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Abstract. An assessment of physics-based reduced-order models (ROMs) is presented for the study of unsteady flows.
Here, we preliminary tests are conducted for analysis of convective heat transfer in a rectangular cavity. Despite the
simple geometrical configuration, the current setup offers increasingly rich dynamics as the thermal forcing is increased,
thus making it a suitable candidate to evaluate the performance of ROMs. First, flow simulations are performed using
a high-order spectral element method that will feed the ROMs with well-resolved temporal and spatial information.
Then, proper orthogonal decomposition (POD) is applied to reduce the problem dimensionality for all models. The
class of tested physics-based models include the Galerkin and least-squares Petrov-Galerkin (LSPG) methods that rely on
projection of the Navier-Stokes and energy equations being solved. All ROMs are able to represent the chaotic temporal
dynamics of a moderate Rayleigh number flow. .
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1. INTRODUCTION

The development of reduced-order models (ROMs) for solving partial differential equations has received considerable
attention in the past decade Carlberg et al. (2017); Bergmann et al. (2018); Amsallem et al. (2012). Studies of convective
heat transfer can benefit from ROMs including applications in preliminary design, optimization and flow & thermal
control. In general, the solution of the full-order model (FOM) via discretization of the coupled Navier-Stokes and energy
equations requires intense computational power. For such cases, the solution of unsteady flows is typically obtained
by high-order, low-dissipation, numerical schemes that can accurately capture the dynamically important temporal and
spatial scales of the flow. Full-order numerical procedures are often solved in parallel computers and are associated with
high simulation costs.

In order to be applied to problems involving unsteady flows, ROMs should be accurate and represent the main physical
mechanisms computed by FOMs. Moreover, they should be stable for long-term temporal integration to allow calculation
of meaningfully converged statistics. Despite all advances in the field, application of ROMs to complex unsteady flows is
still a challenging task. Several methods have been proposed in the literature and those based on projection of the Navier-
Stokes equations are the most popular. Among these techniques, we mention Galerkin (Rowley et al., 2004) and least-
squares Petrov-Galerkin (LSPG) projections (Carlberg et al., 2013; A Quarteroni and Negri, 2016). Both methodologies
are directly related to the problem physics through projection of the partial differential equations into sets of ordinary
differential equations. The projection is usually performed using orthogonal functions computed via proper orthogonal
decomposition (POD) Sirovich (1987); Cordier and Bergmann (2008).

Galerkin and LSPG projections require the discretization of linear and non-linear spatial operators appearing in the
FOM, what may still imply high simulation costs. Moreover, in some cases, ROMs constructed using Galerkin projection
may exhibit unstable behavior (Carlberg et al., 2013) due to the inherent basis truncation occurring in this method. In
turbulent flows, basis truncation removes higher POD modes from the flow reconstruction, which results in an unbalance
of turbulent kinetic energy budget of the ROM. This occurs because the absent modes are mostly associated to small
dissipative scales which would prevent amplification of numerical instabilities. This issue may be addressed by application
of turbulence models (Cazemier et al., 1998; Osth et al., 2014; Protas et al., 2015) but this approach can compromise
consistency between the original partial differential equations and the ROM. Other alternatives have been proposed to
deal with this problem via minimal rotation of the projected subspace (Balajewicz et al., 2016). Recently, San and Maulik
San and Maulik (2018a) employed neural networks to compute optimal coefficients for an eddy viscosity model which is
able to stabilize a Galerkin projection ROM. Another issue with Galerkin and LSPG methods is related to inherent high
costs from solving problems with strong non-linearities, an issue that can be dealt with by application of hyper-reduction
techniques (Chaturantabut and Sorensen, 2010; Zimmermann and Willcox, 2016; Willcox, 2006).
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In the present extended abstract we employ the POD-Galerkin and LSPG techniques to study convective heat transfer
in a rectangular cavity. Despite the simple geometrical configuration, the current setup offers increasingly rich dynamics
as the thermal forcing is increased, thus making it a suitable candidate to evaluate the performance of ROMs. Aspects of
spatial discretization and hyper-reduction are addressed. In the final version of the paper, further aspects of cluster-basis
POD will be discussed including higher Rayleigh number flows.

2. Problem description

The reduced-order modeling approaches considered in this study are applied to the problem of a two-dimensional
differentially heated rectangular cavity of aspect ratio A = H/W = 8.0, where H and W denote the height and width
of the cavity, respectively. As shown in Fig. 1(a), the horizontal walls are adiabatic and fluid is heated from the left and
cooled from the right-hand side. The presence of a gravitational force in the negative vertical direction induces a buoyant
force which causes hot and cold fluid to move upward and downward, respectively. Despite its geometrical simplicity, this
setup offers increasingly rich dynamics as the thermal forcing is increased, thus making it a suitable candidate to evaluate
the performance of ROMs.

The particular choice for the aspect ratio, A = 8.0, is motivated by the availability of benchmark data (e.g. refs.
Christon et al. (2002); Xin and Quere (2002); Gjesdal et al. (2006)) and by a recent study San and Maulik (2018b) that
utilized the same setup to evaluate the performance of machine learning closures on stabilization of a projection-based
ROM. For Ra = 5.5 x 10°, Fig. 1(b) suggests the existence of finer scale structures which increase the number of POD
modes necessary to construct a suitable basis, thus increasing the complexity of reduced-order models. Additionally, the
flow dynamics are non-periodic for this higher value of Rayleigh number, which represents a challenge for construction
of accurate and stable ROMs.
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Figure 1: Geometry and thermal boundary conditions for a differentially heated cavity of height [, width W, and aspect
ratio A = H/W = 8 (left). Representative instantaneous temperature contour for Ra = 5.5 x 10° (right).

2.1 Governing equations

The flow is governed by the continuity, momentum and energy equations in incompressible form. Density variations
with temperature are accounted for using the Boussinesq approximation. In non-dimensional form, these equations are
given by

V-u=0, 1)
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In these equations, u = (u, v) represents the velocity vector, p is the reduced pressure, and 7' is the temperature. The
cavity width W is used as a reference length scale, while u is normalized by the free-fall velocity U = /gBATW, and
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7 = W/U is used as a time scale. The temperature difference is AT = Ty — T, with T and T denoting the hot and
cold temperatures, respectively. The non-dimensional temperature is T' = (T™* — T¢) /AT, where T™ is the dimensional
temperature. The gravitational acceleration is g, and 3 is the thermal expansion coefficient.

The flow is governed by two non-dimensional parameters, the Prandtl and Rayleigh numbers given by
v

Pr= “4)
o

and

3
Ra = 988TW" )
va
respectively, where v is the kinematic viscosity and « is the thermal diffusivity. Here, we use Pr = 0.71, which is
representative of air. The Rayleigh number is set as Ra = 5.5 x 10°. A no-slip boundary condition is used on the walls,
and temperature is setas 7= lonz = 0, T = 0 on z = 1, and 9T/9y = 0 on the horizontal walls, where z is the
horizontal coordinate normalized by the cavity width.

2.2 Numerical method for full-order model

The governing equations are discretized in dimensional form using quadrilateral spectral elements on a two-dimensional
plane, using the formulation described by Blackburn & Sherwin Blackburn and Sherwin (2004). In a spectral element
framework, the expansion bases and test functions used in the Galerkin method consist of high-order polynomials which
provide spectral convergence for smooth solutions as the polynomial order is increased. Here, we use a nodal spectral ele-
ment formulation where Lagrange polynomials are interpolated on a set of nodal points, which in the present formulation
consists of the Gauss-Lobatto-Legendre (GLL) nodes.

Time-integration is carried out using the second-order, stiffly stable velocity correction scheme described by Karni-
adakis et al. Karniadakis et al. (1991). The scheme is semi-implicit so that non-linear terms are computed explicitly,
while viscous terms are solved implicitly, forming a Helmholtz equation. Thus, the time step size used in the simulations
is limited by a CFL-like condition. For further details about the numerical method employed for the FOM the reader may
consult refs. Blackburn and Sherwin (2004); Karniadakis et al. (1991); Karniadakis and Sherwin (2013).

2.3 Comparison with benchmark data

The domain shown in Fig. 1(a) is discretized using 800 spectral elements, with 80 and 10 elements in the y and =
directions, respectively, which are constructed using polynomials of order P = 10, thus giving approximately 80, 000
independent degrees of freedom. To ensure the quality of the solutions obtained on this mesh, results for Ra = 3.4 x 10°
are compared with benchmark data provided in refs. Christon ef al. (2002); Xin and Quere (2002), as shown in table 1.
In the table, % and T denote the time-averaged values obtained for the horizontal velocity and for the temperature at the
point (z,y) = (0.181,7.37), while v’ and T” represent their respective fluctuations. The global Nusselt number Nu is
obtained from

1w 7ar

Nu=—— [ &
“SHAT ), oz

dy, (6)

=0

so that it is the area-averaged ratio of convective and conductive heat transfer on the hot wall. From the results shown in
the table, it is clear that all quantities are in excellent agreement with the benchmark data. Note that in the present study
we consider a higher Rayleigh number of Ra = 5.5 x 10° since the dynamics for such flow is more complex than that
for Ra = 3.4 x 10°. While the latter depicts periodical fluctuations, the former presents a more chaotic behavior, leading
to a more challenging problem for application of ROMs. To ensure that the grid with 800 elements is adequate for the
higher Ra, a simulation was performed with Ra = 5.5 x 10° on this mesh and also on a finer grid with 1600 elements
and P = 10. Time-averaged first-and second-order statistics revealed that differences in the numerical results obtained on
the two meshes were negligible. Thus, all the FOM simulations reported throughout the paper were obtained on the mesh
with 800 spectral elements.

As explained later, snapshots are collected from solutions obtained from the FOM and provided as inputs to the ROMs.
Before this, however, a spatial interpolation is performed from the spectral element mesh described above onto a grid with
spatial distributions such that the grid spacing increases monotonically from the cavity walls toward the cavity centre.
Note that, in the case of a spectral element mesh, inner grid points are always clustered near element boundaries, which
would not provide a favorable distribution for using finite-difference spatial differential schemes, as done in the present
work for the Galerkin and LSPG methods. Hence, an interpolated grid consisting of 84 234 grid points has been employed
for the snapshots, although both solutions are obtained in the FOM on a grid with 800 spectral elements with P = 10.
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Table 1: Time-averaged and respective fluctuations of horizontal velocity, temperature and global Nusselt number at
(z,y) = (0.181,7.37). 74 denotes the period of one oscillation.

I ' T T’ Nu Nu' To
Present results 0.056341 0.054766 0.765475 0.042689 4.57946 0.007087 3.41505
Christon et al. (2002); Xin and Quere (2002) | 0.056356 0.054828 0.765480 0.042740 4.57946 0.007100 3.41150

3. Proper orthogonal decomposition

In proper orthogonal decomposition, unsteady velocity and temperature fields can be decomposed as follows
N
alx1) =a(x) + 3 Bi(x)ait) . )
i=1

where q = {u, v, T}T, ®; are the orthonormal spatial eigenfunctions, a; represent the temporal modes and {}T is the
transpose of {-}. IV is the number of data sets extracted from the numerical simulation and ¢ represents the mode index.
Reconstruction of the fluctuation velocity and temperature fields can then be approximated by

M
q(x,t) ~ Z ®;(x)a;(t), (8)
i=1

where M is the number of modes used in the fluctuation field reconstruction. In practical ROM applications, one seeks
M < N.
In the POD it is usually necessary to calculate a covariance matrix C given by

1
Cij = NLQi(thi)Qj(x,tj)dX. ©)

This matrix is symmetric positive semidefinite and, therefore, allows the use of singular value decomposition to compute
the singular values and vectors of the POD reconstruction. From this matrix factorization we have the calculation of the
orthonormal spatial eigenfunctions that will be used in the Galerkin and LSPG projections to reconstruct the system of
ordinary differential equations that, in turn, will determine the evolution of temporal modes. Such modes are calculated
so that the reconstruction is optimal in the sense of truncated mean quadratic error.

The idea of writing a temporal covariance matrix comes from the fact that solution cost grows rapidly for large
computational grids. This is an issue especially in multidimensional problems. This alternative technique used to obtain a
POD modal basis is referred to as snapshot method and was introduced in Sirovich (1987). It consists of solving a much
smaller eigenvalue problem proportional to the time complexity (number of snapshots) written as

C& =XTXEG = N6, §eRY, N<N,, (10

where XTX is of dimension N x N. Here, N, refers to the total number of grid points. Spatial eigenfunctions ® are
then recovered using the temporal modes = obtained through the reduced eigenvalue problem

& = XEA /2 an

where @ = [&; &y ... O] € RYo*N and B = [¢; & ... €x] € RV*N. This method is widely applied due to its
reduced computational effort and memory usage.

4. Projection Methods
Consider a dynamical system F(q) defined in a connected open region 2 C R™s whose boundary T" is well defined

F(q) =% -G(a)=0 in Q
q(t =0) =ug (12)
q=g on I,

where q is a function of space and time, and the nonlinear operator G(q) is given by the convective and diffusive terms
appearing in the momentum and energy equations. Let ® define an orthonormal basis obtained by the POD method. The



18th Brazilian Congress of Thermal Sciences and Engineering
November 16—20, 2020, (Online)

state variable q is approximated as the linear combination of this basis vector as
arq=aq+y dia;. (13)

In this case, orthogonality of the residual R(q) is enforced as
R(q) = (¥;,F(q) =0, (14)
where W; is the test space and {.) denotes the L? norm. A projection method is generally called Galerkin (Petrov-Galerkin)
when the test and solution bases are equal (different), i.e. & = ¥ (P # W) for the following projection
M
(W5, F(q+ ) ®ia;) =0. (15)
i=1
Boundary conditions must be implicitly satisfied by the POD solution basis, otherwise the problem may lead to an ill-

conditioned or ill-posed reduced-order model. Homogeneous Dirichlet or Neumann boundary conditions can be inherited
by the spatial modes ® from the snapshot collection Bergmann et al. (2005).

4.1 Galerkin Projection

Galerkin projection is a widely used method for reduced-order modeling of dynamical systems. This can be attributed
to its implementation simplicity and mathematical robustness. Applying the Galerkin projection method to equation 12
we have
M M
(@1, ) ®585) = (®;,G(q+ Y Pjay)) . (16)
j=1 j=1
This equation can be further simplified since the functions ®; are orthonormal. Hence, a system of ordinary differential
equations arises for the temporal modes as
M

= (®;,G@+ Y ®ay)), a7

J=1

dai
dt

with initial conditions obtained by projection of a single snapshot in the vector basis
ai(o) = <q(xa 0), @i(x» . (18)

The previous system of ordinary differential equations represents the ROM associated to the FOM and can be inte-
grated in time. The right-hand side of Eq. 17 should have a reduced computational cost compared to the full-order model
to justify its application. Following the POD-Galerkin approach, the reduced-order model for the thermal convection
problem has the form

d
d—?:e—l—Aa—&—aTNa, (19)
where the coefficients e, A and N can be found in . It is worth mentioning that these coefficients are time-independent

and, thus, need to be calculated only once, in a pre-processing step.
4.2 Least-Squares Petrov-Galerkin

The Least-Squares Petrov-Galerkin (LSPG) technique is presented in Carlberg et al. (2013, 2017); A Quarteroni and
Negri (2016). The discrete test basis ¥; is given by

OR(§
v, — o7 R4 (20)
Oa
which is equivalent to solving the following minimization problem
minimize ||R()]|2 . (21)

Gespan(P)

The previous regression problem can be linear or nonlinear depending on the time integration scheme employed
(explicit or implicit) and the set of equations being solved. The LSPG solution may converge to that obtained from
Galerkin projection as the time step approaches zero as discussed in Carlberg et al. (2017). This reference also shows
that the optimal time step for an implicit LSPG is given by a particular time step, depending on the problem at hand. The
initial condition is also given by Eq. 18.
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4.3 Hyper-Reduction

The LSPG method scales in computational cost with the FOM even though the test space is smaller than that of
the full POD reconstruction. A further approximation to a much smaller problem using hyper-reduction techniques is
crucial for reduction of computational costs. Hyper-reduction is also a requirement when modeling problems with strong
nonlinearities (i.e. non-polynomial) or non-affine parameter dependence.

The gappy POD approximation Everson and Sirovich (1995) can be used to solve this problem by switching to low-
rank “gappy modes”; within this approach, only a few grid points are used to solve the minimization problem. This
method was used, for instance by Willcox (2006) for optimal sensor placement and by Carlberg et al. (2013) for turbulent
flow modeling.

Several near-optimal node sampling procedures have been proposed in the last 20 years. The missing point estimation
(MPE) method Astrid ef al. (2008) chooses the nodes that best approximate (®;, ®;) ~ I. These nodes are initially
selected by condition number evaluation with a greedy algorithm of the previous near identity matrix, but computational
cost may rapidly become prohibitive.

A widely used alternative to MPE is the discrete empirical interpolation method (DEIM) Chaturantabut and Sorensen
(2010). This sampling procedure first appeared as a method of interpolation for reduced-order modeling of nonlinear
problems. However, in the DEIM, the number of sampled nodes is limited to the number of POD modes used in the
reconstruction. This is a limiting factor for problems where a large set of sampled nodes is preferable or mandatory. In
the present work, nodes are sampled according to the accelerated greedy missing point estimation procedure algorithm
proposed by Zimmermann and Willcox (2016). First, this method applies the DEIM and, then, an indirect condition
number evaluation is performed by a greedy method to find additional nodes according to the MPE procedure.

5. Preliminary Results and Discussion

In this section the reduced-order modeling approaches presented in Section 4are evaluated in the context of convective
heat transfer in a two-dimensional rectangular cavity. As discussed in Section 2.the flow condition investigated includes
the thermal convection at moderate Rayleigh number Ra = 5.5 x 10°. Results obtained for the full- and reduced-order
models are compared in terms of velocity and temperature fluctuations for specific probe locations. The capability of
different ROMs to reproduce the POD temporal modes is also assessed. Moreover, flow snapshots of the FOM and
ROMs are compared at selected time instants. Errors are reported in terms of the Ly error norm computed for fluctuating
quantities as

Error(t) — | dkom () ~ dhonx. 1)z, )
[aSEERI

Finite difference centered schemes of different orders of accuracy are used to compute derivatives of POD spatial
modes in the physics-based ROMs. The influence of resolution in these calculations is shown to be relevant for the current
moderate Rayleigh number case and, therefore, will be discussed later in this section. An explicit 4"-order Runge-Kutta
time-marching scheme is used in both projection methods and At oy is selected as the time step between snapshots.

5.1 Moderate Rayleigh number case (Ra = 5.5 x 10°)

For the current flow, the temporal dynamics are irregular, composed of several frequencies, what consists in a challenge
for ROMs. The simulation is recorded for 8 000 snapshots with a non-dimensional time step Afgapshor = 1 obtained on a
fine grid with 84 234 nodes. The first half of the snapshots (N = 4, 000) are used to construct a POD basis and only 40
spatial modes are retained for construction of the ROMs. These 40 modes represent 99.96% of the model energy. Solutions
are presented in terms of flow and thermal fluctuations using only 14 POD modes for all ROMs. Unless indicated, all
solutions presented by the LSPG approach are obtained using 8 574 points in the hyper-reduction technique.

Figure 5 shows the 8" and 14" POD temporal modes used for training and testing the ROMs. The red vertical
line marks the end of the training dataset. One can see in this figure that the temporal dynamics of these modes are
complex, non-periodical, composed by several Fourier modes. Both the Galerkin and LSPG methods are able to accurately
reproduce the dynamics of the training window and theirs solution beyond the training dataset show good agreement.

The temporal evolution of temperature and velocity fluctuations are presented in Fig. 3. Results are computed for a
probe located near the cavity top-left corner at (x,y) = (0.181,7.37). From this figure, it is possible to see that the flow
dynamics are chaotic with no specific pattern for the fluctuations. Both the Galerkin and LSPG techniques are able to
reproduce the FOM solution beyond the training window.

Figures 4a, 4b, 4c present snapshots of temperature, u and v-velocity fluctuations obtained at time ¢t = 7,600, re-
spectively. The snapshots allow a comparison of results between FOM and ROMs for a flow reconstruction with 14 POD
modes out of 4,000. Small discrepancies between the ROM and FOM solutions are evident, especially for small scale
flow structures. However, the main features of the flow are recovered. Again, the more intense flow structures appear on
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Figure 3: Time histories of temperature and velocity fluctuations computed by the FOM and ROMs at (z,y) =
(0.181,7.37) for Ra = 5.5 x 10°.

the top-left and bottom-right corners, what justifies the previous probe location for computing the flow fluctuations. For
all fluctuation fields, structures of different scales can be observed and, in general, the present physics-based models are
able to reproduce most of the details of the FOM.

Both ROM approaches tested require the computation of spatial derivatives appearing in the momentum and energy
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Figure 4: Contours at t = 7600 for Ra = 5.5 x 10°

equations. In this extended abstract, we also investigate the sensitivity of the Galerkin and LSPG methods to various
differentiation schemes. We perform such tests on the LSPG model since it provides the best solutions for Ra = 5.5 x 105.
Figure 5a shows the model error for three central difference schemes of increasing accuracy. Most calculations performed
for Galerkin projections employ the classical 2"-order finite difference scheme. As shown in the figure, this method has
a poor performance even at early stages of the temporal integration. We also test 6~ and 10"-order compact schemes on
the LSPG model. All calculations performed for the results presented earlier in the paper employ the latter scheme, which
is shown to perform slightly better than the 6"-order method, especially for long time-integration periods. Similar results
were obtained for the Galerkin projection but are not shown. This aspect is rarely discussed but Galerkin models usually
encountered in literature employ 2"¢-order schemes, typical of finite volume solvers. It is important to mention that flows
involving a broad range of temporal and spatial scales require higher-order methods for accurate solutions.

Since the LSPG presents the best solutions for the present flow analyzed, we also investigate the influence of hyper-
reduction on the accuracy of the model. The number of grid points used in the regression problem 21 must be previously
chosen for this method, but there is no direct way to rigorously guarantee the parameter optimality or the error bounds
a priori. Therefore, the weight of hyper-reduction stays as a free parameter that directly affects accuracy, computational
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cost and numerical robustness. Figure 5b shows the evolution of the relative error for three LSPG models with increasing
number of points. It is important to point out that the error does not decrease monotonically as the number of points is
increased. This implies that the simple addition of more points in the model does not necessarily lead to a more accurate
and robust ROM. However, it will certainly increase the cost. For the present case, we show that reducing the number
of points in the hyper-reduction from 8 574 to 1413 deteriorates the solution, leading to an increase in the relative error.
Adding more points keeps the error low during early stages of the time integration but, for longer predictions, the solution
obtained using 15 668 points produces larger errors than that computed using 8 574 nodes. Error prediction methods could
possibly be used in the future as a decision mechanism for optimal selection of the number of nodes.
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Figure 5: Temporal evolution of relative error for Ra = 5.5 x 10° using various finite difference schemes and different
levels of hyper-reduction.

6. Preliminary Conclusions and Additions to the Final Paper

Despite the geometrical simplicity of the rectangular cavity, the current setup offers rich dynamics that depend on the
thermal forcing. Hence, it is a suitable candidate to evaluate the performance of ROMs. In this work, we employ ROMs
which are constructed based on time-accurate solutions of a full-order model (FOM) that solves the coupled Navier-Stokes
and energy equations using a high-resolution spectral element method. Before the models are built , proper orthogonal
decomposition (POD) is applied to reduce the problem dimensionality.

The classical Galerkin projection is tested as well as the least-squares Petrov-Galerkin (LSPG) method. This extended
abstract shows a study for a moderate Rayleigh number flow that has non-periodic temporal dynamics. In order to
accurately represent this flow, 14 POD modes are employed for the models. However, both the Galerkin and LSPG
methods are built with 40 modes to maintain numerical stability but the last 26 modes are not used in the construction
of the temperature and velocity fluctuation fields. It is shown that the POD modes for this case are composed of several
frequencies which are excited in a non-periodical manner. The best results for this case are obtained with the LSPG.

In order to be cost effective, the LSPG approach depends on a hyper-reduction technique as discussed in the numerical
methodology section. The weight of this hyper-reduction is a free parameter of the model that directly affects its accuracy,
computational cost and robustness. We performed a study that shows the impact of different levels of hyper-reduction on
the relative error of the model. We also demonstrate the importance of employing high-order numerical schemes for the
calculation of spatial derivatives appearing in the models. In this context, for long time integration, the relative error of
the temperature and velocity fluctuations remains much lower for a 10"-order scheme than for a 2"-order one.

As a further step in the assessment of the ROM approaches presented here, higher- Ra cases will be considered, even
though this would be very challenging for all models as broadband effects become dominant, thus requiring an often
prohibitive number of spatial modes to recover all relevant flow features. In the final version of the paper, we will
solve higher Ra number flows using a cluster POD approach. We will also discuss about the use of basis interpolation
techniques to obtain ROM solutions for intermediate parameter values, or to construct ROMs which are valid for a range
of parameters rather than for a single one.

Appendix: Galerkin Coefficients

Conside the Galerkin coefficients given by the following tensors e, A and N from equation 19 and computational
domain Q. These coefficients are functions of the spatial basis ® = [®,, P, <I>T]—r obtained by POD, mean field g =
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[av T‘]T and initial conditions [ug vo To] .

It is convenient to decompose € = ¢; = —e; — g; e;j — \/PiiRe3 — e}, which leads to the following terms
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The term A is also conveniently decomposed as A as A;; = —A}; — %Afj -
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and, finally, the third order tensor is written as
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The initial condition of 19 is obtained by projection of the first snapshot on the basis vector as

0) = //Q ((UO — 1)@y, + (Vo — V) Py, + (To - T)(I)Ti) dz dy .
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