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Abstract.

Reynolds-averaged-Navier-Stokes is still the most applied approach in turbulent flow simulations for industrial appli-
cations. Despite the well-known lack of accuracy of the commonly used linear eddy viscosity models, the higher costs
of more accurate approaches, such as LES (Large Eddy Simulation) and DNS (Direct Numerical Simulation), makes
the cost/benefit relation of closures for the Reynolds Stress Tensor (RST) still competitive. Recent works employed DNS
databases to analyze the ability of RANS equations to recover the mean velocity field, by plugging explicitly the DNS RST,
as a source term. For the plane channel flow, it was shown that small errors in the RST could lead to large discrepancies
in the mean velocity field. This result raised a concern about the conditioning of the RANS equations, i.e. whether this
set of equations amplify small errors present in the RST closure. Some contributions in the literature proposed an implicit
treatment of the RST as a way to obtain smaller error propagation in the recovered mean velocity field. These studies are
of great importance for the emerging field of data-driven turbulence modeling as well as for the conventional turbulence
modeling. The present work conducted an analysis into the strategies to mitigate this error amplification. Two different
approaches in solving RANS equations with DNS data closure are presented, in order to elucidate the error amplification
nature. Both result from decoupling the two main aspects in this study, namely the implicit treatment of the linear part of
the RST with respect to the rate-of-strain tensor and the use of information of the DNS mean velocity field. It is shown
that, although the implicit treatment process leads to smaller errors in the mean velocity profile, the major factor for
accuracy gain is the use of information from the DNS mean velocity field. This analysis is confirmed for two problems,
the flow through a square duct and another over a periodic hill.
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1. INTRODUCTION

There is a wide range of industrial applications which the flow of interest is turbulent. The most applied approach to
predict those flows is Reynolds Averaged Navier-Stokes (RANS) with the commonly used eddy viscosity models (Laun-
der and Sharma (1974); Wilcox (2008); Menter (1994)). However, those models have poor accuracy for many flows in
engineering, such as separated flows (Craft et al. (1996)). Mainly, due to its intrinsic inability to deal with non-equilibrium
turbulence, which is the unbalance between the production and dissipation of turbulence (Speziale and Xu (1996); Ham-
lington and Dahm (2008)). For more accurate simulations, DNS and LES offers a higher cost alternative. Nonetheless, for
high Reynolds number and complex geometries the cost of DNS simulations are prohibitively. Although LES approach
reduces the costs, becoming more feasible, it is still much higher when compared to a RANS simulation. Another alter-
native that provides improvements in modeling are the Reynolds stress models (RSM), which solves a transport equation
for Reynolds stresses. Although those models perform well in non-equilibrium turbulence, the numerical robustness and
stability are still a challenge, making difficult to obtain convergence (Basara and Jakirlic (2003)). Considering the main
higher costs and more complex modeling alternatives, the cost/benefit relation of RANS simulations makes it still play an
import role for the industry. Although RSM models does not offer much higher costs, the lack of numerical robustness
makes it unpractical and difficult to handle for industrial applications.

An emerging field that optimize the cost/benefit relation of high accuracy alternatives is the called data-driven turbu-
lence modeling (Ling ef al. (2016a); Ling et al. (2016b); Kutz (2017); Wang et al. (2017); Wu et al. (2018); Kaandorp
and Dwight (2020)). With the aid of high accuracy data, such as DNS and LES, a machine learning model is trained to
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target turbulence quantities. The most traditional target is the Reynolds stress tensor, even though other quantities offer
more accurate solutions, for instance, the Reynolds Force Vector (RFV) (Cruz et al. (2019)). As an input of the machine
learning model, a low cost RANS simulation is used, such as a k — e model (Launder and Sharma (1974)). Once the ma-
chine learning model is trained, it provides the turbulence closure and RANS equations are solved to the mean velocity.
Many works were done in that field, obtaining a very tight accuracy for the mean velocity field when compared to the
DNS. (Cruz et al. (2019): Wang et al. (2017); Wu et al. (2018); Kaandorp and Dwight (2020))

Given the vital role RANS simulations still play in conventional and data-driven turbulence modeling, several works
were done in uncertainty quantification in order to assess how RANS equations outcome varies as there are changes in the
turbulent closure (Xiao and Cinnella (2019); Xiao et al. (2016)). A very important finding were obtained by Thompson
et al. (2010) which used DNS databases to analyze the ability of a simplified version of RANS equations to recover the
mean velocity field for the plane channel flow. To do that, the DNS RST was plugged explicitly onto the equations and
the mean velocity profile was recovered. It was found that small errors presented in RST could lead to large discrepancies
in the mean velocity profile. These results raised a question whether this set of equations can significantly amplify errors
present in the closure to the solved mean velocity profile. In other words, if this set of equations are ill-conditioned.

Wu et al. (2019) developed a local metric that could asses the conditioning for the linearized form of RANS equations.
Also, it was proposed an implicit treatment of RST as a strategy to mitigate the error amplification. This method involves
the use of an optimized eddy viscosity as a way to treat implicitly part of RST. This optimized eddy viscosity is calculated
using DNS data from the mean velocity field and the RST. This methodology, in fact, produces smaller errors in the
recovered mean velocity field when compared with the fully explicit form. However, Thompson et al. (2016) also reported
that using the DN'S mean velocity field to calculate the turbulent closure leads to almost a null discrepancy in the recovered
mean velocity field. This result was also explored and confirmed by Cruz et al. (2019) as a means to construct a more
accurate data-driven turbulence model. Therefore, the methodology proposed by Wu et al. (2019) carries a coupling of
two main factors, namely the use of the DNS mean velocity field to calculate the optimized eddy viscosity and the implicit
treatment of RST, changing the discretized form of the problem. The first concerns a discrepancy reduction in the DN'S
data used as an input of the equations for the turbulent closure, while the second provides a new form of solving the
equations that could lead to a better conditioning.

The analysis of those two factors have a paramount relevance in traditional turbulence modeling, once one could
achieve less amplification of errors and, mainly, in data-driven turbulence modeling as better targets could lead to more
accurate machine learning models. The present work proposes two strategies of solving RANS equations, with the aid
of DNS databases for turbulent closures, in order to decouple these two highlighted factors. Hence, it possible to the see
the impacts of each one of them in the accuracy of the solved mean velocity field. This analysis is conducted in the flow
through a square-duct and over periodic hills at Reynolds numbers 3500 and 5600, respectively.

2. METHODOLOGY

In this section, it is presented the two methods proposed to investigate the role of the implicit treatment of RST and
the use of the DNS mean velocity field to calculate the optimized eddy viscosity. However, first, it is introduced the
methodology proposed by Wu et al. (2019) which couple both issues just mentioned and, then, the decoupled methods
are presented.

2.1 Implicit treatment

Consider the steady state Reynolds-averaged Navier-Stokes equations for incompressible flows:
V-(au)-V-(2vD)=Vp—-V-R (1
V-u=0 (2)

Where u is the mean velocity, p is the mean modified pressure, R is the RST, D is the rate-of-strain tensor and it is worth
to mention that for incompressible flows V - (2vD) = vV?2u. Also, for a better understatement of this methodology, the
terms placed on the right hand side of momentum equation are solved explicitly, while on the left hand side are solved
implicitly.

Naturally, a turbulent closure with respect to the RST is needed to solve those equations. With the use of a DNS
database, it is possible to plug onto momentum equation the DNS RST as a source term and, then, recover the mean
velocity and pressure field. This test was first performed by Thompson et al. (2016) in the plane channel flow and similar
works were done by Poroseva ef al. (2016). This methodology of solving RANS equations is refereed in the present
work as the Fully explicit method. Wu et al. (2019) proposes a different way of solving those equations with DNS data,
by decomposing the RST in two parts and treating one of them implicitly. The decomposition used is accordingly to
Thompson et al. (2010), which there is a linear and a non-linear part with respect to the strain-rate tensor. Then, we can
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write:
Rdns == 2Vthns + R(Ji_ns (3)
Where v, is the optimized viscosity and is computed by applying the double dot product of Eq. (3) with D, resulting in

_ lens : ans
B 2 ans : ans

Uy (4)
The subscript dns denotes the use of a quantity directly from the DNS database or indirectly calculated from them.
Substituting Eq. (3) into Eq. (1), we have

V-(uu) = V- (2v+1,)D)=Vp—-V- -RJ . 6)

In Eq. (5), now, the linear part is treated implicitly, as D is calculated directly from u and is being solved together with
equation. There is still an explicit part composed by the non-linear part of RST, being plugged onto equations as a source
term. This part can be computed from Rjns = Rgns — 2vD gy s. Using this method, Wu et al. (2019) showed an accuracy
improvement in the solved mean velocity field compared to the fully explicit form of solving RANS equations. This
method is referred in the present work as Coupled implicit method.

2.2 Decoupled Methods

The Coupled implicit method explained in last subsection treated implicitly the linear part of RST and, also, used the
data from the DNS mean velocity field to compute the optimized eddy viscosity. As explored by Thompson et al. (2016)
and Cruz et al. (2019) the use of the mean DNS velocity information can reduce the input error in the turbulent closure
by using a more converged data. Therefore, it is proposed a method which only uses the information of DNS RST in the
turbulent closure, but also uses an optimized turbulent eddy viscosity and an implicit treatment. To do so, the optimized
eddy viscosity no longer uses the D, s, being updated from the last iteration as

1 _ 1 Rdns : Dn—l
2 Dn—l : Dn—l

iz (6)
Where (n — 1) denotes that is being solved and updated from last iteration. The mean momentum equation is then given
by

V-(uu) -V -2+ HD)=Vp—-V- Ry, (7

In this formulation the linear part of R, is still solved implicitly, while the non-linear part similarly can be computed
from

Ré_ns = Rdns - 2VZL_1Dn_1 (8)

This method decouple the impacts of the implicit formulation from any use of DNS mean velocity field. Therefore, any
gain in accuracy in the solved mean velocity field is attributed to the implicit treatment of the linear part of Rg,s. This
method is referred in the results as DM-I (Implicit decoupled method).

On the other hand, it is also deduced a second decoupled method that analyze the impacts of using the DNS mean
velocity field to calculate the optimized eddy viscosity in RANS solution. In order to so, the linear part of RST with
respect to D is now solved explicitly, while the optimized eddy viscosity is computed using DNS mean velocity field
information (Eq.(4)). The RANS equations are now given by:

V-(uu) - V-(2vD)=Vp-V- Ry, + V- (2,D) )

Where the linear part of R with respect to D is on the right hand side of the equation which denotes its explicit treatment. It
is worth to mention that D in the linear term is still updated and solved explicitly in the equation. This method investigate
the role of the use of an eddy viscosity which is calculated using D, i.e., the DNS mean velocity field. Therefore, any
gain in solution accuracy is attributed to the use of the DNS mean velocity field, once there is no implicit treatment in the
turbulent closure. This method will be referred in the results section as DM-E (Explicit decoupled method).

3. RESULTS

The methodology explained above include two different decoupled methods (DM-I and DM-E), the traditional Fully
explicit method and the Coupled implicit method. These methods will be tested and analyzed for flows in two different
geometries, the square-duct (SD) and the periodic hill (PH).
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3.1 Square-Duct

The schematic of flow is presented in Fig. (1). The primary flow is given in the (x) axis, while a secondary flow
appears in the other two directions at the corner of the duct. Most of the commonly linear eddy viscosity model can not
capture this feature in the flow, being able only to simulate the primary flow. In order to apply the methods described in
the methodology section for this flow, the DNS database constructed and made available by Pinelli et al. (2010) is used.
The case analyzed correspond to the Reynolds number 3500, based on the bulk velocity at the inlet and half of the square
side. As this flow offers a symmetry plane, only the third quarter is simulated (in blue in Fig. 1), setting a symmetry
boundary condition at the square-duct center plane.

In-plane
secondary flow

Figure 1. Schematic of the flow through a square-duct

Fig (2) and Fig (4) shows the absolute error plot for the (x) velocity component for the methods presented in the
methodology section, while Fig (3) and (5) shows the same for the (y) velocity component. The error is calculated simply
by 0U = Ugns — Usoiveq for both components. Fig (2) and (3) (b) shows the results for the DM-I compared to the
traditional fully explicit approach (a) and the coupled implicit treatment proposed by Wu et al. (2019) (c). It is worth to
remember that DM-I does not use any information from the DNS mean velocity field, but still treats implicitly the linear
part of RST with respect to rate-strain tensor. The comparison shows that there is an improvement in accuracy compared
to the fully explicit when there is an implicit treatment. However, the DM-I error is still closer to the fully explicit than
the coupled implicit in both components. This indicates that the use of information from the DNS mean velocity field is

preponderant in accuracy improvement.
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Figure 2. Absolute error for the U, component of the mean velocity field for the flow through a square duct at Re = 3500.
Its is compared the errors of the Fully explicit method (a), the Implicit Decoupled Method (DM-I)(b) and the Coupled
implicit method proposed by Wu et al. (2019).
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Figure 3. Absolute error for the U, component of the mean velocity field for the flow through a square duct at Re = 3500.
Its is compared the errors of the Fully explicit method (a), the Implicit Decoupled Method (DM-I)(b) and the Coupled
implicit method proposed by Wu et al. (2019).

Figs. (4) and (5) shows the same plot but for DM-E which has no implicit treatment and the linear part of RST with
respect to rate-strain tensor is solved explicitly. The comparison shows that DM-E is much closer in terms of accuracy
to the coupled implicit than the fully explicit, even though all the terms in the closure are treated explicitly. Considering
the comparisons in Figs. (2); (5) and (4); (3), it can be seen that the major factor for accuracy improvement is the use of
the DNS mean velocity field information, although the implicit treatment plays a minor role. Another important aspect is
that, although the gain in accuracy is timid from the fully explicit to the DM-I and even smaller from DM-E to coupled
implicit, this can be attributed to a better conditioning of RANS equations. While the gain in accuracy between the fully
explicit method and DM-E is due to the use of a better data as input in the turbulent closure, i.e., the DNS mean velocity

field.
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Figure 4. Absolute error for the U, component of the mean velocity field for the flow through a square duct at Re = 3500.
Its is compared the errors of the Fully explicit method (a), the Explicit Decoupled Method (DM-E)(b) and the Coupled
implicit method proposed by Wu et al. (2019) (c).
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Figure 5. Absolute error for the U, component of the mean velocity field for the flow through a square duct at Re = 3500.
Its is compared the errors of the Fully explicit method (a), the Explicit Decoupled Method (DM-E)(b) and the Coupled
implicit method proposed by Wu et al. (2019) (c).
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3.2 Periodic-Hill

The same analysis is conducted in the periodic hill geometry. Fig (6) shows the schematic of the flow. An important
feature of this flow is the separation caused by recirculation zone at the hill. The DNS database used for this flow was
constructed and made available by Xiao et al. (2020). The case analyzed here correspond to o = 1 in the database. In this
case the crest-to-crest distance L, = 9, H = 1 and L, = 3.036. The Reynolds number for this flow is fixed at Re = 5600,
being computed based on the crest height H and the bulk velocity U, at crest. Since the flow is two-dimensional, the
applied boundary conditions are given by periodic conditions in the streamwise direction (x) and non-slip condition at the
walls.

L T
3
general flow direction
; L’."a’
Y
) ) "
~~___ recirculation zone !
/ >
z

Figure 6. Schematic of the flow over periodic hills

From Fig. (7); (9) and (8);(10) can be seen analogous results in the case of flow over periodic hills for both components.
The DM-I is closer again to the fully explicit method and the DM-E is closer to the coupled implicit method. However,
the differences are smaller than the square-duct flow, showing that gains from the implicit treatment in terms of accuracy
is less significant. Yet the analysis made in the square-duct flow is also confirmed in the periodic hill geometry, showing
again a timid effect of the implicit treatment and a major role of the use of DNS mean velocity field.
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Figure 7. Absolute error for the U, component of the mean velocity field for the flow over periodic hill at Re = 5600.
Its is compared the errors of the Fully explicit method (a), the Implicit Decoupled Method (DM-I)(b) and the Coupled
implicit method proposed by Wu et al. (2019) (c).
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Figure 8. Absolute error for the U, component of the mean velocity field for the flow over periodic hill at Re = 5600.
Its is compared the errors of the Fully explicit method (a), the Implicit Decoupled Method (DM-I)(b) and the Coupled
implicit method proposed by Wu et al. (2019) (c).
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Figure 9. Absolute error for the U, component of the mean velocity field for the flow over periodic hill at Re = 5600.
Its is compared the errors of the Fully explicit method (a), the Explicit Decoupled Method (DM-E)(b) and the Coupled
implicit method proposed by Wu et al. (2019) (c).
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Figure 10. Absolute error for the U, component of the mean velocity field for the flow over periodic hill at Re = 5600.
Its is compared the errors of the Fully explicit method (a), the Explicit Decoupled Method (DM-E)(b) and the Coupled
implicit method proposed by Wu et al. (2019) (c).

4. CONCLUSION

Since RANS simulations still plays a vital role for industrial applications, the present work conducted an analysis to
investigate strategies to mitigate the error amplification in RANS equations with RST closures. Wu et al. (2019) proposed
an implicit treatment of RST to obtain a better conditioning. However, as showed in the methodology, this procedure
couples two main factors that has impacts in the accuracy of the recovered mean velocity field. Namely, the use of
information from the DNS mean velocity field and the implicit treatment of RST. The first concerns the error reduction in
the input of equations related to the turbulent closure, while the second regards a new discretized form of the problem that
could lead to less error amplification. Therefore, two methods that decouple these two highlighted factors are proposed,
allowing to analyze separately the impacts of each in the recovered mean velocity accuracy.

Using these two methods (DM-I and DM-E), the traditional Fully explicit method, and the Coupled method proposed
by Wu et al. (2019), it was shown for the square-duct and the periodic-hill geometry that the implicit treatment has far
less impacts in accuracy than the use of the DNS mean velocity field. The impacts of the implicit treatment were very
timid in the periodic hill flow, while in the square-duct it could be easily noted. Regarding the use of information from
the DNS mean velocity field, there was a great leap in accuracy in both geometries.

These results are of utmost importance for data-driven turbulence modeling, showing that in order to have better
accuracy, the use of DNS mean velocity field is an important strategy. More specifically, the quantities used as targets
should then be calculated as much as possible from information of DNS mean velocity field. Therefore, with targets that
has much smaller discrepancies in the turbulent closure, the intrinsic propagated error to the mean velocity diminishes.
Another important consequence for both data-drive and conventional turbulence modeling is the fact that it was observed
a small gain in accuracy when there is an implicit treatment. This confirms partially the results obtained by Wu et al.
(2019) that a better conditioning of RANS equations are obtained. Although the gains are not expressive, mainly for the
periodic hill, any strategies that offers a less error amplification should be considered.
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