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Abstract. In this work, we present a numerical methodology for construction of surrogate models of fluid flows which
combine data-driven system identification and convolutional neural networks. The framework is implemented in a context
similar to that of the sparse identification of non-linear dynamics (SINDy) algorithm with some modifications regarding
the regression step. The approach presented in this work allows us to obtain an ODE for each flow variable at each mesh
point. This should be beneficial for flow control approaches since every flow state can be modified by a control law. The
method is tested for an unsteady compressible flow past a cylinder at low Reynolds number. Results demonstrate that the
current methodology provides accurate reconstructions of the high fidelity model.
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1. INTRODUCTION

High performance computing allows the use of high fidelity numerical simulations of turbulent flows over large-
scale industrial problems. The results from these simulations certainly improve the understanding of complex physical
phenomena such as drag reduction, heat transfer, noise generation, mixing enhancement to name a few. Such simulations
may lead to discretization consisting of millions or billions of degree of freedom in order to resolve the energetically
relevant spatial and temporal scales. On the other hand, these simulations have a high computational cost, and require
the acquisition and treatment of large datasets. Consequently, the use of surrogate models is particularly appealing in the
context of optimization analyzes and studies of flow control due to their inherent reduction in the computational costs
compared to large-scale simulations. Frangos ef al. (2010) categorize surrogate models into two classes: reduced-order
models (ROMs) and data-fit models.

The construction of ROMs for fluid flows is an active area of research and a broad variety of methodologies for the
development of ROMs is available. In general, modal analysis techniques, such as proper orthogonal decomposition
(POD) (Lumley, 1967; Sieber et al., 2016; Ribeiro and Wolf, 2017; Towne et al., 2018; Lui and Wolf, 2019) has been
combined with Galerkin projection methods or machine learning techniques for construction of ROMs. Such model
reduction methods are summarized in a review by Taira ef al. (2017). Recently, a sequel to this previous paper was
published by Taira et al. (2019), in which the applications and perspectives of flow modal decomposition techniques are
discussed.

Reduced order models developed based on Galerkin projection (Rowley et al., 2004; Carlberg et al., 2011, 2017) are
directly related to the physics of the problem and employ POD to rewrite the Navier—Stokes equations as sets of dynamical
systems for the evolution of the POD temporal modes. On the other hand, ROMs developed based on data-driven methods
such as POD-SINDy (Brunton et al., 2016) and POD-DNN (Lui and Wolf, 2019) use POD to reduce the dimensionality of
the model. Then, the regression step is performed by sparse regression or a deep neural network (DNN) in order to obtain
a system of ordinary differential equations (ODEs) representing the dynamics of the POD temporal modes. Recently, Yu
et al. (2019) proposed a data-driven method for construction of ROMs combining POD and dynamic mode decomposition
(DMD) (Schmid, 2010; Tu et al., 2014). Neither approaches have a direct connection with the physics of the problem
since these techniques learn from data.

Data-fit models are typically generated by learning the input-output relationship in the high-fidelity model from the
simulation data. In literature, Gaussian processes have been highly used as surrogate for complex dynamical systems
(Parussini et al., 2017; Perdikaris et al., 2015; Kennedy and O’Hagan, 2001). However, unsteady flow problems require
methods capable of addressing strong nonlinearities and high dimensionality that may not be present in traditional data-fit
models (Sun et al., 2020). In this way, deep learning is a natural candidate for the development of data-fit surrogate models
of large-scale dynamical systems, typical of numerical simulations of unsteady flows. A discussion of the application of
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deep learning in fluid dynamics is provided by Kutz (2017).

In this work, we present a numerical methodology for construction of data-fit surrogate models of fluid flows through
combination of data-driven system identification and regression analysis using convolutional neural networks (CNNs).
The current framework is implemented in a context similar to the SINDy method (Brunton et al., 2016) with some
modifications regarding to the regression step and dimensionality reduction, which is not applied here. We describe the
numerical technique employed and present results obtained by the current methodology for a compressible flow past a
cylinder.

2. Formulation

The equations governing the unsteady motion of a compressible viscous fluid are known as the Navier-Stokes equa-
tions. This set of equations forms a coupled system of nonlinear partial differential equations (PDEs) describing the
conservation of mass, momentum, and energy for a fluid. Using the method of lines one can first approximate the spatial
derivatives producing a system of ordinary differential equations (ODEs). In the most general notation, we can consider
each mesh point as a dynamical system of form (1)

dq

P F(a,t), 1
where F is a nonlinear operator, q = [p, pu, pv, pw, E]7 is the vector of flow variables, p is the density, u,v,w are the
z,y, z components of the velocity vector, E is the total energy per unit of volume and ¢ is the time.

Recently, Brunton et al. Brunton et al. (2016) introduced the SINDy algorithm which identifies ODEs from data. In
order to determine the function F, we follow the ideas from the SINDy algorithm with some modifications regarding
to the regression step. First, we collect snapshots of the flow variables which will be our training data. For now, let us
consider a two-dimensional flow. The data set is then arranged into a matrix Q as

qa(zi,y1,t1)  alx,y,t) .. d(z,yN,,t)
Q(tl) — q('r27:ylat1) q(xlv:y%tl) q(zQay:Nyvtl) , )
q(xszylvtl) q(xNgwyZatl) q(xNzayNyvtl) NuxNyxNyqrxNp

where NV, is the number of grid points in the z-direction, IV, is the number of grid points in the y-direction, NN, is the
number of flow variables and N is the number of snapshots. Hence, Q = [Q(¢1) ... Q(N7)].

Because of the high dimensionality of the input data QQ, most of the methodologies for the development of ROMs
employ POD as a strategy to reduce the dimension of the dynamical system. In the current framework, the convolutional
layers are used for feature extraction from the input flow fields obtained from high fidelity simulations, and then the fully
connected (FC) layers are utilized to obtain an ODE for each flow variable in each mesh point. Therefore, dimensionality
reduction via POD is not needed like in (Lui and Wolf, 2019).

Next, we compute the derivative ‘fi—? numerically using the data q(¢) for each mesh point. The numerical scheme
employed for the temporal derivatives is a 10th-order accurate compact scheme (Lele, 1992) which provides high spectral

resolution being non-dissipative and low-dispersive. The derivative ¢(t) is then obtained as

Qi+3 — di-3 Qi+2 — di-2 Qi+1 — di-1
(53 oh + (54 ih + (55 o . (3)
in the equation above, h is the time step between the snapshots. The coefficients of the numerical scheme are set as
01 =1/20, 62 = 1/2, 63 = 1/100, §4 = 101/150 and d5 = 17/12 for a 10th-order discretization. The system of equations (3)
written for each grid point can be solved as a pentadiagonal linear system of equations for the unknown derivatives ¢(¢).
The boundary data points can be computed from the interior points following Olson (2012). The derivatives a(t) are then
arranged into a matrix Q = [Q(tl) Q(NT)]

01qQi-2 + 02Qi—1 + q + 02541 + 01542 =

q(z1,y1,t1)  a(zy,ye,t) ... dA(z,yn,,t)

. (xo,y1,t q(x2,ys,t ee q(x, ,t

Q(t1) = q(@2 :y1 1) d(z2 :312 1) a(@2 y:Ny 1) _ (4)
Q(me7y17t1) ('I(mevy%tl) Q(INzayNy7t1) NaxNyxNyarxNr

Now, we can set up a regression problem to find the weights W and biases b that determine the function F presented
in Eq. 1

Q=WO(Q)+b, (5)

where ©(Q) is the matrix of features. In the SINDy algorithm, we need to construct a library ®(Q) consisting of
candidate functions. For instance, ®(Q) may be composed of constant, polynomial, exponential and trigonometric terms.
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However, in many cases it is difficult to know a priori the adequate set of features appearing in @(Q). Hence, we use
deep learning to circumvent the problem of finding the features which represent the dynamics of the system. Therefore,
this methodology can discover not only W and b but also ©(Q).

Deep learning methods are feature learning algorithms that can find a proper set of features using multiple processing
layers that typically are connected in a hierarchical structure, such that higher layer features are defined in terms of lower
layer features (Bengio, 2009; Goodfellow et al., 2016). The objective of a deep learning method is to learn appropriate
parameters (W, b) and features ®(Q) that provide a mapping of the input data to the output data that minimizes a loss
function. This function measures the difference between the predictions and the desired output. Therefore, deep learning
methods allow the learning of complex functions through mapping the input to the output directly from a given data. In
the current work, we use a convolutional neural network (CNN) to learn the weights W, biases b and features ©(Q).
The CNN calculation procedure used is this work is summarized in the following steps:

Input Filter Output convolution
0,0,0/0 0 0 00
o[3fJol1]2]7]4]o W S50 ]-1]0]10

conv
0/1]5[8|3[3]|1]0 -12| -5 2 0 2 |11
ol2[72[5]1[3]0 1101 13|04 |2 |31
* |1]0]|-1f =

010f(1[3[1[7]|8]0 RE -0 0 | -2 ) 4] -7T]10
0)14]2]1]/6]2|8]|0 3x3 732 |-3-16]12
0(2|4|5(2(3]9]0 6lofl=2111]-9]rs5
00000000 PR

6x6

p=1

s=1

(a) Example of a convolution operation.

Output convolution -+ bmm, Output activation
S51-5]0|-1 0 |10 -0.950213 | -0.950213 2 1 2 12
12 -5 2 0 2 (11 -0.999955 | -0.950213 4 2 4 13

O_ -13]-10| 4 2 (-3 |11 19| = -0.999983 | -0.999665 6 4 -0.632121 13
-0 0 | -2 -4|-7|10 -0.999665 2 0 -0.864665 | -0.993262 12
STl -3 -2|-3(-16] 12 -0.993262 [ -0.632121 0 -0.632121 [ -0.999999 14
60|21 1[-9]5 -0.981684 2 0 3 -0.999088 7

6x6 6x6

e"—1, forz<0
g =
z, forz >0
(b) Example of an activation function operation.

Output activation Feature map

-0.950213 -0.950213 2 1 2 12
-0.999955 | -0.950213 4 2 4 13
-0.962648 2.25 7.75
-0.999983 | -0.999665 6 4 -0.632121 13
— [-0.249828 | 2.28383 5.87365
-0.999665 2 0 -0.864665 | -0.993262 12
-0.151767 | 0.59197 | 4.75023
-0.993262 | -0.632121 0 -0.632121 | -0.999999 14 53
-0.981684 2 0 3 -0.999088 7
6 x 6
s=2
p=0

(c) Example of an average pooling operation.

Figure 1. Example of a convolutional neural network layer.

1. The input of the CNN is the matrix Q with size of (N, Ny, Nyqr, N7) where Nt can be also referred as the
number of training examples. The desired output is matrix QQ with the same size as the input data. Due to GPU
memory limitations, we split our training data into mini-batches of size nyqtch -

2. The convolution weights W, and the fully-connected weights W, are initialized using Xavier initialization
(Xavier and Yoshua, 2010). The convolution biases b, and the fully-connected biases b are initialized to zero.
We also initialize the parameters related to the ADAM optimizer (Kingma and Ba, 2014) to zero.

3. Forward propagation in the convolutional layers is performed using the operations shown in figure 1 . A convolu-
tional layer is composed by three types of layer: convolution, activation, and pooling.
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Figure 2. Example of fully connected layers.

(a) The convolution layer extracts spatial features from the input map using a set of n. learnable filters (W .o,1)-
The convolution process consists of sliding a filter of size f x f across the entire input map using a certain
stride s. To maintain dimensions of the output the same as those from input after convolution operations, we
pad p the input map with zeros around the border.

(b) Next, an activation layer is used to introduce non-linearity into the network. There are several available
activation functions such as sigmoid, hyperbolic tangent (tanh), rectified linear unit (ReLU) (Nair and Hinton,
2010), exponential linear unit (ELU) (Clevert et al., 2015), to name a few. In this work, we employ ELU as
activation function based on previous results obtained from DNNs (Lui and Wolf, 2019).

(c) Finally, a pooling layer is utilized for reducing the spatial size of the output activation map. A pooling window
of size f x f is slided over the entire output activation map using a certain stride s to generate an output feature
map. The most common pooling operations are max pooling and average pooling. Fukami et al. (2019)
showed that average pooling is more robust than max pooling for fluid flow problems and, therefore, we use
average pooling in our calculations.

4. Next, a feature map is generated by flattening the last pooling layer which is the input layer for the fully connected
layers. Then, forward propagation in the fully connected layers is performed as shown in figure 2. The feature map
provides the initial information that then propagates to all hidden units at each layer through calculation of a set of

linear and nonlinear operations which produce the predicted output Q. One should note that we also reshape the
predicted output into a 4-dimensional data structure same as the input data Q. For all hidden layers except the last
one, the activation function G[} is set as the ELU. For the last layer, we employ a identity function.

5. The cost function is then computed using the following equation

N, Ny Ny Nyar » L +1
ZZZ Z(Qz,jkm Qz,jkm)z ZZ Z fc k (6)
2NT11J1k1m1 =1k=1 j=1 "

where n! is the number of hidden units for layer [, L is the number of fully connected layers, and A is the regular-
ization parameter.

6. Gradients of the cost function with respect to each parameter are computed using back-propagation. Further details
regarding this algorithm can be found in Goodfellow et al. (2016).

7. Finally, the parameters (W ¢onv, beonws W fe, byc) are updated using the ADAM optimizer (Kingma and Ba, 2014)
as well the parameters related to the optimizer.

8. The previous steps are repeated until the convergence criteria (number of epochs) is satisfied. One epoch means
that the training algorithm has seen all mini-batches.

n the current work, the open source machine learning framework Tensorflow (Abadi and et. al, 2016) is used for
training the CNN. Once we have learned the parameters W . and b, of our model (5), we can use them to obtain the
flow field predictions g given the initial conditions q(0)
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dq(t - 5
% - WG bl S R(g(t)), "

where L is the index of the last layer, G- is the activation function matrix of the penultimate layer, W%] is the weight

matrix of the last fully connected layer, and b[i] is the bias vector of the last fully connected layer. This system of coupled
ODE:s is integrated using an explicit 5 stage 4th-order Runge-Kutta scheme derived by Kennedy et al. (2000). The values
of GIL=11 depend on the parameters from previous layers. Thus, for each stage of the 4th-order Runge Kutta, we need to
perform forward propagation for both convolutional and fully connected layer to obtain F'(g(t)). The approach presented
in this work allows us to obtain an ODE for each flow variable at each mesh point. This should be useful for application
of flow control at specific mesh points.

The performance of the CNN depends on the selection of hyperparameters such as the learning rate «, regularization
parameter A\, number of convolutional layers 720y, number of filters n([:l], filter size f (1, stride s[*], padding pl1, number
of fully connected layer L, number of hidden units for each fully connected layer ntl and batch size Npatch- 1ndeed,
finding an optimal set of hyperparameters which minimizes the cost function is a difficult task given the considerable
number of hyperparameters involved. The CNN architecture is based on works of Fukami et al. Fukami et al. (2019)
and Murata et al. Murata et al. (2019) with modifications. The hyperparameters related to the fully connected layers are
obtained via random search and further details regarding this process can be found in Lui and Wolf (2019). To report the
performance of each model from a set of candidates, we compute the Lo norm error over the entire dataset as

la(x,t) —a(x,t)|z,
Hq(x, t) HLz

the best candidate model is the one with the lowest time averaged Ly norm error.

Error(t) = ®)

3. Results

This section presents results obtained by the approach proposed here which combines data-driven system identification
and convolutional neural networks. The current method is tested on the reconstruction of an unsteady two-dimensional
compressible flow past a cylinder. For this case, we show the ability and limitations of the method to identify the flow
dynamics.

3.1 Numerical methods for flow simulations

For the following investigation of the flow past a cylinder, the system dynamics are modeled by the compressible
Navier-Stokes equations written in the contravariant form on a general curvilinear system. The numerical scheme for
the spatial discretization of the equations is a sixth-order accurate compact scheme (Nagarajan et al., 2003) implemented
on a staggered grid. A sixth-order compact scheme is also employed for interpolation and filtering (Lele, 1992) of fluid
properties on the different nodes of the staggered configuration.

The time integration of the fluid equations is carried out by the fully implicit second-order scheme of Beam and
Warming (Beam and Warming, 1978) in the near-wall region in order to overcome the time step restriction due to the
usual near-wall fine-grid numerical stiffness. A third-order Runge-Kutta scheme is used for time advancement of the
equations in flow regions far away from solid boundaries. No-slip adiabatic wall boundary conditions are applied along
the solid surfaces and characteristic plus sponge boundary conditions are applied in the far field locations. The numerical
tool has been previously validated for several simulations of unsteady compressible flows (Wolf et al., 2012; Ramirez and
Wolf, 2015).

3.2 Surrogate model
3.2.1 Compressible flow past a cylinder

The numerical simulations are conducted for Reynolds and Mach numbers Re = 150 and M = 0.4, respectively. These
non-dimensional parameters are computed based on freestream quantities. The grid configuration consists of a body-fitted
O-grid of with 421 x 751 points in the streamwise and wall-normal direction, respectively. The flow is recorded for 1120
snapshots with non-dimensional time steps of & = 0.05. These snapshots are collected after an initial transient period of
the simulation is discarded.

The surrogate model is obtained following the procedure described in section 2. The training data comprises the first
512 snapshots and the remaining data is employed as the test set. We extract a portion of the computational domain and,
thus, the number of grid points used for training is 420 x 360. The flow variables utilized in this problem are density, x
and y momentum components, and pressure p. The CNN architecture used in this case is shown in figure 3. The numbers
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of fully connected layers and hidden units for each layer were obtained via random search. The CNN is made up of three
convolution layers and three fully connected layers. The set of parameters employed in the generation of candidate models
is listed in table 1 and the set of hyperparameters used on the best candidate model is presented in table 2 .

Input
CO_n; 1 A\g pool 1 Ci; 2 Avg pool 2 Cﬂ; 3 Avg pool 3
f=3x3 f=3x — f=3x3 —
s=1 f*lxl s=1 f=2x2 s=1 f=3x3
=1 p=1 s=2 p=1 5=3
n(:lfx 1170 ne = 32 p=0 ne = 64 p=0
420 x 360 x 4 420 x 360 x 16 210 x 180 x 16 210 x 180 x 32 105 x 90 x 32 105 x 90 x 64 35 x 30 x 64
Flattening
Output
(Feature map) O
FC1 O
8 FC 2 O Output
FC3 O
Q O Reshape
= — — _
O 36 O 420 x 360 x 4
o 5
67200 O

=
=3
=
)
=1
]

Figure 3. CNN architecture used for the cylinder case.

Table 1. Model generation parameters for the cylinder case.

Nimodels Niayersmin Niayersmax Nhiddenmin Nhiddenmax )\mzn )\maa:
150 3 6 24 96 10°¢ [ 1077

Table 2. Set of hyperparameters used on the best surrogate candidate model for the cylinder case.

g o A Nbatch Nepochs ﬁl ﬁ2 €
ELU | 0.0003 | 7.24253 x 10~ 32 100 090999 | 1.0x1078

Figures 4 (a) to (d) show contours of pressure,  and y momentum, and z-vorticity, respectively, along the cylinder
at time ¢ = 410, which is beyond the training window. The snapshots allow a qualitative comparison of results between
the high fidelity and surrogate models. For the current Reynolds number, the flow develops a typical von Kdrmén vortex
street along the cylinder wake. The periodical pattern of the vortex shedding can be observed in the figures, in particular
for the contours of z-vorticity and y-momentum. One can observe from the figures that the computation of the flow using
the proposed framework exhibits a good agreement with the high fidelity model.

In order to show a more qualitative evaluation of the model reconstructions, the x-momentum and pressure time
histories are presented for the high fidelity and surrogate models in Figs. 5 and 6, respectively. The figures on the left
column show results for a probe located just behind the cylinder, close to the surface, at (x,y) = (0.55,-0.06). The cylinder
has radius 0.5 and its center is positioned in the origin of the Cartesian system. On the right column, results are obtained
for a probe downstream the cylinder wake, at (z,y) = (1.1,-0.06). Results are shown for both the training window period
and beyond. In general, one can observe that the surrogate model accurately reproduces the high fidelity model results
during and beyond the training window.

Figure 7 presents the evolution of the Lo error norm as a function of time. One can see in this figure that the error
values remain low throughout the entire time history for all variables except y-momentum, which displays a larger relative
error. Probably, the filters W ,,,, are failing to learn some of the spatial features of the y-component of momentum.
Pressure and density have a similar spatial pattern and, as a result, most of the parameters might have been related to these
fields. This can explain the small differences between the high fidelity and surrogate model results in the wake region for
y-momentum and z-vorticity fields.
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(a) Contours of pressure, ¢ = 410. (b) Contours of z-momentum, ¢t = 410.
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(c) Contours of y-momentum, ¢ = 410. (d) Contours of z-vorticity, ¢ = 410.
Figure 4. Comparison between the high fidelity model (left) and surrogate model (right) for a compressible flow past a
cylinder.
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(a) Probe positioned just behind the cylinder. (b) Probe away from the cylinder, along the wake.

Figure 5. Time history of x-momentum for probes located at different positions.

4. Conclusions and additions to the final paper

We present a methodology for constructing surrogate models for fluid flows combining data-driven system identifi-
cation and regression analysis via convolutional neural networks (CNNs). The framework is implemented in a context
similar to that of the sparse identification of non-linear dynamics (SINDy) algorithm with some modifications regarding to
the regression step. The approach presented in this work allows us to obtain an ODE for each flow variable at each mesh
point. The method is tested for a problem involving nonlinear dynamical systems: the compressible flow past a cylinder at
low Reynolds number. For this case, the numerical simulations are performed using a high-order compact finite difference
flow solver. Then, the high fidelity results are used as the input data for the construction of surrogate models.

Results demonstrate that the current methodology provides accurate reconstructions of the high fidelity model. The
method presents stable solutions even beyond the training window of the CNN. The surrogate model is able to capture
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Figure 6. Time history of pressure for probes located at different positions.
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Figure 7. Temporal evolution of the relative error for the cylinder case.

most of the dynamics of vortex shedding. The analyses of the Lo error indicate that some of the convolutional filters are
failing to learn certain spatial features of the y-component of momentum. This can explain the slight differences between
the high fidelity and surrogate model results in the wake region for z-vorticity fields and y-momentum. Calibration
techniques should improve the performance of the surrogate model. We expect that the current methodology can be
further improved for applications in flow control and optimization.
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