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Abstract. While Large Eddy Simulations (LES) are receiving ever more attention as the computational power rapidly
increases throughout the decades, the computational costs of such calculations are still relatively high, especially for
wall-bounded, high Reynolds number flows. Implicit LES (ILES) is an approach that aims at reducing the computational
cost and implementation complexity, in which the explicit modeling of the subgrid scales is dropped. Hence, the artificial
dissipation of the numerical method is responsible for taking into account the dissipative nature of the small scales in
the overall turbulent flow, as done by the usual functional subgrid scale models. The objective of this work is to assess
the applicability of the ILES approach to turbulent wall-bounded flows when using the high order discontinuous Galerkin
method. Two test cases are simulated with three different configurations in order to carry out such assessment. Mean
velocity profiles, Reynolds stresses and engineering coefficients are extracted and compared with reference data. The
results indicate that the current approach is capable of predicting such quantities reasonably well, and certainly within
engineering accuracy.
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1. INTRODUCTION

During the past decades, the computational fluid dynamics (CFD) community has witnessed a tremendous amount of
research and important achievements in the area, owing both to the increase in computational power – and decrease in
cost per arithmetic/logic operations – and developments in algorithms and numerical methods. Despite the improvements
in the field, accurate simulation of turbulent flows remains an open issue, notably for wall-bounded configurations at high
Reynolds numbers.

The most common approach to simulate turbulent flows is the use of the Reynolds-averaged Navier-Stokes (RANS)
equations, which are obtained when an ensemble or time averaging is applied to flow variables and governing equations.
This results in a system of equations for the mean flow quantities. In this case, all the turbulence effects are represented by
a new, apparent stress term called Reynolds stress tensor, which must be modeled in order to achieve closure of the system
of equations. Since the behavior of different scales of motion of turbulent flows varies widely, with large scales being
highly dependent on flow geometry and boundary conditions, it becomes quite a difficult – if not impossible – task to
devise turbulence models exhibiting reasonable prediction capabilities for a wide range of flow configurations with such
an approach.

In contrast to the RANS approach, a straightforward way to simulate turbulent flows is to solve for the governing
equations directly, without any averaging or modeling, an approach called Direct Numerical Simulation (DNS). In this
case, all time and length scales of turbulent motion are captured by the numerical solution. However, since the small
scales become smaller as the Reynolds number increases, i.e., ηκ/L0 ∝ Re−3/4, where L0 represents the large scales,
proportional to a characteristic length of the flow, and ηκ the small scales (Pope, 2000), the computational cost for
DNS roughly grows as Re37/14 (Choi and Moin, 2012). Thus, it becomes prohibitively high for realistic flows and
configurations and such an approach is only feasible for low Reynolds number flows in simple geometries.

A compromise between the lack of turbulent scale resolution of the RANS approach and the prohibitively high compu-
tational cost of DNS is the Large Eddy Simulation (LES) approach, where the energy-containing, large scales of turbulence
are directly captured by the simulation, while the small scales are modeled. In order to do so, a spatial filtering is applied
to the governing equations, resulting in a system of equations for the instantaneous, filtered flow quantities. The effects
of turbulent small scales are represented by a new, apparent stress term called subgrid scale (SGS) stress tensor, which
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must be modeled in order to achieve closure of the system. In this case, since small scales are more likely to exhibit
homogeneous behavior, the approach is, in principle, more amenable to universal turbulence modeling, where a single
turbulence model may be successfully applied to a wide range of flow configurations.

Despite the reduced cost when compared to the DNS approach, the computational costs of LES are still relatively high
for current computational capabilities and high Reynolds number flows, especially for wall-bounded flows. Such costs
roughly scale asRe13/7 (Choi and Moin, 2012), such that ways to alleviate these costs are pursued since the early stages of
LES development. One such way is to employ the Implicit LES (ILES) approach. In ILES, the dissipative effects of small
scales onto the turbulent kinetic energy cascade are accounted for by the artificial dissipation of the chosen numerical
method. Hence, explicit modeling of turbulent effects is not needed, i.e., the SGS term vanishes (Boris et al., 1992; Oran
and Boris, 1993; Grinstein et al., 2007). The advantage is that the arithmetic operation count per timestep is greatly
reduced, since less equations and quantities need to be computed, while largely simplifying implementation details.

The main objective of this work is to assess the applicability of the ILES approach to turbulent wall-bounded flows,
with and without pressure gradient and boundary layer separation, in moderate Reynolds number conditions. In the
present case, such ILES simulations are performed using a high order method. The understanding of the characteris-
tics and predictability of the approach in such flows is important because complex phenomena, such as separation and
reattachment, are commonly seen in practical applications, especially in flows of aeronautical interest. Therefore, the
long term expectation is that the present results may motivate the use of the approach to more realistic geometries and
configurations, as well as help define the requirements for such use in aerospace-related applications.

2. NUMERICAL METHODOLOGY

This section provides a brief description of the numerical methodology employed in the present computations.

2.1 Governing Equations

The equations to be solved by the high order numerical method are the Navier-Stokes equations for compressible
flows, which may be given as
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where ρ, ρui and ρE are the density, the three components of linear momentum and the total energy per unit volume,
respectively. The latter is given by

ρE = ρe+
1

2
ρuiui (2)

where e is the internal energy per unit mass. Moreover, τij is the viscous stress tensor, given by
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)
δij = τji (3)

Here, µ and λ are the dynamic and second viscosity coefficients, related by Stokes’ hypothesis, and δij is the Kronecker
delta. Finally, qi is the heat flux vector, given by Fourier’s law of heat conduction. In the above equations, Einstein’s
index notation has been assumed, in which repeated indices imply summation.

2.2 Numerical Method

The numerical method employed in the present work is the high order, nodal, discontinuous Galerkin (DG) method.
First, the physical domain, Ω, is split into K non-overlapping elements, Ωk, such that

Ω ≈
K⋃
k=1

Ωk,

K⋂
k=1

Ωk = ∅

where the approximation stems from the fact that the physical boundary might not be exactly represented by the compu-
tational mesh.
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The elements are then mapped from physical to standard, or computational, regions, with a mapping of the form
Ψ: X → I , where X are the physical coordinates domain and I the computational one. All computations are then carried
within the computational domain.

In the nodal discontinuous Galerkin formulation, the solution is approximated by a polynomial of order N , obtained
by interpolation through Np = N + 1 points, or nodes. This approximate solution may be discontinuous across element
interfaces, and is given, within each element, by

ukh(ξ, t) =

Np∑
p,q,r=1

ukh(ξpqr, t)φpqr(ξ) (4)

where ukh(ξpqr, t) are the discrete solutions at the interpolation nodes defined by coordinates ξpqr = (ξp, ηq, ζr) in the
computational domain, at time t, and φpqr(ξ) are the nodal basis functions, defining the solution polynomial space,
P = span{φpqr(ξ)}Np

p,q,r=1. In this work, since the mesh is comprised of hexahedral elements only, the basis functions
are obtained by a tensor product of one-dimensional Lagrange polynomials in each direction, that is,

φpqr(ξ) = `p(ξ)`q(η)`r(ζ), `p(ξ) =

Np∏
i=0
i 6=p

ξ − ξi
ξp − ξi

, (5)

where `p represents the Lagrangian interpolation polynomial for the ξ direction, and the definitions for `q and `r are
similar.

The semidiscrete equations of the discontinuous Galerkin scheme are obtained by requiring that the residual of the
numerical solution, within each element Ωk, be orthogonal to a test function, v. After applying integration by parts twice
and using Gauss’ theorem, this requirement is expressed as∫
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whereQk
h is the discrete vector of conserved variables, andF kh = [f, g, h]T the discrete flux vector, the definition given by

Eqs. (1), and approximated as in Eq. (4). The space of test functions, v, is the same as the space of solution polynomials,
P , defined above. After substitution of the test function, v, and the approximate solution as in Eq. (4), the semidiscrete
equations are obtained, for each element Ωk, and may be given as
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where Mk is the element mass matrix, and T =
[
Skx ,Sky ,Skz

]
the vector of stiffness matrices. It should be noted that a

transformation from physical to computational domain must be made, as stated before, and hence transformation metric
terms will appear on the semidiscrete equations above. A complete description, including such transformations and the
metrics used, is detailed in Hindenlang et al. (2012).

In Eqs. (6) and (7), F ?h is a numerical flux, introduced so that a common value for the fluxes may be obtained at
element interfaces. For the inviscid part of the fluxes, it is calculated by solving a Riemann problem at the interface,
whereas for the viscous fluxes it is given by simple averaging between the fluxes on both sides of the interface. In
this work, Roe’s approximate Riemann solver with an entropy correction is used (Toro, 2009). In addition, since weak
variational formulations using discontinuous function spaces – such as the discontinuous Galerkin scheme – are not
suitable for directly discretizing higher order derivative operators, the lifting scheme of Bassi and Rebay (2000) is used in
order to discretize the second order derivatives appearing after evaluation of the divergence of the viscous fluxes.

For stabilization of the numerical solution, a skew-symmetric, split formulation of the inviscid fluxes is employed,
using the Pirozzoli (2011) split form, which, for the x-component of the inviscid flux vector, may be given as

f#
I =


{{ρ}}{{u}}

{{ρ}}{{u}}2 + {{p}}
{{ρ}}{{v}}{{u}}
{{ρ}}{{w}}{{u}}
{{ρ}}{{H}}{{u}}

 , with {{a}}im =
1

2
(ai + am) . (8)

where the subscript I indicates the inviscid part of the flux. Similar expressions are obtained for the flux components in
the y and z direction. This form of the flux is kinetic-energy preserving (Jameson, 2008).
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The implementation of such split form relies on a summation-by-parts property of the discrete derivative matrix,

D =
(
Mk

)−1

Ski , when written for the nodal discontinuous Galerkin scheme using Gauss-Lobatto-Legendre points as
interpolation nodes. In this case, the discrete derivative of the volumetric inviscid flux term in Eq. (7) may be approximated
as

Df I ≈ 2

Np∑
m=1

Dimf#,l
I (Qlijk, Q

l
mjk)

and similarly for the flux components in the y and z direction. In the above equation, the superscript l represents a
component of the inviscid flux fI and the corresponding component of the conserved variables vector. In order to obtain
a globally kinetic-energy preserving scheme, the numerical interface, Riemann fluxes are modified accordingly, using this
same split formulation. An extensive description of such approach and its implementation may be found in Gassner et al.
(2016).

In the current work, the implicit LES (ILES) approach is employed in the simulations. In this approach, there is no
subgrid scale turbulence models added to the system of equations in Eq. (1), and the numerical dissipation is responsible
for the effects of the small scales of turbulence onto the larger ones. In a DG context, the numerical dissipation depends
mainly on the interface Riemann fluxes employed and the approximation to the gradient of conserved variables, obtained
by the lifting scheme for the second order derivative terms in the viscous fluxes (Moura et al., 2017).

The semidiscrete equations are advanced in time using the fourth-order, five-stage, low-storage explicit Runge-Kutta
scheme of Carpenter and Kennedy (1994). The effective implementation of the aforementioned numerical method is
accomplished with the Flexi computational software (Hindenlang et al., 2012; Krais et al., 2019), through which high-
efficiency, parallel computations are achieved.

2.3 Computational Geometries and Configurations

This work is concerned with applying the ILES approach to two different geometries. The first one is an open channel,
with periodic boundary conditions in the span- and stream-wise directions, and wall boundary conditions in the bottom
and top planes of the channel. The second geometry is a channel with constrictions in both ends, where periodic boundary
conditions in the stream-wise direction render a flow in a wavy channel, usually called the periodic hill test case. In
the span-wise direction, periodic boundary conditions are also employed for the periodic hill, while both bottom and top
boundaries are considered as walls. Figure 1 presents outlines of both geometries.

(a) Channel flow. Dimensions are Lx = 2πδ, Ly = 2δ, Lz = πδ,
with the half-channel width δ = 1.

(b) Periodic hill flow. Hill crest height, h = 1.

Figure 1. Outline of the computational geometries for which the flows are simulated.

For the channel flow, two simulations are performed with Reynolds numbers of Reτ = 590 and Reτ = 950, based on
viscous units. Mean flow and Reynolds stress quantities are evaluated and discussed. The references to which the present
results are compared to are the DNS simulations of Moser et al. (1999) and Del Álamo et al. (2004), for the cases of Reτ
equal to 590 and 950, respectively.

For the periodic hill test case, the simulation is performed for a Reynolds number of Re = 10, 595, based on the
hill height and the bulk velocity above the crest. The results are to be compared to the data of Fröhlich et al. (2005)
and Temmerman et al. (2003), both of which are LES simulations. While the former is a highly resolved LES and
will, therefore, be considered as the benchmark result, the latter contains both highly resolved and underresolved LES
simulations, the results of which are relevant in guiding the conclusions for the simulations in the present work.
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3. RESULTS AND DISCUSSION

3.1 Plane Channel Flow

3.1.1 Mesh Characteristics

Two different meshes are used for each Reynolds number flow, and their mesh spacing characteristics, based on viscous
units and an equidistant interpolation node distribution within an element, are shown in Table 1.

Table 1. Plane channel flow mesh characteristics for each Reynolds number.
Reτ ∆x+ ∆z+ ∆y+

min ∆y+
max ∆ymax/δ

590 29 14.5 1.3 8 0.013
950 50 24.9 0.7 24.2 0.025

The ∆y+
min is related to the first node adjacent to the wall, whereas ∆y+

max and ∆ymax/δ are related to the first
node adjacent to the channel centerline. A reasonable, recommended mesh – although not excessively fine – should have
(∆x+,∆z+) u (40, 20), while in the y direction, it should range from ∆y+ u 1 near the wall to ∆y/δ u 0.02 near
the end of the outer layer, and ∆y/δ u 0.05 at the edge of the boundary layer (Larsson et al., 2016). In addition, the
y-direction spacing should vary linearly.

Both simulations are run up to 20 eddy turnover time (ETT), given by ETT = tuτ/δ, and a polynomial order of
N = 4, resulting in a fifth order method.

3.1.2 Test Case for Reτ = 590

Results obtained for the case of Reτ = 590 are shown in Fig. 2, where the mean velocity profile, in viscous units,
and the Reynolds stresses normalized by the friction velocity, uτ =

√
τw/ρ, are plotted. The reference data is the DNS

simulation of Moser et al. (1999) at the same Reynolds number.

(a) Mean velocity profile in viscous units
(b) Second moment of Reynolds stresses normalized by friction
velocity

Figure 2. Mean velocity profile and second moment of Reynolds stresses at Reτ = 590. ILES represents the present
calculations whereas DNS refers to the results of Moser et al. (1999).

An excellent agreement is observed for the mean velocity profile and normal Reynolds stresses in the y and z direction,
across the full range of the channel half-width, whereas some discrepancy may be seem for the normal Reynolds stress
in the x direction. The results for the shear component of the Reynolds stress tensor, uv+, are also very good. For this
Reynolds number, the log-layer comprises the region 30 . y+ . 180. Since this is a low Reynolds number flow, the
overlap layer between the inner, viscous region and the outer layer is very small. This means that, for y+ & 50, viscous
effects on the velocity profile are negligible.

As can be seen, the discrepancy observed for the normal Reynolds stress in the x direction is within the outer layer.
In this region, the production, P , and dissipation of turbulent kinetic energy, ε, roughly balances each other, i.e. P/ε ≈ 1
(Pope, 2000). Since the Reynolds stresses are underestimated in this region, it seems that the ILES simulation is either
not able to correctly capture turbulence production mechanisms, or there is an excessive dissipation. Because the mesh
characteristics for this case are well within the recommended ranges for a reasonably fine LES mesh, this hints at the
possibility of an excess of dissipation coming from the numerical method – usually through the numerical, Riemann
interface flux. Tests are being performed at the present time in order to attempt to further understand such behavior. For
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the region y+ > 300, where production of turbulent kinetic energy starts to fall and the dissipation dominates, the ILES
predictions are again in excellent agreement with the DNS data.

3.1.3 Test Case for Reτ = 950

The results for the simulation at Reτ = 950 are shown in Fig. 3. The reference DNS data are that of Del Álamo
et al. (2004). It is clear that the results are in poorer agreement in comparison to the results of the previous section, for
Reτ = 590.

(a) Mean velocity profile in viscous units (b) Second moment of Reynolds stresses normalized by friction
velocity

Figure 3. Mean velocity profile and second moment of Reynolds stresses at Reτ = 950. ILES represents the present
calculations whereas DNS refers to the results of Del Álamo et al. (2004).

The mean velocity profile for this case only matches the DNS reference data at the viscous wall region, y+ . 50, being
overpredicted across the whole log and outer layers, up to the channel half-width. For this flow, the log-layer comprises
the region 30 . y+ . 280, whereas the overlap between the inner and outer region now becomes more significant,
roughly given by the interval 50 . y+ . 100. In practice this means that the dynamics of the wall, reflected on the flow
variables uτ and y+, have important contributions further away from the wall.

Apart from the clear mismatch on the prediction of the mean velocity profile above the viscous wall region, the
Reynolds stresses are well predicted throughout the whole channel half-width, except for the u2

+
component. The

simulation could correctly capture the location of the peak on the normal Reynolds stress in the x direction, though its
value is highly overestimated. In the overlap region, at y+ ≈ 70, the behavior of the prediction shifts, and this component
is then underestimated. This misprediction is reflected up to y+ ≈ 700, near the channel centerline. The underprediction
of the fluctuation in the x direction is also reflected on the results for the uv+ component of the Reynolds stress, which
has a lower value throughout the channel half-width, compared to the reference DNS data. On the other hand, the results
for the normal Reynolds stress components on the y and z directions agree well with the DNS data, except for the overlap
region, where they are only slightly underestimated.

From the mesh characteristics shown in Table 1, the mesh spacing on the y direction is well within the recommended
range. However, those for the x and z directions are slightly above the recommended value, and the lack of resolution in
these directions may be the cause of the poor results exhibited by the statistical data in the x and z directions, primarily.
Another trend observed by inspecting Figures 2 and 3 is that the higher the Reynolds number, the higher the peak predicted
for the normal Reynolds stress in the x direction. This is a direct consequence of a greater production-to-dissipation ratio,
P/ε, in this region.

Hence, it seems that the numerical dissipation is high from the outer layer to the edge of the boundary layer, but
low within the inner layer, such that the rate between production and dissipation is unbalanced in both regions, and the
higher the Reynolds number, the higher this unbalancing. Finally, mean velocity profiles and reference DNS data for both
cases are plotted in Fig. 4 in semi-log scale. From this figure, the overprediction of the ILES simulation in the case of
Reτ = 950, especially within the log region, becomes clearer.

3.2 Periodic Hill Flow

For the periodic hill case, a single mesh is used, again moderately fine, but coarser than those used for the channel
flows. The polynomial order of the numerical approximation is N = 3 for this simulation, resulting in a fourth order
method. The Reynolds number of the simulation is Re = 10, 595, based on the hill height and the bulk velocity above the
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Figure 4. Mean velocity profiles, normalized by friction velocity, and in semi-log scale, for both Reynolds number cases
and the respective DNS reference data.

hill crest, that is,

Re =
Ubh

ν
,

with

Ub =
1

(Ly − h)

∫ Ly

h

u(y) dy,

taken at the inflow plane. This Reynolds number matches that of the highly resolved LES simulations in references
Fröhlich et al. (2005) and Temmerman et al. (2003), both of which are used in the comparisons to follow. The latter
also contains moderately resolved LES simulations, which aid comparisons and discussions of the present results. To the
authors’ knowledge, there is no DNS simulations of this case.

The current test case is a fairly complicated flow, exhibiting adverse pressure gradient which is strong enough to
cause the boundary layer to separate. After separation, a recirculating flow region is formed, followed by boundary layer
reattachment just before a region of favorable pressure gradient. Mean flow quantities extracted for the present analysis
refer to those of a longitudinal slice of the geometry after averaging all computational planes in the z direction.

Mesh spacing at the first node adjacent to the lower wall are shown in Fig. 5, in viscous units. In this figure, horizontal
dashed lines indicate the recommended values for each direction, as discussed earlier. For comparison, mesh spacing
in the y direction for the medium grid used in Temmerman et al. (2003) is also shown. The variations in the viscous
mesh spacings are due to the wall shear stress variations along the channel length, as opposed to a constant wall shear
stress in the case of plane channel flow, leading to variable friction velocity, uτ =

√
τw/ρ, and, hence, variable viscous

characteristic length, δv = ν/uτ .
It can be seen that the mesh spacing in the x direction is within the recommended value of ∆x+ ≈ 40 throughout

the channel length, except for the region of favorable pressure gradient, where the wall shear stress strongly increases,
leading to higher friction velocity, uτ , and, consequently, lower viscous characteristic length, δv , such that the ratio
∆x/δv = ∆x+ increases. For the z direction, the mesh spacing is only within the recommended value of ∆z+ u 20
in the region of adverse pressure gradient, that is, x/h up to approximately 2. Then, the viscous mesh spacing in this
direction becomes roughly 30 for the rest of the channel length, again with the exception of the region of favorable
pressure gradient. For the y direction, the mesh spacing is approximately unit only within a tiny region down the hill,
0.7 . x/h . 1.3. For the rest of the channel, it is about 5, taking values up to 10 in the region of favorable pressure
gradient. Lastly, the mesh spacing in the y direction for the present simulation compares well with the medium grid of
Temmerman et al. (2003), both qualitatively and quantitatively.

One aspect to notice is that, in order to speed up the simulations and save computational resources, the mesh is
much coarser in the y direction near the upper wall. The main concern in this work is to assess the capability of the
ILES approach using a high order DG method for simulations exhibiting adverse pressure gradient and boundary layer
separation. Since the flow in the upper wall have limited influence on the flow near the bottom wall (Temmerman et al.,
2003), this mesh coarsening may be done with no losses to the present analysis and results.
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Figure 5. Mesh spacings, in viscous units, for the periodic hill simulation in all three directions at the first node adjacent
to the lower wall. Horizontal dashed lines indicate the recommended values for each direction. Mesh spacing in the y
direction for the medium grid used in Temmerman et al. (2003) is also plotted for comparison.

Skin friction coefficient distribution obtained for this simulation is presented in Fig. 6, where it is compared with
that obtained in the highly resolved LES simulation of Fröhlich et al. (2005). Both the separation and reattachment
points are correctly captured when compared to this reference. The overall behavior of the skin friction coefficient is also
correctly represented by the present simulation, although the distribution obtained in the present calculation is slightly
more oscillatory than the reference data.

Figure 6. Skin friction coefficient distribution for the present simulation, compared to the reference Fröhlich et al. (2005).
Vertical dashed lines show the points of boundary layer separation and reattachment.

According to the predicted skin friction coefficient, there is a small, second region of recirculating flow just after the
reattachment of the boundary layer following the main separation bubble. This behavior cannot be seen in any of the
reference simulations (Fröhlich et al., 2005; Temmerman et al., 2003). On the other hand, the highly resolved simulation
of Fröhlich et al. (2005) also exhibits another point where the boundary layer separates, just before the region of favorable
pressure gradient, x/h ≈ 7. However, in this case the region is so small and the skin friction is so close to zero that a
separation bubble is absent.

Figure 7 shows a longitudinal slice of the periodic hill where mean velocity profiles, normalized by the bulk velocity,
Ub, are obtained for the present simulation after averaging in the z direction, at two different streamwise sections. For
comparison, mean velocity profiles obtained in the highly resolved LES simulations of Temmerman et al. (2003) and
Fröhlich et al. (2005) are also shown. The mean velocity profiles obtained for the present simulation agree very well
with both high resolution references at both sections, i.e. x/h = 2 and x/h = 6. The first section is well within the
recirculating bubble, as can be seen from Fig. 6 and the negative mean velocity near the bottom wall, whereas the second
section shows the recovering of the boundary layer after reattachment. These velocity profiles are a clear indication that
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the present ILES approach using a high order DG scheme is able to capture mean velocity profiles even in the presence of
adverse pressure gradient, boundary layer separation and reattachment, and recirculating regions.

Figure 7. Longitudinal slice of the periodic hill, showing the mean velocity profiles at two different streamwise sections.
Data are from the present simulation and both highly resolved LES simulations of Temmerman et al. (2003) and Fröhlich
et al. (2005).

A more detailed comparison can be made by inspecting Fig. 8, where the mean velocity profiles for the present
simulation and both medium and fine grid simulations of Temmerman et al. (2003) are shown, at the same two streamwise
sections. The first aspect to notice is that, from y/h u 1.5 upwards, the velocity profiles for the present simulation exhibits
some oscillations. This is caused by a coarser mesh near the upper wall, as stated above, influencing the solution up to
this point. In addition, the fact that the velocity profiles are well behaved below y/h u 1.5 is also an indication that the
solution near the bottom wall is not influenced by the mesh coarseness of the upper wall. More importantly, though, is

(a) x/h = 2 (b) x/h = 6

Figure 8. Mean velocity profiles at two different streamwise sections. Data are from the present simulation and the fine
and medium resolution LES simulations of Temmerman et al. (2003).

the fact that the present simulation follows the highly resolved, fine grid solution much more closely than the medium
grid solution in the reference data. This is true even for the velocity profile near the upper wall, where the resolution
of the present simulation is not even close to the recommended resolution for a well resolved LES simulation. Hence,
these results demonstrate, once again, that the ILES approach using a high order DG method is very well suited for fairly
complex simulations, even under moderately low resolution meshes.

The exact cause of such good results, however, cannot be determined solely based on the data shown. These results
might be due to a better behavior of small scale dissipation implicitly added by the numerical dissipation, or even the
method’s higher order, leading to a dissipation that is steeper and more concentrated on the small scale region of the
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energy cascade. Further results and a more complete set of simulations are needed in order to systematically point out
the reasons of the method success – even though it is clear that the approach used in the present work provides excellent
results, at least for mean velocity profiles, Reynolds stresses and engineering coefficients. Overall, the results presented
in this work support and strengthen the feasibility and applicability of the ILES approach in conjunction with a high order
DG method for simple and fairly complex flows, under moderate Reynolds numbers.

4. CONCLUSIONS

In the present work, the feasibility and applicability of the implicit LES approach with a high order DG method has
been assessed. In order to do so, two test cases are simulated, with three different configurations. The plane channel
turbulent flow case is simulated for Reynolds numbers of Reτ = 590 and 950, whereas the periodic hill case is simulated
for a Reynolds number of Re = 10 595, based on the hill height and bulk velocity above the hill crest.

For the simple, plane turbulent channel flows, the results indicate that the current high order method is capable of
predicting the mean velocity profiles and Reynolds stresses reasonably well. The predictions deteriorate as the Reynolds
number increases. The cause of the mispredictions observed may be due to an insufficient numerical dissipation near the
wall, where production greatly dominates dissipation, and, on the other hand, an excessive dissipation for the outer layer
up to the boundary layer edge. Since this numerical dissipation is implicitly added by the numerical method, it is not
possible to explicitly adjust it in order to further investigate this claim. One way to assess the dissipative characteristics
of the numerical method on the overall flow is to change the interface Riemann fluxes, and also run new simulations with
different orders of accuracy. The fact that the current channel flow simulations are run using a fifth order scheme may
also be the reason for this unbalancing of turbulent production-to-dissipation ratio. By increasing the order of accuracy,
turbulent production mechanisms tend to be captured more accurately, while dissipation tends to decrease.

In the case of the periodic hill flow, the primary goal is to assess the capability of the current approach to correctly
capture the separation and reattachment points. Results for the skin friction coefficient clearly indicate that the current
approach is able to correctly capture such boundary layer features, even under a moderately coarse mesh. In addition,
mean velocity profiles at two distinct streamwise sections are compared, and the present results agree very well with
the reference data, which indicates that the ILES approach using a high order DG scheme is also capable of correctly
predicting mean flow quantities, such as velocity profiles. In this case, the mismatch between the current results and the
reference data are clearly associated to a mesh coarseness near the upper wall, rather than associated to the numerical
method itself.

Even though both mesh resolution and order of accuracy may play a non-negligible role on the solution, overall, the
results presented in this work support and strengthen the feasibility and applicability of the ILES approach in conjunction
with a high order DG method for simple and fairly complex flows, under moderate Reynolds numbers.
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