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Abstract. Liquid propellant rocket engines are used in many aerospace applications, since they show higher performance
than solid propellant motors and allow thrust control. The characteristic length (L) is an important parameter for the
combustion chamber design, and is related to the stay time required for propellants to fully atomize, mix and react within
the rocket chamber. Injector design is also an important factor once it affects directly the droplet Sauter mean diameter
(SMD), impacting on L". Pressure swirl injectors are widely used in propulsion applications because they can yield
efficient atomization within a small volume. The swirl motion inside the injector creates a hollow cone spray, particular
characteristic of this type of injector, decreasing L*. Ethanol/LOx and RP-1/LOx are propellant combinations used
historically in several liquid propellant rocket engines. This work presents a theoretical study of the L™ for these mixtures,
based on Spalding model for droplet vaporization and combustion and the SMD models of Radcliffe and Jasuja. The
algorithm was validated with data of three engines for chamber pressures from 10 to 250 bar and mixture ratios from 1
to 7. The Radcliffe model has predicted better the SMD for the L™ comparing with actual engines, and SMD has affected
in about 58 % the L". Also, the concept of the characteristic equivalence ratio (®*), which is the equivalence ratio (®)
required to reach the minimum L, was presented. The results showed that, besides the thermo-physical properties of each
fuel, the L" decreases with the increase in chamber pressure, reduction in propellant mass flux and closer to characteristic
equivalence ratio. In general, the L” of the Ethanol/LOx is higher than the RP-1/LOx and it is reached with ®" of about
0.779 and 1.632, respectively, which are values compatible to actual engines.
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1. INTRODUCTION

Liquid Propellant Rocket Engines (LPRES) are the most common propulsion systems used on launch vehicles and
satellites worldwide due to its high performance and possibility thrust modulation. The combustion chamber design is
highly dependent on the space required for the injection, atomization, mixing and combustion of the propellants. This
space is represented by the characteristic length. Since it is a parameter that depends on the propellants and injector
properties, in general, books and other works present only empirical data for some pairs. But it is not informed on which
conditions the tests were performed (Huzel and Huang, 1992), (Humble et al., 1995). Therefore, a theoretical model to
describe the impact of the L” in the combustion process and the thrust chamber geometry is crucial on the design of the
engine, and by optimizing this parameter weight, costs, and performance losses are reduced significantly (Huzel and
Huang, 1992). Equation (1) demonstrates how the L" is substantial for the thrust chamber design, by being a relation
between the chamber volume, V., and the throat area, A..
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where 1, is the propellant mass flow rate, V is the average specific volume, and t; is the residence time or stay time for
the injection, atomization, mixing and combustion of the propellants. One of the first mathematical models to estimate
the L™ was proposed by Spalding (1959), and it is until now being used, because it is a relatively simple one-dimensional
model with analytical solution. Furthermore, it may contain chemical kinetics effects considerations, like reactivity, being
solved numerically. Other more complex models were also developed, they were compiled at (Salvador, 2004) who also
proposed a new approach (Salvador and Costa, 2006). But, all of these models need to be solved numerically, being
computational and time costly.

Injection and atomization process are fundamentally important for the characteristic length. In general, rocket injectors
are the jet or pressure swirl type, and variables related to liquid characteristics (injection velocity, drop size, etc.) need
experimental data or empirical, or semi-empirical, equations specific to each type of injector. Some models or empirical
equations helps to determine some variables used on L* calculation, some of these are encountered on (Lefevbre and
McDonell, 2017). The evaporation, responsible for the atomization, is the slowest process, that's why so many models
focus on modelling so accurately this phase. This work studied pressure swirl injectors, because they are widely applied
on rocket engines and there are many theoretical, numerical, and experimental studies characterizing these injectors
(Fischer 2014, 2019), (Fischer et al., 2017).

The droplet size is determined by the Sauter mean diameter (SMD). It is a parameter that represents the ratio of the
volume to the surface area of the spray, highly used on applications with liquid fuels combustion systems (Lefevbre and
McDonell, 2017). It has great impact on the L", since the bigger the droplet, the higher is the time for the droplets to
evaporate. This happens because small droplets augment the surface area of the fluid, increasing evaporations rates
(Bayvel and Orzechowski, 1993), (Khavkin, 2003), (Bazarov et al., 2004), (Wang, 2016).

In the Brazilian space program, there is a significant interest in developing a LPRE for its Microsatellite Launch
Vehicle (VLM) last stage. A mixture of liquid oxygen (LOX) and ethanol is being researched and two small engines were
developed, the L5 (5 kN) and the L15 (15 kN), and a third and bigger one, the L75 (75 kN) (Torres et al., 2009),
(Pfuetzenreuter et al., 2017). The L optimization would improve in a significant way the project and its feasibility. This
mixture was one of the first used by the V-2 rocket back in the 40’s. Also, the RP-1 was the first choice for the L75 engine
due to its high efficiency and it is used in several launch vehicles.

In all of these Brazilian engines, pressure swirl injectors were used. This type of injectors consists of tangential inlet
orifices, vortice/swirl chamber, convergent section and discharge orifice. It is imposed a swirl motion to the propellant
due to the tangential orifices and conservation of angular momentum creating an air core, developing a hollow conical
swirling film flowing out of the injector and creating a wide spray cone angle. This results in low discharge coefficient
and on a finer atomization directly proportional to the opening of the spray cone angle. With the geometrical design
parameters, it is possible to determine or adjust the spray cone angle, mass flow rate, breakup lengths, SMD, axial and
tangential velocities and atomization parameters (Schimidt and Walzel, 1984), (Rizk and Lefebvre, 1985), (Bayvel and
Orzechowski, 1993), (Ashgriz, 2011), (Saeedipour et al., 2014), (Vijay et al., 2015), (Kang et al., 2018).

This work intends to make a theoretical study of the L* for two different propellant combinations, Ethanol/LOx and
RP-1/LOx, varying some engine properties that may impact on the characteristic length results. Two ranges of chamber
pressure were analyzed, the first one from 10 to 70 bar, due to a large number of small LPRESs operating in these ranges,
such as the three Brazilian ones cited before, and some high thrust engines such as the RD-108, with 51 bar (Haidn, 2008),
the engine from V-2 (Aggregat 4 - A4) that had around 15 bar (Spalding, 1959). The second range is from 70 to 250 with
motors such as the F-1 engine from Saturn V, NK-33 and RD-170 that had around 77.6 bar, 145.4 bar and 251 bar,
respectively (Hugh, 1995), (Hulka et al., 1998), (Haidn, 2008). All of these engines operated with mixtures of
Ethanol/LOx or RP-1/LOX.

2. THEORETICAL MODEL

The Spalding’s model (Spalding, 1959), as mentioned by Hill and Peterson (1992), considers an idealized cylindrical
combustion chamber, with a uniform size droplet with uniform velocity, and drops of fuel and oxidizer are indistinct.
Other assumptions are that it is considered a one-dimensional flow, the gas composition is at equilibrium, the time required
for the vaporization is the time required for combustion, chamber pressure and temperature are uniform, and droplets are
spherical.

The drag actuated on spherical particles are represented on the equation below:
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where B is the transfer number and Pr is the Prandtl number, which is around 0.7. In this work it is calculated with a
NASA’s software CEA (Chemical Equilibrium with Applications) (Mcbride and Gordon, 1994, 1996), but it can be
calculated as:
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pr = St 3)
k

where ¢, is the specific heat of gaseous combustion products with constant pressure, p is the dynamic viscosity, and k is
the thermal conductivity. According to Spalding (1959), values of S should be close to 0.5.

The transfer number, or Spalding number, is divided into four types (Spalding, 1953, 1979). The first and the second
are the ones used on combustion of carbons and combustion of metals, respectively, and are not used in this model. The
third transfer number is for combustion of liquid fuels and is the one used in this model. This third number is presented
in Eq. (4).

(Tg—Ts) 4)
Q

Hm
B = 570 + CpL
where H is the calorific value of fuel, Q is the heat of vaporization, m, is the weight concentration of oxygen, r is the
weight of oxygen required for combustion of unit weight fuel, Ty is the gas stream temperature, and Ts is the temperature
of the surface engaging in mass transfer.

The fourth is divided in two others, the transfer number by heat and by mass, which are used on vaporization models
without combustion, such as the ones demonstrated on (Wang, 2016). The Spalding number by mass and by heat are
equal if the Lewis number, that is the ratio of the thermal diffusivity to the mass diffusivity, is equal to 1. These two
numbers are presented on Egs. (5a) and (5b).

(Ty=Ts) (5a)
Br = 4 s
T = CpL 0
B, =5V (5b)
v =
1-Y,

where Ys is the total propellant mass flow rate divided by fuel mass flow rate, and Y is the vapor mass fraction.

According to Spalding (1959), values of B should be close to 6 for bi-propellants.

The injection velocity has a high impact on the characteristic length, and depends on a pressure drop at the injector.
Larger pressure drops provide better atomization (Schimidt and Walzel, 1984), (Saeedipour et al., 2014), and smooths
pressure oscillations associated with combustion instabilities coupled with the feed system. But it also increases the L”
because it rises the injection velocity (Hill and Peterson, 1992). Therefore, higher pressure drops decrease the SMD,
reducing the L". According to Sutton and Biblarz (2010), that pressure drop is of about 0.15 to 0.25 times the chamber
pressure. Although, this pressure drop may vary with the chamber pressure, due to the fact that high pressure engines
must have high pressure drop, hence the pressure oscillations may increase with the chamber pressure. The pressure drop
can be calculated with the relation proposed by Humble et al. (1995), that is 30 % of the chamber pressure, but the relation
proposed by Kessaev, on the internal report of the Brazilian Institute of Aeronautics and Space (IAE) and discussed by
Mota et al. (2018), is a better approximation and it is presented at Eq. (6).

AP = 80,/10P, (6)

where Pc is the chamber pressure and is given in Pa.
With the pressure drop, the injection velocity is calculated as:

2AP (7)
uo = —

PL

where g is the liquid fuel density.
With the injection velocity, it is possible to calculate the mass flow rate, which is defined as:

my = CapruoAinj (8)

where Cq is the discharge coefficient, which is the theoretical mass flow rate divided by the experimental mass flow rate,
representing the effectiveness of the injector. According to Sutton and Biblarz (2010), for pressure swirl injectors it can
vary from 0.2 to 0.55. Aiyj is the injection area of one injector, or the discharge area, and it depends on the orifice diameter
that may vary from 1 to 6.4 mm for pressure swirl injectors.

The propellant mass flux in the combustion chamber is defined as the total propellant mass flow rate divided by the
chamber area, as in Eq. (9).
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where Ac is the chamber area and r, is the total mass flow rate. The chamber area may depend on the number of injectors
required (Kessaev, 1997).

Since pressure swirl injectors were used in this work, the Radcliffe model and the Jasuja model equations were
implemented as shown in Egs. (10) and (11) (Radcliffe, 1960), (Jasuja, 1979). These equations were chosen based on
experimental data comparison made by (Fischer 2014, 2019) and (Fischer et al., 2017).

SMD = 7_30.0.6UL0.2mL0.25AP—0.4 (10)

SMD = 4-460'6vLo'lémLO'zzAP_0'43 (11)

where ¢ is the surface tension, v, is the kinematic viscosity, m_ is the liquid fuel mass flow rate per injector.
The minimum, dimensionless, length for the propellant to evaporate is calculated as:

£ = Xo+3S/10 (12)
248

where X, is the ratio between the injection velocity and the final gas velocity at the nozzle inlet, Xo = uo/ug. The final gas

velocity at the nozzle inlet is calculated by using the finite area method that makes it possible to calculate the Mach

number at this section of the engine, according to the contraction ratio, which can vary from 0.1 to 0.4 Mach inside the

chamber (Humble et al., 1995) and may be calculated as shown in Eq. (13).

(13)

1 2
= — _LLC_
Ac/A, {1+[( 1)/2]M

y+1)/(y-1)
Mc 1+[(y-1)/2] }

where y is the ratio of specific heats and Mc is the Mach number at the nozzle inlet. With the Mc, the gas velocity is
calculated as ug= Mc(yRTc)?, where Tc is the adiabatic flame temperature, R is the gas constant, expressed as R = Ro/M,

in which Ry is the universal gas constant and M is the molecular weight of the combustion gas products.
Then, finally, the characteristic length can be calculated with Eq. (14).

y+1 (14)
2 _
L* = &*r 22 + ( G ) v-1 2y-v) CpPL ~/YRT¢
O y+1 " \pfyrre/ vt k In(1+B)

where p is the density of the combustion products and ro is the injected droplet radius, which is obtained by dividing the
SMD by 2.

3. RESULTS AND DISCUSSIONS

A Matlab algorithm coupled with CEA to determine combustion properties was written to calculate the characteristic
length of the engine and the results are presented in the following section. The finite area model was used to determine
thermodynamic and transport properties at the nozzle inlet, assuming complete atomization, mixture and combustion of
the propellants at this section of the engine.

The fuels properties are presented in Table 1 for anhydrous ethanol (Counsell et al., 1970), (Dong et al., 1987),
(Gongcalves et al., 2010) and RP-1 (Chickos and Zhao, 2005), (Magee et al., 2007). The properties were obtained for
298.15 K and 1 atm (Mcbride and Gordon, 1992). The temperature of 90.15 K and pressure of 1 atm was used for the
LOx thermophysical properties for the simulations (Mcbride and Gordon, 1994).
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Table 1. Fuels properties (298.15 K and 1 atm)

Properties Anhydrous Ethanol RP-1

o (N/m) 0.0236 0.0280
Ccor (I/kgK) 2.57 2.29

v, (m#s) 1.402e-6 1.867e-6

Q (J/kg) 841719.12 348413.23
o (kg/m?3) 788.3 799.1

Taking the A4 engine to validate the results, which has around 58 kg/s of ethanol mass flow rate on 1224 injector
nozzles, around of 130 kg/s of total mass flow rate, chamber diameter of 0.922 m, throat diameter of 0.40 m, contraction
ratio of 5.31, chamber pressure of 15 bar and pressure drop in the injector of around 2.34 bar, the algorithm reached 2.02
m and 1.35 m of characteristic length, using Radcliffe and Jasuja models respectively. According to Spalding (1959), the
A4 has 2.87 m. Comparing both results, the algorithm demonstrated to be very efficient in predicting the L™, It is important
to mention that the Radcliffe and Jasuja models are for pressure swirl injectors, which are not the ones used in A4 and the
simulation used anhydrous ethanol, but the A4 used 75 % v/v hydrous ethanol as fuel.

Furthermore, another validation test was made with an old version of the L75 engine, that used RP-1 instead of ethanol.
It has 6.4 kg/s of RP-1 mass flow rate divided in 91 injectors, 22 kg/s of total mass flow rate, chamber diameter of 0.211
m, throat diameter of 0.090 m, contraction ratio of 5.49 and chamber pressure of 60 bar (Almeida et al., 1999). Also, the
chamber length was published by Almeida et al. (1999) as 0.285 m, allowing to calculate the real L of 1.57 m. Running
the simulations for this case it was obtained a L of 1.33 m and 0.79 m, using Radcliffe and Jasuja models respectively.
For this case, the number of injectors was assumed as 91, the same as the recent version of the L75 engine, and the
pressure drop calculated of 6.19 bar, using Eqg. (6).

A third validation test was made with the F-1 engine that has 742 kg/s of RP-1 mass flow rate divided in 3700 injectors,
2526 kg/s of total mass flow rate, chamber diameter of 0.99 m, throat diameter of 0.915 m, contraction ratio of 1.17,
chamber pressure of 77.6 bar, and 6.41 bar of pressure drop (Hugh, 1995). The pressure drop was calculated using the
Eg. (6). Using Radcliffe and Jasuja models, were predicted 2.61 m and 1.39 m, which is close to the real characteristic
length of 1.22 m. It is important to take in consideration that the F-1 engine didn’t use pressure swirl injectors, so a more
adequate SMD model should be used for this engine.

Figure 1 presents the results of SMD for Ethanol/LOx and RP-1/LOx, varying the chamber pressure from 10 to 250
bar and the correspondent pressure drop, using Radcliffe and Jasuja models. Figure 2 presents the results of L” for
Ethanol/LOx and RP-1/LOx, in terms of chamber pressure and varying the mixture ratio (O/F) from 1 to 7, using Radcliffe
and Jasuja models. Figure 3 presents the results of L* for Ethanol/LOx and RP-1/LOX, in terms of chamber pressure and
varying the mixture ratio from 1 to 7, using Radcliffe and Jasuja models.
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Figure 1. SMD for Ethanol/LOx and RP-1/LOx using Radcliffe and Jasuja models from 10 to 250 bar
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Figure 2. a) L" for Ethanol/LOx using Radcliffe model, 10 to 70 bar; b) L" for RP-1/LOx using Radcliffe model, 10 to
70 bar; ¢) L" for Ethanol/LOx using Jasuja model, 10 to 70 bar; d) L" for RP-1/LOx using Jasuja model, 10 to 70 bar
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Figure 3. a) L" for Ethanol/LOXx using Radcliffe model, 70 to 250 bar; b) L™ for RP-1/LOx using Radcliffe model, 70 to
250 bar; ¢) L" for Ethanol/LOx using Jasuja model, 70 to 250 bar; d) L* for RP-1/LOx using Jasuja model, 70 to 250 bar
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The results were obtained for the L75 engine that has around 8.85 kg/s of fuel mass flow rate in 91 pressure swirl
injectors, around 22.95 kg/s of total mass flow rate (Pfuetzenreuter et al., 2017), chamber and throat diameter obtained
through the mesh presented by Almeida 2013 of 0.088 m and 0.046, respectively, contraction ratio of 3.67, chamber
pressure of 60 bar and the pressure drop of 6.19 bar, calculated using Eq. (6). The O/F ratio is the mass flow rate of
oxidizer divided by the mass flow rate of fuel and represents the mixture between them. The equivalence ratio may also
be analyzed to determine how close the mixture of propellants is to the stoichiometric mixture ratio. Egs. (15) and (16)
presents the mixture ratio and the equivalence ratio, respectively.

O/F =Tex (15)
mg

__Fpo (16)
(F/0)st

where rioy is the oxidizer mass flow rate, 7 is the fuel mass flow rate, F/O is the inverse of the O/F ratio, and the subscript
st defines the stoichiometric condition. Reaching a @ = 1 is defined as the stoichiometric mixture, a @ > 1 is defined
as a fuel rich mixture, or rich mixture, and @ < 1 is defined as a fuel lean mixture, or lean mixture.

As seen on Fig. 1 it is possible to verify that the L" reduces as chamber pressure increases. The SMD also has high
impact, and it varies with the chamber pressure due to the pressure drop, which varies with chamber pressure, as shown
in Eq. (6) and Fig. 1.

Figure 4 improves the understanding of how each parameter affects the characteristic length. It is shown a pie
flowchart representing the percentage of impact on the results. It is possible to observe that the injected droplet size,
represented by the SMD, is the parameter that affects the most, the second most affecting parameter is the &, the third is
the vaporization part, which is the inverse of the thermal diffusivity divided by a relation of the transfer number
[(cops/k)/In(1+B)], and the last is the gas dynamic part [(yRTc) 2{2/(y+1)+(G/Ap(yRTc)V?))?(y-1)/y+1)} @+ 1/-10],

04.23% [ ]Gas Dynamic
-Vaporization

13.60% I3

I sivD

Figure 4. Comparison of the factors affecting the characteristic length

Taking in consideration the pie chart of the Fig. 4, a highly atomized propellant is the main approach for targeting a
lower characteristic length. Taking this in consideration, it is clear that the design of the injector has direct impact on the
L"in 58.39 % and partial impact in the 23.78 % slice, since it directly affects the SMD and the £ through the uo. It is also
possible to confirm that the chamber pressure highly impacts on the L, since its increase reduces the SMD, affects the &
due to the impact on the injection and gas velocities, it diminishes the c,, dropping the vaporization term, and it increases
the velocity of sound [(yRTc)*?] and the gas density.

More simulations were made with the A4 varying the same parameters as the ones shown above on Figs. 1, 2, and 3.
Comparing the simulations from L75 engine and the A4, it was observed that the optimum equivalence ratio, in terms of
the characteristic length, is of about 0.779 for both cases, which corresponds to the L75 engine. Taking this in account,
more simulations with RP-1 were made in order to investigate this result. And this phenomenon was observed as well,
but for an equivalence ratio of about 1.632, which corresponds with the equivalence ratio used on previous engines such
as F-1, S-4(MA-3), H-1, and RS-27 (Hugh, 1995). The equivalence ratio to reach the minimum characteristic length is
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presented here as ¢, named as characteristic equivalence ratio. Figure 5 presents an analysis of the characteristic
equivalence ratio in terms of the chamber pressure for the two propellant mixtures studied in this work.

2 .
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M ® Ethanol
L % 1
1.75 h““"—.'“"“
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Figure 5. Characteristic equivalence ratio for Ethanol [ETH]/LOx and RP-1/LOx

As it is perceptible, the chamber pressure has low impact on the @' and logarithmic regressions were able to fit the
data, facilitating a preliminary selection of @.

4. CONCLUSIONS

This work presented a theoretical study of the characteristic length using for Ethanol/LOx and RP-1/LOx propellant
mixtures, for different chamber pressures and mixture ratios, and employing the Radcliffe and Jasuja SMD models for
pressure swirl injectors. The results showed that the L* decreases with the rise in chamber pressure and decrease of the
propellant mass flux. With this analysis, costs, and weight savings are feasible. Additionally, performance losses are
decreased. And finally, is possible to check that, in same conditions, the L* of ethanol is higher than RP-1 combined with
LOx. It was also demonstrated that an analytical approach to calculate the characteristic length is fast and low
computational costly, and, consequently, minimizes the number of tests to reach the optimum experimental L*. And this
theory is important specially because tabulated data should not be used for all engines and conditions, since these data
does not cover all operating conditions and losses may be too large.

The results were validated using the engines Aggregat 4, F-1, and an old version of the L75, describing well the
characteristic length for these engines, and presenting coherent values for the ranges tested for the actual version of the
L75 engine. With these validations, it is shown that the algorithm has great accuracy with both propellant mixtures for a
wide mixture ratio and chamber pressure ranges. In addition, in general, using the Radcliffe model the prediction of the
L* was more accurate than using the Jasuja model. Also, it was presented that the SMD has close to 58 % of impact on
the L", representing the most important factor on determining the characteristic length in LPRESs. The injector design has
more than 60 % of impact, due to its importance on the SMD and on minimum, dimensionless, length (&).

A promising addition to the combustion analysis of rocket and jet engines was introduced, the characteristic
equivalence ratio. It is defined as the equivalence ratio required to reach the minimum characteristic length. This
parameter proved that the chamber pressure itself has low impact on the L™ and it can be represented by a logarithmic
equation, making it simple to select an equivalence ratio, therefore a mixture ratio, to reach the minimum characteristic
length. Analyzing this parameter, it was found that the " is of about 0.779 and 1.632 for ethanol/LOx and RP-1/LOX,
respectively, that are results similar to actual engines.
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