar to that employed in the previous works by the same authors 
(Amado et al, 2018a, b, c), however, involving the energy equation, since in those articles, the interest was only the survey 
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of the velocity fields and here, it extends to the temperature gradients. Thus, simulations were performed in structured 
programming, considering that the outlets of the bifurcation are separated into two independent stretches and, 
consequently, a not very robust simulation method is sufficient, given the low complexity of the geometry.  

 
Table 1. Conditions of flow rate in asymmetric bifurcations with the same pair of half-angles and diameter. 

 
Channel Dimensional data Flow rate at the feeder channel inlet (m3/s) 

Inlet 1 

Half-angles θ1 and θ2 as 45º and 
30º, for bifurcations with 0.02 m 
in diameter and 0.9 m of length. 

5.56 x 10-11 
Inlet 2 6.95 x 10-11 

Inlet 3 1.11 x 10-10 
Inlet 3’ 1.11 x 10-10 (θ1 = 60o and θ2 = 45o) 

Inlet 4 1.39 x 10-10 
Inlet 5 1.81 x 10-10 

Inlet 6 2.78 x 10-10 
 

Table 2. Variation of half-angles in asymmetric bifurcations with constant flow rate and diameter.  
 

Channel Half-angles (grades) Flow conditions and dimensions 

Left outlet 7 5 

1.39 x 10-10 m3/s of flow rate at the feeder 
channel inlet, for bifurcations with 0.02 m in 

diameter and 0.9 m of length. 

Right outlet 7 15 

Left outlet 8 15 
Right outlet 8 30 

Left outlet 9 30 
Right outlet 9 45 

Left outlet 10 45 

Right outlet 10 60 
Left outlet 11 60 

Right outlet 11 75 
Left outlet 12 75 

Right outlet 12 90 
 

Table 3. Values for the case of variation of diameters.  
   

Channel  Diameter (m)  Flow Condition and angles  

Left outlet 13  0.010  

1.39 x 10-10 m3/s of flow rate at the feeder 

channel inlet and half-angles θ1 and θ2 as 45º 

and 30º  

Right outlet 13  0.010  

Left outlet 14  0.015  

Right outlet 14  0.015  

Left outlet 15  0.020  

Right outlet 15  0.020  

Left outlet 16  0.025  

Right outlet 16  0.025  

Left outlet 17  0.030  

Right outlet 17  0.030  

Left outlet 18  0.035  

Right outlet 18  0.035  
  
Boundary conditions and assumptions were:  
 Velocity at the inlet is established by Eq. (8), where Q is the fluid flow rate (water at 80 oC and under atmospheric 

pressure), a is the radius of the channel and r is the distance from the central axis to the node to be calculated; 
 Velocity equal to zero near the inner wall;  
 Constant heat flow through walls; 
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 Constant peripheral temperature at the wall; 
 The air composes the external environment, with a convection coefficient of 1.2 W/m2K;  
 The water flowing internally presents a convection coefficient of 2.5 W/m2K. 

 
With this in mind, Navier-Stokes Eq. (9) to (11) and Energy Eq. (12) and (13) were discretized in finite differences 

and computationally implemented. The convergence criterion was 10-8, compared to the relative error and the simulated 
time interval was 1 s, with time steps of 10-6 s. In mesh terms, the z-direction was established as axial, with a non-uniform 
structured distribution, with 60 lines in the initial 2% of the conduit and 200 lines in the remaining 98%. The x direction 
was agreed as transversal, with a uniform structured distribution of 1200 divisions. This structuring allowed to concentrate 
the mesh at the beginning of the bifurcation and to gain processing time, in such a way that each simulation spent a total 
of approximately 15 hours.  Fig. 1 shows (a) the mesh generated in artisanal programming, which used finite differences, 
as well as (b) that generated in the commercial package. 

 

 
                                 (a)                                                                                          (b) 

Figure 1. (a) Sketch of the mesh developed in the handmade model (in house code) and (b) Mesh generated 
automatically by the commercial package, where 21041 nodes and 19408 elements were developed 

 

𝑣௔௫௜௔௟ = ± cos 𝜃௜
ଶொ

గ௥ర
(𝑎ଶ − 𝑟ଶ)          

                                                                                                                      

(8) 
 

Equation for mass conservation:  

𝜕𝑣௫

𝜕𝑥
+

𝜕𝑣௬

𝜕𝑦
= 0 

 

(9) 

x Momentum: 
 

 

𝜌 ൬
𝜕𝑣௫

𝜕𝑡
+ 𝑣௫

𝜕𝑣௫

𝜕𝑥
+ 𝑣௭

𝜕𝑣௫

𝜕𝑧
൰ = 𝜌𝑔௫ −

𝜕𝑃

𝜕𝑥
+ 𝜇 ቆ

𝜕ଶ𝑣௫

𝜕𝑥ଶ
+

𝜕ଶ𝑣௫

𝜕𝑧ଶ
ቇ 

 

 
(10) 

z Momentum: 
 

 

𝜌 ൬
𝜕𝑣௭

𝜕𝑡
+ 𝑣௫

𝜕𝑣௭

𝜕𝑥
+ 𝑣௭

𝜕𝑣௭

𝜕𝑧
൰ = 𝜌𝑔௭ −

𝜕𝑃

𝜕𝑧
+ 𝜇 ቆ

𝜕ଶ𝑣௭

𝜕𝑥ଶ
+

𝜕ଶ𝑣௭

𝜕𝑧ଶ
ቇ 

 

 
 (11) 

Energy Equation: 
 

 

𝜌𝐶௣ ൬
𝜕𝑇

𝜕𝑡
+ 𝑣௫

𝜕𝑇

𝜕𝑥
+ 𝑣௬

𝜕𝑇

𝜕𝑦
൰ = 𝑘𝑓𝑙𝑢𝑖𝑑𝑜 ቆ

𝜕ଶ𝑇

𝜕𝑥ଶ
+  

𝜕ଶ𝑇

𝜕𝑦ଶ
ቇ +  𝜇𝜙 

 
(12) 
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Where, 
 

 

𝜙 = 2 ൥൬
𝜕𝑣௫

𝜕𝑥
൰

ଶ

+  ቆ
𝜕𝑣௬

𝜕𝑦
ቇ

ଶ

൩ + ቆ
𝜕𝑣௫

𝜕𝑦
+ 

𝜕𝑣௬

𝜕𝑥
ቇ

ଶ

 

 

 
(13) 

3. RESULTS AND DISCUSSION 
 

Measurements of the length Lth were made on the images generated in the simulations. As examples, Fig. 2a shows 
the simulation of the thermal flow through the commercial code, for water at 80 oC, under atmospheric pressure, in a 
bifurcation with flow rate of 1.39 x 10-10 m3/s. Fig 2b shows the same phenomenon, but in the image “in close” generated 
by simulation via finite differences for the half-angle of 30o and how the measurements were performed. Fig. 3a and b 
show thermal gradient images for the bifurcation 16 (Tab. 3 - feeding channel diameter of 0.025 m), respectively 
generated by the commercial package and by the finite difference method.  

With these measured values, the best approximation obtained for the flow rate variation was that indicated as Eq. (14) 
and for angular variation was Eq. (15).  

 

𝐿௧௛ =
ଷ.ଷ௫ଵ଴షఴା଺.ସ௫ଵ଴షఴ஽௘బ.ఱ௉௥బ.మఱ

ଵା଴.଴ଵଶଶ஽௘௉௥
𝑃𝑟                                                                                                                          (14) 

 

𝐿௧௛ =
଴.଴଴଴ଷହ௉௥బ.మ

஽௘షబ.బర                                                                                                                                                         (15) 

 

  
(a)                                                                                               (b) 

 
Figure 2. (a) Temperature gradient for water flowing at 80 oC and under atmospheric pressure, at the inlet 3, with 

0.02 m in diameter, flow rate 1.39 x 10-10 m3/s. Image generated by the commercial code; (b) Temperature gradient 
for water flowing at 80 oC and under atmospheric pressure, at the inlet 3, with 0.02 m in diameter, half-angle of 30º, 

flow rate 1.39 x 10-10 m3/s. Image generated by the finite difference method. 
 
Figures 4 and 5 compose a plot of the values of flow rate variation and variation of half-angles, respectively. Although 

some scattering occurs, values of Lth for flow rate variation, tended to decrease with increasing flow rate, which does not 
compose intuitive behavior, since flow rate values seem, in a primary analysis, lead to higher Lth values. However, Eq. 
(14) presents Dean Number in the denominator, which shows that the extension of the undeveloped thermal region may 
decrease with flow rate. This fact gives meaning to the aspect of Fig. 4, which shows decreasing values.   

Comparison of values in Fig. 5, show that the larger the bifurcation angle, the higher the thermal developing region. 
This conclusion is corroborated by Okuyade and Abbey, 2016, studying thermal flows in symmetrical bifurcations with 
rectangular section. However, results presented herein show a very tenuous variation and very small absolute values, but 
this behavior is also ratified in the literature, when the flow developing region is reported. Ghobadi and Muzychka, 2016, 
citing several references, have shown that under conditions of thermally developing and hydrodynamically developed 
flow, for both experimental data (Cheng and Akiyama, 1970), and numerical studies (Dravid et al, 1971, Tarbell,and 
Samuels, 1973, Janssen and Hoogendoorn, 1978, Choi et al, 1979, Stewartson et al, 1980, Stewartson et al, 1982, Soh, 
1983, So et al, 1991, Ebadian et al, 2000), the length of the thermal development in flows initiated in curves are 20 to 
50% smaller than in those initiated in straight stretches. Gongnan et al., 2014 and Amado et al., 2018a, b, c, also found 
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regions of undeveloped flow quite small for bifurcations at various angles. Considering that the thermal gradient is 
dependent on the velocity field, it is to be expected that the not thermally developed region be also small.  

Equations (14) and (15) were also tested for the diameter variation. Figure 6 shows amounts calculated compared to 
those measured. This figure presents a poor coincidence of values, mainly because the measurements of Lth were quite 
scattered. In this way, Eq. (16) is proposed only for these cases, whose comparison of values is shown in Fig. 7.  

 

𝐿௧௛ =
ଵ.଼௫ଵ଴షఴା଺.ସ௫ଵ଴షఴ஽௘బ.ఱ௉௥బ.మఱ

଴.ଶହା .଴ସ଼଼஽௘௉௥
𝑃𝑟                                                                                                                                               (16) 

 
Results of Eq. (16) present better coincidence for smaller diameters. The fact is that measurements on images taken 

from computational simulations behave like experimental measurements, in the sense of being subject to scattering. Thus, 
values read for the largest diameters fled from a pattern of increase of Lth obtained with the smallest ones. It is suggested 
to work on new simulations, with more accurate measurements. In any case, Eq. (16) fits more acceptably to the present 
results than Eq. (14) and (15).  

Taking into account all the results measured and presented herein, Fig. 8 shows the comparison with those calculated 
by Eq. (14), (15) and (16). The initial part of the graph refers to Lth values for flow rate variation, the intermediate part 
refers to the angular variation and the final part deals with the variation of channel diameter.   

 

  
(a)                                                                                              (b) 

 
Figure 3. (a) Bifurcation 4, feeder channel diameter of 0.025 m, water flowing at 80 oC and atmospheric pressure. 

Simulation through the commercial code; (b) Outlet of the bifurcation 4 “in close”, half-angle of 45 °, feeder 
channel diameter of 0.025 m, with water flowing at 80 ° C and atmospheric pressure. Simulation through finite 

differences. 
 

 
 

Figure 4. Lth values measured in images that simulate flow rate variation versus values calculated by Eq. (14) 
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Figure 5. Lth values measured in images that simulate angular variation versus values calculated by Eq. (15) 
 
 
 

 
 
Figure 6. Comparison of measured results and values calculated by Eq. (14) and (15), under conditions of prediction 

of Lth as a function of channel diameter. 
 
By and large, the tendency is to increase the length of the thermal developing region with the general increase of the 

tested variables. Notwithstanding, the scattering of measured values was not negligible. Eq. (15) fits these values better 
than Eq. (16), but is not as coincident. In this way, Eq. (14) is presented as the most adequate for a broad-looking 
expression, reasonably well covering the variation of all parameters considered in this work, within the tested range, i.e., 
5.56 x 10-11 m/s < Q < 2.78 x 10-10 m/s, 5o < (θ1 and  θ2) < 90º and 0.01m < D < 0.035m.  

As extra observation and just for the sake of didactics, it is important to highlight that the shape of the Eq. (15) is 
exactly that presented by Janssen and Hoogendoorn, 1978. However, a format similar to that employed by Springer et 
al., 2009, which is the same one used in previous works by the present authors, would be more appropriate. In this case, 
Eq. (15) will be rewritten according to Eq. (17).  

 
𝐿௧௛ = 0.00035𝑃𝑟଴.ଶ𝐷𝑒଴.଴ସ                                                                                                                                        (17) 
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Figure 7. Comparison of Lth values measured and calculated by Eq. (16), for variation of feeder channel diameter. 
 

 

 
 
Figure 8. Comparison between measured and calculated values for Lth in bifurcations with variation of flow rate, haf-

angle and diameter, according to Eq. (14), (15) and (16). 
 
Finally, it is important to evince that the present study further recommend a subsequent work of testing the behavior 

of thermal developing region in bifurcations as a function of the variation of physical properties that make up the Reynolds 
number, in the same way as previously elaborated in Amado et al, 2019, for the undeveloped flow region.  

 
4. CONCLUSIONS 

 
The thermal developing region at the entrance of asymmetric bifurcations was verified in an approach similar to that 

used by the authors regarding the region of flow development. Equations in formats proposed in the literature were raised 
through the reading in images generated via finite differences. So far, it has been possible to verify results from 
measurements in tests simulating the flow rate variation in the feeder channel of the bifurcation, as well as the angle and 
diameter variations.  
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At this point, it is possible to state that the expression in the form 𝐿௧௛ =
ଷ.ଷ௫ଵ଴షఴା଺.ସ௫ଵ଴షఴ஽௘బ.ఱ௉௥బ.మఱ

ଵା଴.଴ଵଶଶ஽௘௉௥
𝑃𝑟  works well for the 

flow rate range tested in asymmetric bifurcations (5.56 x 10-11 m3/s to 2.78 x 10-10 m3/s) with half angles θ1 and θ2 as 45º 
and 30º and channel diameter of 0.02m.  

For the range of angles tested (θ1 and θ2 varying in pairs of 5º to 90º) the expression 𝐿௧௛ = 0.00035𝑃𝑟଴.ଶ𝐷𝑒଴.଴ସ was the 
one that best fit.  

The expression 𝐿௧௛ =
ଵ.଼௫ଵ଴షఴା଺.ସ௫ଵ଴షఴ஽௘బ.ఱ௉௥బ.మఱ

଴.ଶହା଴.଴ସ଼଼஽௘௉௥
𝑃𝑟 was the format that best coincided with constant flow rate values 

(1.39 x 10-10 m/s) and half angles (θ1 and θ2 as 45º and 30º), with variation of pipe diameter between 0.01 and 0.035m. 

For the case of variation of all parameters, the expression proposed as 𝐿௧௛ =
ଷ.ଷ௫ଵ଴షఴା଺.ସ௫ଵ଴షఴ஽௘బ.ఱ௉௥బ.మఱ

ଵା଴.଴ଵଶଶ஽௘௉௥
𝑃𝑟  was the best 

adapted as a correlation of broad aspect. It p resents some divergence for diameter variance, but coincides well with values 
that take into account the variation of half-angles and flow rates. 

To conclude this cycle of studies, it is recommended to test the expressions in thermal flows involving variation of 
the properties that make up the Reynolds number 
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