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Abstract. Reynolds average turbulence models need closure equation to determine the Reynolds stress tensor with the 
mean kinematic tensors. Traditionally, linear models based on the Boussinesq hypothesis are employed. However, it is 
well known that linear models fail in several applications and different non-linear models have been proposed. In the 
present work, an evaluation of a nonlinear model that is based on the rate-of-strain tensor and non-persistence tensor 
to predict a fully developed channel flow is examined. The time average velocity filed and Reynolds Stress Tensor 
components are compared with DNS data. Predictions of the mean velocity and shear components of the Reynolds stress 
were equivalent as the one obtained with the linear model. However, an improvement is obtained with respect to the 
normal components. While the linear models are unable to predict them, the present model is capable of presenting a 
reasonable prediction of two components, but is also fails for the third one. 
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1. INTRODUCTION  

Among the different strategies to predict a turbulent flow, Reynolds Average Navier-Stokes (RANS) are still the most 
popular, since it demands smaller computational effort. However, this methodology needs closure equations to determine 
the Reynolds stress tensor. The traditional models are based on the Boussinesq hypothesis, which assumes a linear relation 
between the Reynolds Stress Tensor, and the rate-of-strain tensor, with a proportionality parameter called as turbulent 
viscosity (Pope, 2000).   

Aiming to improve the prediction of the linear models, non-linear models have been developed, employing 
combinations of the rate-of-strain tensor and vorticity tensor (Lien et al, 1991). However, within this approach, it is 
important to guarantee that the tensor has Euclidean invariance, objectivity and it is frame-invariant (Weis & Hutte, 2004 
and Thompson & Mompean, 2010). To this end, Thompson et al. (2010) proposed to evaluate the Reynolds tensor based 
on rate-of-strain and non-persistence tensors. Furthermore, Nieckele et al. (2016) conducted a priori analysis of six 
different non-linear models based on these tensors, by employing DNS data, and demonstrated an improvement of the 
Reynolds stress prediction.   

Both linear and non-linear models also need additional models to determine the proportionality parameters between 
the Reynolds stress and the mean kinematic tensors employed. For example, within the linear group of models, there are 
several different models to determine the turbulent viscosity, varying from algebraic models to differential models (Pope, 
2000). These additional models also need some closure, and several employ the turbulent kinetic energy 𝜅 to represent 
the magnitude of the velocity fluctuations. However, there is no consent with regard to the best form to represent the 
turbulent scale. Among the most popular ones, it is possible to mention, the models based on the dissipation of the 
turbulent energy (𝜅 − 𝜀 family models, Rodi & Mansur, 1993) or specific rate of dissipation (𝜅 − 𝜔 family models, 
Menter, 1994). The conservation equation to determine the turbulent kinetic energy can be obtained with a limited number 
of simplifying hypothesis. However, the conservation equation for both dissipation of the turbulent energy and specific 
rate of dissipation require strong simplifying hypotheses, and do not render good results for several applications. Aiming 
to provide a more robust model, Alves (2014) proposed to employ the norm of the strain deformation tensor 𝛾̇ to evaluate 
the characteristic turbulent length and in this way, to avoid the solution of 𝜀 or 𝜔.  

Murad et al. (2018) and Murad et al. (2020) conducted a posteriori analysis with some of the models proposed by 
Nieckele et al. (2016). The proportionality parameters were based on 𝜅 − 𝜀. They showed that the posteriori analysis 
predicted the same behavior of the Reynolds stress as observed with the a priori analysis.   

At the present work, the performance of a non-linear Reynolds stress model, based on the non-persistence straining 
tensor, to predict a channel flow is evaluated. The non-persistence straining tensor 𝑷 is an objective tensor that can 
measure the ability of the fluid to avoid been stretched by the flow, playing an important hole in turbulent flow. It is 
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defined based on 𝑾∗, that is the relative vorticity, i.e., the vorticity computed with respect to the rate of rotation of the 
eigenvectors of 𝑫 (𝑾∗ = 𝑾 − 𝛀𝑫), where 𝛀𝑫 = 𝒆̇𝒌

𝑫 𝒆𝒌
𝑫, where 𝒆𝒌

𝑫 is the unit eigenvector of 𝐷௜௝  and 𝒆̇𝒌
𝑫  is the material time 

derivative of 𝒆𝒌
𝑫 . Here, the proportionality parameters are based on the turbulent kinetic energy 𝜅 and norm of the of the 

strain deformation tensor 𝛾̇. 

2. MODELING 

The channel plates separation is 2 𝐻. The flow is considered as incompressible. The dimensionless velocity 𝑈௜ and 
coordinates 𝑥௜  are 

𝑈௜ =
௎೔

∗

௨ഓ
     ;      𝑥௜ =

௫೔
∗

ఘ ௨ഓ / ఓ
 (1) 

where 𝑢ఛ = ඥ𝜏௪/𝜌  is the friction velocity, 𝜏௪ is wall shear stress, 𝜌 density and 𝜇 is the molecular viscosity. The 
dimensionless conservation of mass is 

డ ௎೔

డ ௫೔
= 0 (2) 

The flow is fully developed, thus a periodic boundary condition is applied in the main flow direction (𝑥 −direction), 
with pressure 𝑝 decomposed in an area-average pressure 𝑝̅ and a perturbation 𝑝෤, 𝑝 = 𝑝̅(𝑥) + 𝑝෤ (𝑥, 𝑦), with the gradient 
of the average pressure in the axial direction balanced by the wall shear. The dimensionless Reynolds average Navier 
Stokes equations can be written as 

𝑈௝
డ௎೔

డ௫ೕ
=

ଵ

ோ௘ഓ
𝑒௜𝑒௫ −

డ௣ො

డ௫೔
+

డ ൫ଶ ஽೔ೕ൯

డ௫ೕ
+

డ௔೔ೕ

డ௫ೕ
     (3) 

where 𝑒௜𝑒௫ = 1 when 𝑖 = 𝑥 (the main flow direction) and 0 when 𝑖 = 𝑦 (in the normal direction), with 𝑅𝑒ఛ = 𝜌 𝑢ఛ 𝐻 /𝜇, 
as the friction Reynolds number. This term is due to the gradient of the average pressure in the axial direction. Here, a 
modified pressure is defined as 𝑝̂ = 𝑝෤ + 2/ 3 𝜅, where 𝜅 is the turbulent kinetic energy. 𝐷௜௝  is the dimensionless 
symmetric part of the mean velocity gradient (rate of strain) 

𝐷௜௝ =
ଵ

ଶ
 ൬
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+
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డ௫೔
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and 𝑎௜௝  is the dimensionless traceless Reynolds stress.  
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with 𝑢௜
ᇱ as the velocity fluctuation, and 𝛿௜௝ is the delta de Kronecker function.  

Following the proposition of Thompson et al. (2010) and Nieckele et al. (2016), to better capture the Reynolds stress 
characteristics, the traceless Reynolds stress is modeled based on the rate of strain tensor 𝐷௜௝  (as traditionally done) and 
the non-persistence tensor 𝑃௜௝  as 

𝑎𝒊𝒋 = 𝛼஽  2 𝐷௜௝ + 𝛽௉  𝑃௜௝     , (6) 

where 

𝑃௜௝ = 𝐷௜௞𝑊௞௝
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The parameters 𝛼஽and 𝛽௉ must be written as a function of the flow variables. Traditionally 𝛼஽ is modeled based on 
the turbulent kinetic energy 𝜅 and its dissipation 𝜀, and additional conservation equation for both variables must be solved. 
However, it is well known, that the equation for 𝜀 has several uncertainties, and it fails in several applications. Thus, 
following the recommendation of Alves (2014), these two parameters were determined here based on the turbulent kinetic 
energy 𝜅 and the norm of strain deformation tensor 𝛾̇. By defining the deformation tensor as 

𝛾௜௝ = 2 𝐷௜௝     , (8) 

its norm can be obtained by 
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𝛾̇ = ඥ2 𝐷௜௝𝐷௜௝      (9) 

2.1 Model 𝜿 − 𝜸̇ 

The dimensionless parameters of the non-linear Reynolds stress models are  

𝛼஽ = 𝑓ఓ𝐶ఓ
఑

ఊ̇
         ;         𝛽௉ = 𝑓ఉ𝐶ఉ

఑

ఊ̇మ (10) 

where the constants 𝐶ఓ = 0.261 and 𝐶ఉ = 1.67 where adjusted based on the DNS data (Thais et al., 2012), as well as 
the damping functions 𝑓ఓ and 𝑓ఉ to be applied only at the wall region, 𝑦ା ≤ 100. 

At the present work, the following damping functions were defined based on the wall distance 𝑦ା = 𝜌 𝑢ఛ𝑦 /𝜇 as 

𝑓ఓ = tanh൫0.07𝑦ା଴.଻ହ
൯      (11) 

𝑓ఉ = ൛0.025 + expൣ−0.0305 − 0.0236 𝑦ା − 0.0013 𝑦ାଶ
൧ൟ

଴.ଶଵ
 (12) 

Fig. 1 shows that the proposed dimensionless damping functions present a good agreement with the DNS data at the 
wall region, 𝑦ା ≤ 100.  

 

(a) 𝑓ఓ damping function 

 

(b) 𝑓ఉ damping function 

Figure 1. Comparison between the dimensionless damping functions with the DNS data for 𝑓ఓ and 𝑓ఉ. 

Once the model coefficients depend on the turbulent kinetic energy, this variable needs to be obtained. To this end, 
formulation of Rodi & Mansur (1993) was selected. 

3. RESULTS 

To evaluate the model, the fully developed flow between two parallel plates is solved for friction Reynolds number 
𝑅𝑒ఛ = 1000, and the time-average velocity and the components of the Reynolds stress tensor are compared with the DNS 
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data of Thais et al. (2012). 
Figure 2(a) compares the time average velocity field obtained with the present non-linear model, employing 𝜅 − 𝛾̇, 

with the DNS time average velocity data. A very good agreement can be seen. The agreement of the shear Reynolds stress 
obtained with the present model and the DNS data (Fig. 2b) is also excellent. These results show that the non-linear model 
with the proposed near wall damping factors can predict a good time average axial velocity as well as the shear Reynolds 
stress. 

 

(a) time average axial velocity  

 

(b) 𝑎௫௬shear Reynolds stress 

Figure 2. Comparison between the dimensionless velocity field and dimensionless Reynolds stress with DNS reference. 

Here it must be said, that exactly the same result was obtained by both time average axial velocity and shear Reynolds 
stress, by the following linear model.  

𝑎𝒊𝒋 = 𝛼஽  2 𝐷௜௝      ;       𝛼஽ = 𝑓ఓ𝐶ఓ
఑

ఊ̇
 (13) 

This means that the contribution of the non-persistence tensor 𝑃௜௝  for the present case is negligible. However, the 
linear model is unable to predict any normal Reynolds stress component. 

The present model is also unable to predict the 𝑎௭௭ component, however, reasonable predictions of 𝑎௫௫ and 𝑎௬௬ were 
obtained, as can be observed in Fig. 3. Component 𝑎௫௫ (Fig. 3a) is underestimated, while component 𝑎௬௬ (Fig. 3b) is over 
predicted. By the present analysis, it is shown that the inclusion of the non- non-persistence tensor 𝑃௜௝  to evaluate the 
Reynolds stress is positive, capturing flow behavior that the linear models is incapable. However, it also shows that 
important phenomena are still not capture by the present model.  

4. CONCLUSIONS 

A non-linear model based on the rate of strain tensor 𝐷௜௝  and the non-persistence tensor 𝑃௜௝ , both objective tensors 
was applied to the fully developed channel flow. The model parameters depend on the turbulent kinetic energy and the 
norm of the deformation tensor. Damping function were developed and showed a very good agreement with the DNS 
values. 
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(a) normal 𝑎௫௫Reynolds stress component 

  

(b) normal 𝑎௬௬Reynolds stress component 

Figure 3. Comparison between dimensionless Reynolds stresses with DNS data. 

The results of the simulations showed an improvement of the normal Reynolds stress prediction, although the model 
was not able to determine the 𝑎௭௭ component. This result indicates that there are important contributions to the Reynolds 
stress which are not being represented by the tensors selected, and other combinations of the mean kinematic tensors must 
be considered.  

Murad et al (2018) analyzed of a quadratic rate of strain Reynolds stress tensor model, and observed that while 𝑎௫௫ 
component was underestimated and 𝑎௬௬  presented an inverted sign. Further, that model was able to predict the 𝑎௭௭ 
component. By these two analysis, a new non-linear model that incorporates both tensor (quadratic rate of strain 𝑫𝟐 and 
non-persistence tensor 𝑷), seems to be a good candidate and it will be investigated in a future work.  
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