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Abstract. This paper presents the numerical simulation of an incompressible two-dimensional flow around a circular 

cylindrical obstacle for a variety of Reynolds numbers. Three different models of the Lattice Boltzmann (LB) equation 

are discussed: the classic kinetic model BGK, a regularized model and a model with two relaxation times, for the latter 

two approaches are presented and compared. Also, a large number of different boundary conditions are compared. To 

validate the results, the drag coefficients and the flow representation were compared with several authors in the 

literature. It was possible to conclude that the models presented here are very well suitable both for the estimation of the 

aerodynamics coefficients and for the representation of the flow. 

 

Keywords: Lattice Boltzmann Method (LBM), Regularized model, Two relaxation times (TRT), Drag, Lift. 

 

1. INTRODUCTION 

 

Fluid dynamics is a branch of applied science, which focus is to investigate the movement of fluids, such as liquid 

and gases, and how forces affect them. Sometimes, problems in fluid dynamics may prove to be very much complex and 

troublesome, or even impossible to be solved directly or reproduced. Due to these facts, Computational Fluid Dynamics 

(CFD) has been used as an alternative method to study fluid physics related phenomena. Firstly, introduced in the early 

1970s, the method consists in the numerical solution of the mass, momentum, and energy conservation equations and 

soon it grew to become a remarkable synergy of physics, applied mathematics, and computer sciences. 

The Lattice Boltzmann Method (LBM) is a particle-based approach to CFD, using microscopic models and 

mesoscopic kinetic equations. Indeed, the LBM has its roots in the Lattice Gas Automata (LGA). In this particular method, 

fictitious particles exist within a numerical domain where they stream and collide in a manner that respects the mass and 

momentum conservation (Kruger et al., 2017; Rothman; Zaleski, 1997; Succi, 2001). Later, McNamara and Zanetti (MZ) 

(McNamara; Zanetti, 1988) replace the boolean variable present in the LGA by a set of real-valued populations, soon 

after, Higuera and Jimenez (Higuera; Jiménez, 1989) proposed a linear approximation for the collisional operator in the 

MZ model, followed by (Chen et al., 1991; Qian; D’Humières; Lallemand, 1992) which introduced a simplified collisional 

model with a single relaxation time that has the same formulation as the BGK model (Bhatnagar; Gross; Krook, 1954) in 

kinetic theory, this model is called LBGK. Some years later the LB equation was recognized as a discrete form of the 

Boltzmann transport equation by (Abe, 1997; He; Luo, 1997; Philippi et al., 2006; Shan; Yuan; Chen, 2006). 

The LBM model already had proved itself to be a very reliable tool in handling flow simulation around complex 

geometries and fluid-solid interaction as pointed by several authors (Chen; Doolen, 1998; Higuera; Succi, 1989). The 

flow around bluff bodies is a permanent subject of interest due to its increasing complexity with the Reynolds number 

(Re). The flow pattern for a single circular cylinder with Re ranging between Re ≈ 5 and 40 the flow remains stable and 

a pair of vortices appear behind the solid body; these vortices increase in size as Re increases until reaching a critical 

limit. At this limit, when Re is greater than ~45, the vortices began to shed off and the flow becomes unstable, at this 

moment it is observed the formation of the Von Kármán vortex streets. (Dennis; Chang, 1970; Fornberg, 1980; Surmas; 

Dos Santos; Philippi, 2004). 

This work is restricted to a two-dimensional incompressible flow around a circular cylinder obstacle with a set of 

Reynolds numbers ranging from Re = 10 until 100. We deal with different models of the LBGK algorithm and investigate 

a variety of boundary conditions. Also, we study the behavior of the aerodynamic forces using the momentum exchange 

method (MEM). 
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2. THE LBGK MODEL 

 

As previously mentioned, a LB equation may be seen as a first-order, finite-difference numerical approximation of 

the continuous Boltzmann transport equation. So, let 𝑓𝑖(𝒙, 𝒆𝑖, 𝑡) be a dimensionless pack of particles traveling with the 

dimensionless discrete velocity 𝒆𝑖 and found on site 𝒙 at time 𝑡. Using the single relaxation time BGK collision model 

(Chen et al., 1991; Qian; D’Humières; Lallemand, 1992): 
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where 𝜏∗ is a dimensionless relaxation time, which is related to the fluid kinematic viscosity in accordance with 𝜈 =
ℎ2

𝛿
𝑐𝑠
2(𝜏∗ − 1 2⁄ ), 𝑐𝑠 is the sound speed for a given discrete representation,  is the time step and h is the orthogonal 

distance between any two contiguous sites. Function 𝑓𝑖
𝑒𝑞

 is a polynomial approximation to the Maxwell-Boltzmann (MB) 

equilibrium distribution function, which, in present case, can be written as a second-order Hermitian polynomial 

expansion (Philippi et al., 2006),  
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where 𝛿𝛼𝛽 is the Kronecker delta, 𝑊𝑖 are weighting factors for the lattice scheme, which for a D2Q9 two-dimensional 9-

velocity vectors lattice, (Philippi et al., 2006) are given in Tab. 1. 

 

Table 1. Lattice-Boltzmann parameters for the D2Q9 

lattice. The sound speed in this lattice is 𝑐𝑠 = 1 √3⁄ . 

𝑖 𝒆𝑖 𝑊𝑖 

0 (0,0) 16 36⁄  

1 − 4 (±1,0),(0, ±1) 4 36⁄  

5 − 8 (±1,±1) 1 36⁄  

 

Also,  
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are the local mass density and momentum, respectively. 

 

3. MODEL IMPROVEMENTS 

 

The most commonly used lattice Boltzmann collision model is the single relaxation-time BGK model (Bhatnagar; 

Gross; Krook, 1954). This model is able to asymptotically represent near incompressible flows. Nevertheless, it suffers 

from instability drawbacks especially at high Reynolds numbers. In the following, we present two methods that have been 

developed to soften these instability issues, enlarging the stability range of LB algorithms. 

 

3.1 Regularization 

 

Regularization is a common procedure in CFD methods to smooth the errors carried throughout the simulation. In 

LBM, the regularization method is a way of filtering out those errors produced by non-hydrodynamic high-order non-

equilibrium moments. (Mattila; Philippi; Hegele, 2017; Zhang; Shan; Chen, 2006). 

The LBGK model, Eq. (1), can be rewritten in its regularized (RLBGK) form as: 
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where 𝜔 is the relaxation frequency defined by 𝜔 = 𝛿 𝜏⁄  and 𝑓𝑖
𝑛𝑒𝑞

 is the regularized, non-equilibrium part of the 

distribution function 𝑓𝑖 = 𝑓𝑖
𝑒𝑞
+ 𝑓𝑖

𝑛𝑒𝑞
, which can be expanded into a Hermitian polynomial expansion. The first two 
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zeroth and first-order moments, of the Hermitian expansion correspond, respectively, to the contribution of the non-

equilibrium distribution to the conservation of mass and momentum, so it is equal zero, thus summarizing to a second-

order expansion: (Mattila; Philippi; Hegele, 2017) 
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where τ𝛼𝛽 is the viscous stress tensor. 

 

3.2 Two Relaxation Times (TRT) 

 

The BGK collision operator produces second-order Knudsen errors. To soften these errors, (Ginzburg; Verhaeghe; 

D’Humières, 2008) proposed a model based on two relaxation times; the first of them is related to viscosity and the second 

one is a free parameter. In this model, the populations are decomposed into a symmetric and anti-symmetric part as shown: 
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where the 𝑒 and 𝑜 symbols denote the symmetrical and anti-symmetrical parts respectively, also the 𝑓𝑖+ = 𝑓𝑖(𝑒𝑖) 
designates the populations along the 𝑒𝑖 directions and 𝑓𝑖− = 𝑓𝑖(−𝑒𝑖) is the populations along the −𝑒𝑖 directions. With this 

in mind, the LBGK model, Eq. (1), may be rewritten as 
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where the even 𝜏𝑒 and odd 𝜏𝑜 relaxation times are, respectively, related to the symmetric and anti-symmetric parts of the 

populations. The even part (𝜏𝑒) is related to the viscosity and the odd part (𝜏𝑜) is dependent on 𝜏𝑒. (Philippi, 2018) presents 

the following relationship for the dimensionless relaxation times *

e e
    and *

o o
   : 

 

 1 3

2 1

*

*

*

e

o

e










,  (8) 

 

although (Luo et al., 2011) presents a different relationship: 
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4. BOUNDARY CONDITIONS 

4.1 Fluid-solid interaction 

 

The half-way bounce back (HWBB) boundary condition is the most frequently used boundary condition in LBM, for 

imposing the fluid-solid adherence at the solid external surface. It is very simple to implement, especially in complex 

geometry and credited to have second-order accuracy. 

It can be written for all boundary sites 
b

x  next to the solid surface (Figure 1), as: 
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Figure 1. Half-way bounce back boundary condition. 

 

where symbol i  denotes a direction pointing to the solid. 

 

4.2 Boundary conditions for the frontiers of the computational domain 

 

Six kinds of boundary conditions were used for the frontiers of the computational domain: Zou & He, periodic, free-

slip, full developed, pressure imposed and regularized. 

 

4.2.1 Entrance nodes 

 

For the entrance of the computational domain we ascribe a uniform velocity profile 𝑢𝑥 = 𝑢0, 𝑢𝑦 = 0 for all nodes 

(0, 𝑦). 
Zou and He (Zou; He, 1997) proposed a BC model (ZH) based on the bounce-back of the non-equilibrium populations 

along the normal directions to the boundary. This Ad-Hoc assumption: 

 

1 3

neq neqf f ,  (11) 

 

provides the fourth equation that is needed for solving the hydrodynamic equations for 𝜌, 𝑓1, 𝑓5, 𝑓8 at the boundary in 

Figure 2, in addition to: 
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when the macroscopic velocity is known at the entrance of the numerical domain 𝑢𝑥 = 𝑢0, 𝑢𝑦 = 0 for all nodes (0, 𝑦). 

 

 
Figure 2. Unknown populations 𝑓1, 𝑓5, 𝑓8 in a node at the entrance of the numerical domain. 

 

For the regularized model the boundary conditions follow the model proposed by (Hegele et al., 2018). Second-order 

moments are required to satisfy. 
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where 𝐼 = {0,2,3,4,6,7} is the set of incoming directions from the nodes of the computational domain. Since the velocity 

components are prescribed at the entrance nodes, a set of 4 equations for the unknowns 𝜌, 𝜏𝑥𝑥 , 𝜏𝑥𝑦 , 𝜏𝑦𝑦 is then closed by 

requiring. 

 

ˆ
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The solution of Eqs. (13) and (14) enables to find the moments 𝜌, 𝜏𝑥𝑥 , 𝜏𝑥𝑦 , 𝜏𝑦𝑦 and the unknown populations 𝑓1, 𝑓5, 𝑓8. 

 

4.2.2 Side nodes  

 

Simulation results are very sensible to the numerical domain dimensions and to the kind of boundary conditions used. 

This is especially important when there is the formation of a vortex street, since the vortex streets grows laterally and 

extend over several cylinder diameters. From a simulation standpoint, some kind of truncation must be adopted at the 

lateral and end surfaces of the simulation domain. 

So periodicity in present context means that, if 𝐻 denotes the vertical dimension of the computational domain and at 

node (𝑥, 0) direction 𝑖 points outside of the simulation domain, the outgoing population 𝑓𝑖(𝑥, 0) is transferred to the node 

(𝑥, 𝐻) in accordance with: 
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On the other hand, the free-slip boundary condition means that populations reaching one of the two lateral surfaces 

suffer a specular reflection back into the simulation domain. This BC is used when there is an undesirable transfer of 

information (or fields) throughout the frontier and we judge it is possible to avoid this transfer. 

 

4.2.3 Exit nodes 

 

Full developed BC condition means that the simulation domain extension 𝐿 along the x-coordinate is large enough in 

such a way that there is no more variation of the particle populations with 𝑥 at 𝑥 = 𝐿. It is of common practice to repeat 

the data for nodes (𝐿 − 1, 𝑦) attributing this data to the nodes (𝐿, 𝑦). 
Another alternative is to ascribe the pressure at 𝑥 = 𝐿. 

 

5. RESULTS AND DISCUSSION 

 

The numerical simulations were carried out for a set of Reynolds numbers of 𝑅𝑒 = 10, 20, 40 e 100; the dimensions 

of the numerical domain used for the study were 1200 × 1000 sites, with 40 sites in the diameter (𝑑) of the circular 

cylinder and with its center located 7.5𝑑 sites of distance from the domain entrance, as shown in Fig. 1. 

The Reynolds number was taken as: 
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where 𝑢0 is the dimensionless uniform velocity at the entrance of the numerical domain, 𝑑 is the cylinder diameter in 

lattice unities and 𝜏∗ = 𝜏 𝛿⁄  is the dimensionless relaxation time. For avoiding compressibility effects and third order 

errors in the Navier-Stokes equations, the velocity 𝑢0 was kept at a very low value 𝑢0 = 0.04. 

The studies were performed for the LBGK and RLBGK models with a single relaxation time (SRT), in addition to 

this, tests with the TRT model were carried out with the relationship Eq. (8) presented by (Philippi, 2018) and also the 

relationship Eq. (9) presented by (Luo et al., 2011). The boundary conditions used are described as follows: uniform speed 

at the domain entrance, pressure conditions at the exit, periodic and free-sleep conditions at the upper and lower boundary, 

and for the fluid-solid interaction the halfway bounce back was used. 

For the LBGK models: 

 Case A: entrance: Zou and He (Zou; He, 1997) boundary conditions; exit: full developed; upper and lower 

ends: periodic condition; 

 Case B: entrance: Zou and He (Zou; He, 1997) boundary conditions; exit: full developed; upper and lower 

ends: free-slip condition; 
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 Case C: entrance: Zou and He (Zou; He, 1997) boundary conditions; exit: ascribed pressure; upper and 

lower ends: periodic condition; 

 Case D: entrance: Zou and He (Zou; He, 1997) boundary conditions; exit: ascribed pressure; upper and 

lower ends: free-slip condition. 

For the RLBGK models: 

 Case A: entrance: regularized boundary conditions (Hegele et al., 2018); exit: full developed; upper and 

lower ends: periodic condition; 

 Case B: entrance: regularized boundary conditions (Hegele et al., 2018); exit: full developed; upper and 

lower ends: free-slip condition; 

 Case C: entrance: regularized boundary conditions (Hegele et al., 2018); exit: ascribed pressure; upper and 

lower ends: periodic condition; 

 Case D: entrance: regularized boundary conditions (Hegele et al., 2018); exit: ascribed pressure; upper and 

lower ends: free-slip condition. 

 

 
Figure 3. Computational domain and solid body. 

 

Figure 4 shows the streamlines of the flow past the cylinder for three different Reynolds obtained for case A. At 𝑅𝑒 =
20 and 𝑅𝑒 = 40, the flow separates on the downstream side, and two steady standing vortices are formed. These vortices 

are stable and remain attached to the body. 

 

Re=20 Re=40 Re=100  
Figure 4. Streamlines of the flow behind the cylinder section for 𝑅𝑒 = 20, 40 and 100. Simulations were performed 

with LBGK (case A). 

 

When the Reynolds number grows beyond 40, a new flow pattern develops. The wake behind the cylinder become 

unstable. Oscillations in the wake grow in amplitude and finally roll up into discrete vortices with a very regular spacing. 

This trail of vortices in the wake is known as the von Karman vortex street. This vortex releasing is shown in Figure 4 for 

𝑅𝑒 = 100. 

Vortex formation near the cylinder is an unsteady flow, and the drag force oscillates with the formation of each eddy. 

In present simulations these vortices are released from the cylinder after about 40000 time steps. In addition, the top-to-

bottom asymmetry of the flow gives rise to an oscillating lift force. As the flow forms a clockwise eddy, it rushes past the 

top of the cylinder somewhat faster than the flow across the bottom. This causes the pressure on the top to be less, resulting 

in a lift force toward the top. When the clockwise eddy breaks away, the opposite pattern develops on the bottom and the 

lift force reverses its direction. This is clearly shown in Figure 5 (right). 

Table 2 shows a comparison between the results obtained for the drag coefficient using the BGK and the RBGK 

regularized version. As it was to be expected, in this range of Reynolds number, there are no meaningful differences 
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between the results obtained using these two methods. Indeed, high-order ghost moments manifestation is only expected 

for higher Reynolds number and their effect is to produce instability in the numerical scheme. Therefore, these effects 

can be only appreciated for intermediate and high values of the Reynolds number. 

In the same manner, as shown in Tab. 3, in this range of Reynolds number, simulations appear to be insensible to the 

particular relationship between the odd and the even relaxation times found by different authors for avoiding the influence 

of second-order Knudsen errors. 

Nevertheless, if the simulation results appear to be insensible to the method in this range of Reynolds number, they 

are very sensible to the numerical domain dimensions and to the kind of boundary conditions used. This is a crucial 

question when the vortices are detached from the cylinder surface since the vortex streets grows laterally and extend over 

several cylinder diameters. From a simulation standpoint, some kind of truncation must be adopted at the ends of the 

numerical simulation domain.  

 

 
Figure 5. Left: velocity field representation; Right: aerodynamic coefficients temporal progression; Both images for the 

simulations performed with RBGK, case A and 𝑅𝑒 = 100. 

 

Table 2. Comparisons for the drag coefficient obtained for the BGK and RBGK simulations. 

  Drag coefficient 𝐶𝐷 

Reynolds number 10 20 40 100 

 

BGK 

A 3.072 2.195 1.631 1.398 

B 3.076 2.201 1.642 - 

C 3.080 2.201 1.639 1.396 

D 3.080 2.201 1.639 1.397 

 

RBGK 

A 3.076 2.200 1.640 1.398 

B 3.076 2.200 1.640 - 

C 3.080 2.200 1.638 1.398 

D 3.080 2.200 1.638 1.399 

 

Table 3. Comparisons for the drag coefficient obtained for the BGK-TRT simulations. 

  Drag coefficient 𝐶𝐷 

Reynolds number 10 20 40 100 

 
TRT with Eq. (8) 

A 3.079 2.200 1.639 1.394 

B 3.079 2.200 1.639 - 

C 3.083 2.201 1.637 1.393 

D 3.083 2.201 1.637 1.393 

 

TRT with Eq. (9) 

A 3.077 2.198 1.638 1.392 

B 3.077 2.198 1.638 - 

C 3.081 2.199 1.635 1.389 

D 3.081 2.199 1.635 1.391 

 

Figure 6 shows a comparison between the sets of boundary conditions used for the LBGK simulation. In case A 

periodic conditions were used for the upper and lower ends of the numerical domain and this is the only difference when 

case A is compared with case B, for which a free-slip boundary condition was used. It is apparent that while the periodic 

conditions give rise to steady temporal profiles of the drag and lift coefficients after 100000 time steps, the use of a free-
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slip boundary condition requires a larger number of time steps to converge to a steady drag profile. In addition, the lift 

coefficient oscillates with a larger amplitude: 0.55 against 0.35, in the former case. 

While periodic conditions mean that the populations arriving at one of the sides are transferred to the other side, free 

slip means that these populations are reflected back with a specular reflection. Both conditions are suitable for the problem 

when the numerical domain is large enough and this difference although difficult to explain, mean that some information 

of the vortex street is touching the upper and lower sides of the numerical domain. 

Case A is now compared with cases C and D, for which the pressure was imposed at the right end of the numerical 

domain. Since the imposed pressure results different from the one that is propagated from the left, this imposition produces 

a finite pressure perturbation that is reflected back into the numerical domain as an acoustic wave and is responsible for 

a very noisy profile for the drag and lift coefficients (Figure 6). Nonetheless, both the average value for the drag coefficient 

and the amplitude of the lift are in agreement with case A.  

 

 
Figure 6. Temporal progression and comparison of the oscillation of the drag and lift coefficients for 𝑅𝑒 = 100. 

 

Comparisons were made with several authors in the literature who used different solutions for the flow simulation. 

Figure 7 presents a comparison with the experimental data of Tritton (Tritton, 1959), showing a very good agreement for 

the drag coefficient in this range of the Reynolds number. 

Comparisons were also made with other authors using different numerical procedures such as classical CFD, finite 

differences or finite volumes (Dennis; Chang, 1970; Fornberg, 1980; Park; Kwon; Choi, 1998; Sucker; Brauer, 1975) and 

with authors using the lattice Boltzmann method LBM (He; Doolen, 1997; Pellerin; Leclaire; Reggio, 2017; Surmas; Dos 

Santos; Philippi, 2004). These comparisons are presented in Tab. 4. 

 

6. CONCLUSION 

 

In this paper, several models of the Lattice Boltzmann Method were performed to study the aerodynamic forces acting 

in an immersed solid body, and comparisons between a variety of boundary conditions were made. All proposed cases 

showed excellent agreement with the results found in the literature, both for the coefficients obtained in the simulation 

and for the flow representation. However, the ascribed pressure boundary condition (cases C and D) at the exit of the 

numerical domain exhibited a great amount of noisy, which is supposed to be caused by the presence of pressure waves 

within the domain. In addition, the need for longer simulation times is notable for case B to reach the fully developed 

flow state. Concluding then that case A presented the best behavior compared to the expected in the literature.  
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Figure 7. Comparison between the values for the drag coefficient obtained in this work and the experimental data of 

Tritton (1959). 

 

Table 4. Comparison of the present simulation results for the drag coefficient with other authors. 

𝑪𝑫 

Re 10 20 40 100 

CFD 

Dennis & Chang 

(1970) 
2.846 2.045 1.522 1.056 

Fornberg (1980) - 2.000 1.498 1.058 

Park et al. 

(1998) 
2.780 2.010 1.510 1.330 

Sucker and 

Brauer (1975) 
2.831 2.178 1.633 1.243 

LBM 

He & Doolen 

(1997) 
3.170 2.152 1.499 - 

Surmas et al. 

(2004) 
2.800 2.000 1.500 1.400 

Pellerin et al. 

(2017) 
- 2.003 1.502 1.326 

This work 3.072 2.195 1.631 1.398 
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