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Abstract. This study evaluates the ability of the spectrally reduced integration (SRI) method to generate benchmark
solutions for the radiative transfer equation (RTE) in non-homogeneous participating gas mixtures of H2O and CO2. The
SRI employs a non-uniform spectral mesh that is generated from discretization schemes based on the spectral contributions
of the bands. This allows the method to be significantly less computationally costly than the reference line-by-line (LBL)
while still retaining good levels of accuracy. Discretization schemes based on non-homogeneous test cases are developed
and compared to the LBL solution. The main goal of this comparison is to investigate whether the SRI is still able to
generate benchmark levels of accuracy when the problem that is being solved is considerably different than the conditions
for which the discretization schemes were developed. This is the first study that evaluates the performance of the SRI
method in test cases with variable mole ratio between H2O and CO2, such as those observed in oxy-fuel combustion
scenarios. Results showed that the SRI presented very accurate solutions, even when the discretization schemes were
based in simpler problems, with average deviations lower than 0.7% and maximum deviations lower than 0.9% with
respect to the LBL.

Keywords: Radiative transfer, Spectrally reduced integration, Line-by-line, Discretization schemes, Spectral contributions
of the bands.

1. INTRODUCTION

Thermal radiation is often the dominant heat transfer mechanism in combustion applications due to the high temper-
atures resulted from the chemical reactions (Modest, 2013). However, the presence of reaction products such as CO2
and H2O significantly increases the complexity of the problem, as they participate in the radiative transfer with highly
irregular spectral behaviors. This issue is further aggravated by the fact that this spectral dependence is also a function
of the thermodynamic state, which varies significantly in real flames. Therefore, accounting for the absorption spectra of
participating gases in high resolution makes numerical solutions of the radiative transfer equation (RTE) in combustion
devices too computationally costly, especially when the calculations are coupled (Modest and Haworth, 2016). Due to this
limitation, this kind of problem is more often solved using approximated spectral models, which considerably simplify
the spectral behavior of participating gases.

The narrow band models (Soufiani and Taine, 1997; Rivière and Soufiani, 2012; Cai and Modest, 2014), the weighted-
sum-of-gray-gases (WSGG) (Bordbar et al., 2014; Coelho and França, 2018), the spectral-line-based WSGG (SLW)
(Pearson et al., 2014; Solovjov et al., 2017), and the full-spectrum k-distribution (FSK) (Zhang and Modest, 2002; Mod-
est and Riazzi, 2005) are broadly utilized spectral models which are able produce satisfactory accuracy in combustion
scenarios. Among them, the WSGG model is the simplest and, in general, the least computationally costly. The SLW and
the FSK are more accurate alternatives, but at the cost of a higher CPU time. Finally, the narrow band models perform
better than all of the previous methods and are often used as more accessible benchmark solutions. Their computational
cost is higher than the WSGG, the SLW, and the FSK, but still significantly lower than accounting for the highly irregular
spectral behavior of participating gases.

When radiative transfer in participating media is calculated considering the absorption spectra in high resolution, it
is called the line-by-line (LBL) solution. Despite being the most accurate spectral integration methodology, its high
computational cost hinders its applicability in combustion scenarios, especially in multidimensional problems. To address
this limitation, Ziemniczak et al. (2019) developed a reduction technique to smooth the LBL spectral behavior, decreasing
its computational cost while maintaining satisfactory accuracy. This methodology was then employed by Rodrigues et al.
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(2019) to perform a direct spectral integration (DSI) of the RTE in axisymmetric laminar non-premixed flames, where
the computational cost of a reference LBL solution was not viable. However, despite the considerable reduction in CPU
time when using the DSI, the deviations of the method are still higher than what is often desired in benchmark solutions.
Therefore, Coelho et al. (2021) developed a more accurate methodology to reduce the computational cost of the LBL,
the spectrally reduced integration (SRI), which generates non-uniform wavenumber discretization schemes based on the
spectral contributions of the bands. Results showed that the most accurate schemes were able to obtain solutions with
benchmark levels of accuracy 3 to 5 times faster than the reference LBL. The study from Coelho et al. (2021) also
proposed two methodologies to address the main limitation of the method: the need of a previous solution of the RTE to
evaluate the spectral contributions. These methodologies were very successful in the studied cases and illustrated that the
applicability of the SRI can be generalized to problems different to those tested.

Based on these recent advances, this study aims to evaluate the accuracy of the SRI method in one-dimensional
problems with non-homogenous gas mixtures of H2O and CO2. Despite the work from Coelho et al. (2021) also covering
non-homogeneous mixtures, all the cases that were tested considered uniform mole ratio between H2O and CO2, which
is not an accurate representation of real flames and facilitates generalizing discretization schemes to different problems.
The goal is to verify if the SRI can still be generalized to distinct conditions when the mole ratio between the species is
not constant along the domain. Furthermore, in order to extend the range of applicability of this methodology, spectral
contributions databases based on a reference problem are generated for various values of mole ratio and an interpolation
methodology is proposed to obtain intermediate values.

2. METHODOLOGY

For a gas mixture containing only CO2 and H2O as its participating gases, the mixture absorption coefficient κη is
given by

κη = κη,c + κη,w (1)

in which κη,c and κη,w are the absorption coefficients of the individual species CO2 and H2O, respectively. The absorption
coefficient of each single gas is then calculated through

κη,i(η, p, T, Yi) = N(p, T )YiCη,i(η, p, T, Yi) (2)

where N is the gas molar density and κη,i, Yi and Cη,i are, respectively, the absorption coefficient, the mole fraction
and the absorption cross-section of species i, while the index i is equal to c for CO2 and w for H2O. The absorption
cross-sections of the individual gases are calculated through the Lorentz profile, such that

Cη =

K∑
k=1

Cη,k =

K∑
k=1

Sk
π

γk
γk2 + (η − ηk)2

(3)

in which K is the total number of significant spectral lines at the wavenumber position η, Cη,k is the contribution of
the spectral line k to the absorption cross-section, Sk is the integrated line intensity, γk is the line half-width of the line
profile, and ηk is the wavenumber position of the line center.

The line half-width γk was calculated using the high-resolution spectroscopic database HITEMP2010 (Rothman et al.,
2010), resulting in

γk =
(Tref
T

)ni

(piγself,k + (p− pi)γair,k) (4)

where Tref = 296 K is the reference temperature of the HITEMP2010, ni is the temperature dependence coefficient, pi
is the partial pressure of species i, γself,k is the line self-broadening, and γair,k is the broadening caused by air. The
integrated line intensity Sk is then obtained through (Rothman et al., 2010)

Sk(T ) = Sk(Tref )
Q(Tref )

Q(T )

exp(−C2Ek/T )

exp(−C2Ek/Tref )

[1− exp(−C2ηk/T )]

[1− exp(−C2ηk/Tref )]
(5)

where Q is the total internal partition sum, Ek is the energy of the lower state, and ηk is the wavenumber location of
line k. The line parameters ηk, ni, γself,k, γair,k, Sk(Tref ), Q, and Ek are taken from the high resolution spectroscopic
database HITEMP2010 (Rothman et al., 2010). In this study, the absorption cross-sections Cη of H2O and CO2 are
calculated considering a spectral discretization of ∆η = 0.0667 cm−1, total pressure of 1 atm, temperatures ranging from
300 K to 2500 K, and mole fractions Yc = 1 and Yw = 0.01, 0.1, 0.2, 0.4, 0.6, and 0.8. For intermediate values of Yw,
linear interpolation was employed, while for CO2 a simple linear relation is enough (Cassol et al., 2014). This spectral
discretization of ∆η = 0.0667 cm−1 is shown to be enough by Coelho et al. (2021) for test cases such as the ones studied
here.
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With the mixture absorption coefficient calculated, the spectral contributions are then generated from a previous LBL
solution of the RTE. Since the scattering effect is negligible in gas mixtures composed of only CO2 and H2O, the RTE is
given by (Modest, 2013; Howell et al., 2016)

dIη
ds

= −κηIη + κηIbη (6)

in which Iη is the spectral radiation intensity, Ibη is the blackbody spectral radiation intensity, and s is the path length
along a line of sight. Similar to the analysis performed by Coelho et al. (2021), all the test cases studied here consist of
1D mixtures of H2O and CO2 at atmospheric total pressure and surrounded by black walls. For such configuration, the
solution of Eq. (6) for the spectral radiative heat flux and source term, when using the discrete ordinates method (DOM)
for angular discretization, results in

qr,η(η, x) =

nd∑
l=1

[2πµlωl(I
+
η,l(x)− I−η,l(x))] (7)

Sr,η(η, x) =

nd∑
l=1

[2πκηωl(I
+
η,l(x)− I−η,l(x))]− 4πκηIbη (8)

where wl is the quadrature weight for direction l, nd is the total number of directions, µl are the direction cosines, and
I+
η,l and I+

η,l are, respectively, the spectral radiation intensity for µl > 0 and µl < 0. The solution of Eqs. (7) and (8) are
performed considering a spectral discretization of ∆η = 0.0667 cm−1, spatial discretization of 200 uniform elements,
and directional discretization fo 30 total directions in the DOM in all the test cases studied here. According to Coelho
et al. (2021), the spectral contributions of the bands to the radiative heat flux and source term are then calculated as

ζqr (η) =
1

L

∫ L

0

|qr,η(η, x)| dx (9)

ζSr (η) =
1

L

∫ L

0

|Sr,η(η, x)| dx (10)

in which ζqr and ζSr
are the spectral contributions of each spectral interval ∆η for the radiative heat flux and source term,

respectively. The parameters ζqr and ζSr
are interpreted as the importance of the intervals ∆η to the radiative heat flux

and source term, respectively. To allow a direct comparison between spectral contributions based on different quantities
or problems, having them in dimensionless form is more convenient, such that (Coelho et al., 2021)

ζ∗qr (η) =
ζqr (η)

ζqr,max
(11)

ζ∗Sr
(η) =

ζSr
(η)

ζSr,max
(12)

where ζqr,max and ζSr,max are the maximum values in the entire spectrum, respectively.
In their current formulation, ζ∗qr and ζ∗Sr

present a highly irregular spectral behavior which is inherited from the
absorption spectra of CO2 and H2O. In fact, the oscillations are so accentuated that defining a less refined discretization
scheme based on them does not seem viable (Coelho et al., 2021). To address this, a spectral reduction is employed on
the ζ∗qr and ζ∗Sr

, resulting in

ζ∗qr,red =
1

∆ηred

∫
∆ηred

ζ∗qr dη (13)

ζ∗Sr,red =
1

∆ηred

∫
∆ηred

ζ∗Sr
dη (14)

where nred is the reduction sample and ζ∗qr,red, and ζ∗Sr,red
are the reduced spectral contributions to the radiative heat

flux and source term, respectively. In this study, the same value nred = 100 as in the work from Coelho et al. (2021) is
considered. The SRI method uses the magnitude of the parameters ζ∗qr,red, and ζ∗Sr,red

to generate non-uniform spectral
discretization schemes, employing higher resolutions on the more important regions to radiative transfer and lower reso-
lutions on the less important ones. Figure 1 shows an example of how two discretization schemes divide the absorption
spectrum based on the values of ζ∗qr,red, (Coelho et al., 2021).

In this study, the spectral contributions ζ∗qr,red, and ζ∗Sr,red
of the analyzed test cases are obtained through two ap-

proaches: one where the contributions are based on the LBL solution of that test case itself, which is the standard method-
ology of the SRI presented by Coelho et al. (2021), and one where the contributions are based on a reference problem
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Figure 1. Example of how two discretization schemes, Scheme 1 and Scheme 5, divide the spectrum according to the
spectral contributions of the bands to the radiative heat flux (Coelho et al., 2021).

which is sufficiently similar to the one that is being solved. This second approach is also first proposed in the work from
Coelho et al. (2021) and was very successful for the test cases evaluated there. The high performance of the methodology
was mainly attributed to the similarity between the test cases, which all presented the same fixed mole ratio Mr = Yw/Yc
along the domain. Moreover, the work from Coelho et al. (2021) also recommends that at least the regions of most
important to the radiative transfer (in the problem that is being solved) should present Mr value close to the one of the
case from which the spectral contributions were generated. Following this suggestion, the present study verifies whether
the generalization of the spectral contributions from a fixed Mr reference problem to another with variable Mr along the
domain is possible. To guarantee a satisfactory degree of similarity between the cases, the Mr from the reference case is
chosen as the same as the one from the highest temperature region of the problem that is being solved, which, for the test
cases studied in this work, is considered as the most important region to radiative transfer.

The baseline problem used to generate the reference spectral contributions, Case 1, considers a non-homogeneous
mixture with fixed Mr along the domain, with temperature and mole fraction distributions given by

T = 300 K + 1500 K sin2(πx) (15)

Yw = 2Yc = 0.2 sin2(πx) (16)

This case is also employed by Coelho et al. (2021) and represents an approximation of the thermodynamic conditions
verified in stoichiometric combustion of methane in air. Nonetheless, in the way that it is presented in Eq. (16), SRI
discretization schemes based on Case 1 should only be generalized to other test cases employing mole ratios close to 2
near their highest temperature region. To widen the applicability range of this reference case, variations with different Mr

are also considered, resulting in a database of spectral contributions for various Mr values. These variations are obtained
by fixing the mole fraction of H2O while changing the distribution of CO2 to achieve values of Mr between 0.25 and 2,
such that

Yc =
Yw
Mr

=
0.2 sin2(πx)

Mr
(17)

In this work, the database is generated for Mr = 0.25, 0.5, 0.75, 1, 1.5, and 2. To obtain spectral contributions for
intermediate values of Mr, a linear interpolation methodology is employed. A wider range of Mr and lower intervals
between them might be needed depending on the problem being solved, but, for the purpose of this study, the presented
values are satisfactory.

3. RESULTS

Since test cases with constant mole ratio, such as Case 1, were already extensively studied by Coelho et al. (2021),
this study focuses its analysis on SRI solutions of non-homogeneous media with variable mole ratio instead. Therefore,
the next test cases, Cases 2 to 4, consider variable Mr along the whole domain. These three new problems employ the
same temperature profile, given by

T = 500 K + 1900 K sin2(πx) (18)

This distribution aims to represent oxy-fuel conditions, which involves higher temperatures than those observed in air-fuel
combustion scenarios, such as the ones in Eq. (15). However, results from Coelho et al. (2021) show that this difference
in temperature profiles should not invalidate the use of Case 1 as a reference case, as all problems consider a hot medium
bounded by cold walls.
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The mole fraction profiles from Cases 2 to 4 are also based in oxy-fuel scenarios. Case 2 represents combustion of
methane in an atmosphere rich in CO2, usually referred as dry flue gas recirculation (dry-FGR) (Kangwanpongpan et al.,
2012), such that

Yw = 0.2 sin2(πx) (19)
Yc = 1− Yw (20)

The mole ratio Mr from this distribution ranges from 0 to 0.25, with its maximum value located in the same position
as the maximum temperature from Eq. (18). Thus, to employ the SRI discretization schemes based on Case 1 to solve
Case 2, the reference spectral contributions for Mr = 0.25 should be used. For Case 3, the mole fraction profiles are
chosen as

Yw =
1

3
+

1

3
sin2(πx) (21)

Yc = 1− Yw (22)

which represent an atmosphere rich in both H2O and CO2. In the middle of the domain, where Yw is maximum and
Mr = 2, the conditions are similar to typical wet flue gas recirculation (wet-FGR) applications (Kangwanpongpan et al.,
2012). Despite that, Case 3 is a hypothetical profile which aims to generate a wider range of Mr variation, from 0.5 to 2.
Once more, the maximum temperature occurs in the same position as the maximum Mr, so the generalization of the SRI
discretization schemes from Case 1 to solve Case 3 should be based on the spectral contributions for Mr = 2. Case 4 is
very similar to Case 2, also representing dry-FGR conditions, but now with slightly higher Yw concentration, given by

Yw = 0.25 sin2(πx) (23)
Yc = 1− Yw (24)

In Case 4, the highestMr also occurs in the same position of the highest temperature, but now its value ofMr = 0.33 is in
between the two lower values form the database,Mr = 0.25 and 0.5. Thus, in order to utilize the reference Case 1 to solve
Case 4, linear interpolation between the spectral contributions of the database is necessary. A graphical representations of
the temperature and mole fraction profiles from Cases 2 to 4 is illustrated in Fig. 2.
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Figure 2. Temperature and mole fraction profiles considered in Cases 2 to 4. The temperature distributions from
Cases 2 to 4 coincide along the whole domain.

In order to evaluate the performance of generalizing the discretization schemes based on Case 1 to solve Cases 2 to 4,
the SRI solutions based on Case 1 were compared to the benchmark LBL solution and the SRI solutions based on the test
cases that are being solved themselves. For instance, when analyzing Case 2, the solutions from the LBL, the SRI based
on Case 2, and the SRI based on Case 1 were compared. The discretization scheme chosen for the SRI calculations is the
Scheme 5 (S5) from Coelho et al. (2021), which was the most accurate scheme developed in that study and, thus, should
be more reliable when generalizing it to different problems with variable mole ratio.

The results comparing the LBL and the SRI solutions of radiative heat flux and source term for Cases 2 to 4 is presented
in Fig. 3. To differentiate the schemes based on the cases that are being solved to those based on Case 1, the SRI solution
of S5 based on Case 1 is named as S5C1. According to the figure, both SRI solutions from all the cases were very
accurate. The curves are so close to each other that it is hard to define which of the SRI solutions perform better in each
case. The high performance from the SRI S5 was expected since the study from Coelho et al. (2021) already showed that
S5 was able to obtain benchmark levels of accuracy when it was based on the problem that was being solved. However,
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the low deviations from the SRI S5C1 observed here in all test cases was quite surprising. These results illustrated that
discretization schemes based on simpler fixed mole ratio problems could be generalized to variable mole ratio ones. In
fact, even in Case 3, which presents a wide variation of Mr along the domain and considerably different mole fraction
distributions, the generalization based on Case 1 was successful. It can also be concluded that the interpolation of the
spectral contribution database on the mole was an effective approach.
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Figure 3. Radiative heat flux and source term solutions from the LBL and the SRI using schemes S5 and S5C1 for
Cases 2 to 4.

To better differentiate the accuracy between the solutions, Tab. 1 presents the average and maximum deviations be-
tween the SRI solutions, S5 and S5C1, and the LBL for Cases 2 to 4. This table shows that the solutions from S5C1 were
less accurate than the solutions from S5 for all test cases, which was the expected outcome. However, it is important to
notice that, despite being more accurate, the schemes S5 also result in a higher number os spectral intervals, which is
directly proportional to their computational cost. In fact, this might be one of the main factors contributing to the better
performance of the schemes S5, as the study from Coelho et al. (2021) shows that the number of spectral intervals is
highly related to the scheme’s accuracy. This is especially apparent in S5 solution of Case 3, which is presents extremely
low deviations, but at the cost of lower solution speed. Despite the differences evidenced by Tab. 1, the solutions from
S5C1 still present benchmark levels of accuracy, with average deviations lower than 0.7% and maximum deviations lower
than 0.9%.

4. CONCLUSIONS

This study evaluated the accuracy of the SRI method in non-homogeneous gas media with variable mole ratio between
H2O and CO2 along the domain, such as those observed in oxy-fuel scenarios. In order to do that, two approaches were
used: one where the SRI discretization schemes were based on the problem that is being solved and one where the schemes
are generalized from a similar reference problem. The second method has the advantage of not requiring a previous LBL
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Table 1. Number of spectral intervals and average and maximum deviations of the SRI S5 and S5C1 solutions for the
radiative heat flux and source term with respect to the LBL for Cases 2 to 4.

Test case Scheme np,t δqr,avg (%) δSr,avg (%) δqr,max (%) δSr,max (%)

Case 2 S5 43 715 0.34 0.13 0.45 0.27
S5C1 39 667 0.55 0.21 0.74 0.47

Case 3 S5 69 547 0.05 0.03 0.07 0.06
S5C1 39 179 0.67 0.26 0.87 0.62

Case 4 S5 47 950 0.23 0.09 0.32 0.18
S5C1 39 211 0.62 0.23 0.81 0.55

solution of the problem, which would be the ideal scenario, and was successful when evaluated for constant mole ratio
test cases (Coelho et al., 2021). However, real combustion scenarios involve variable mole ratio distributions along the
domain, which makes the evaluation of this methodology in such conditions necessary. Furthermore, to increase the
applicability of this methodology, databases which are able to generalize discretization schemes to a wide range of mole
ratios were developed. Results from this study showed that the SRI presented very accurate solutions, even when the
discretization schemes were based in simpler reference problems, with average deviations lower than 0.7% and maximum
deviations lower than 0.9% with respect to the LBL. It was concluded that the database developed here was a good
alternative to generalize the SRI discretization schemes to the non-homogeneous test cases proposed in this study.
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