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Abstract. The pseudopotential lattice Boltzmann method has growing as an alternative tool for multiphase simulations in
respect with traditional CFD (Computational Fluid Dynamics) techniques. Originally, this method suffered with lack of
thermodynamic consistency. Based on the theoretical solution of a planar interface, authors proposed a correction term
for the pseudopotential method to provide improved thermodynamic consistency. By adjusting the coefficient of this term,
it is possible to control the shape of the coexistence curve. Although these corrections come from a well defined theory,
in most works is observed that thermodynamic consistency is obtained by adjusting the correction terms empirically. In
this work it is developed a numerical routine to determine the theoretical value of this coefficient. Then, this coefficient
obtained from theory is used in the lattice Boltzmann simulation instead of obtaining it by empirical means. This procedure
allows a direct comparison of the lattice Boltzmann solution with theoretical results which make evident the presence of
discretization errors that can make the numerical solution deviates from the expected behavior. The procedure is tested for
two different equations of state (EOS), for the Carnahan-Starling EOS the theoretical coexistence curve was determined
within 1.5 x 103 % of accuracy, while for the Peng-Robinson EOS the higher deviation was smaller then 0.12 %. Also, it
was noted that for both cases at lower reduced temperatures a small change in the coefficient that controls the coexistence
curve promotes a large variation in the phase densities. After that the theoretical coexistence curve of the pseudopotential
lattice Boltzmann method was compared with the results from numerical simulation in order to quantify the discretization
errors. It was discovered that the gas phase densities obtained by numerical simulation deviates almost 140 % then
the predicted by the theory for reduced temperature close to T, = 0.5 which suggest that discretization errors play an
important role for small reduced temperatures.
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1. INTRODUCTION

The application of the lattice Boltzmann method (LBM) to fluid dynamic simulation has gained much attention in
the scientific literature. Despite its complex theoretical background that is related with the kinetic theory of gases, the
method results in a simple and computational efficient numerical scheme. These advantages are related with the fact that
the LBM is similar to pseudocompressible methods and does not involve the solution of the Poisson equation which can
take a lot of computational effort (Kriiger ez al., 2017). Also, the LBM consists in an explicit algorithm where the heaviest
computations are local (restricted to within nodes), making it appropriate to parallel computation (Kriiger et al., 2017).

The lattice Boltzmann method can also be applied in the simulation of complex multiphase systems. He et al. (1998)
developed a method to simulate nonideal gases based on an interparticle interaction using a mean field treatment. Other
models were proposed later as (Lee and Lin, 2005; Lee and Fischer, 2006). Wagner (2006) performed an equilibrium
analysis and identified the higher-order terms that lead to a lack of thermodynamic consistency in forcing methods.
Kikkinides et al. (2008) did a comprehensive analysis of standard discretization schemes used in LB models applied in
nonideal gases and observed important shortcomings in interface properties indicating lack of thermodynamic consistency
in such models. By using a LBM scheme with sufficient order of accuracy Siebert et al. (2014) were able to obtain
consistent thermodynamic behavior.

One of the most popular extensions of the LBM to simulate multiphase phenomena is the pseudopotential method
(Shan and Chen, 1993, 1994). It consists in the introduction of an interaction force that is computed in each node as a
function of the node and neighbor nodes density and pressure (computed using an equation of state). This force is capable
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of inducing the formation of multiple phases in a fluid. The advantage of this procedure is that it maintain the simplicity
and computational efficiency of the LBM even to simulate complex phenomena as multiphase flows. As the multiple
phases exists due to an interaction force, it is not necessary to track the interface, which can reduce the computational
efficiency of the method.

Besides all the advantages, the original pseudopotential formulation had some drawbacks. The phase densities ob-
tained with the method were different from the ones obtained by applying the Maxwell equal area rule in the equation
of state used to compute the interaction force. In this way, the method lack thermodynamic consistency. Shan (2008)
correctly derived the equations that define the phase densities of the pseudopotential method for a planar interface prob-
lem based on the macroscopic pressure tensor. Later Li et al. (2012) added a suitable term into the pressure tensor,
which would affect the coexistence curve of the method. By controlling a coefficient that was multiplying this term, the
phase densities could be adjusted to approximate the ones given by the condition of thermodynamic consistency. For
comprehension, in the rest of the work this coefficient will be called e parameter.

The correct value of € can be theoretically obtained by solving the equations that rule the planar interface problem
(Shan, 2008). But in most lattice Boltzmann works, it seems that the ¢ parameter is found "empirically" to match the
planar interface coexistence curve with simulation results instead of theoretically obtain its value. This procedure can
hidden discretization errors which can deviate the simulation results from expected behaviour. In this work, the goal
is to develop a numerical routine to precisely obtain the parameter value that matches the theoretical pseudopotential
coexistence curve with the thermodynamic consistent coexistence curve for the same equation of state. The first step is
to explicitly determine an approximation for € and then use this first approximation in an iterative procedure to calculate
the correct value that solves the planar interface problem to any desired accuracy. With the knowledge of this ¢, that
matches the theoretical coexistence curves, a numerical study is carried out to compare the theoretical results with the
ones obtained by the actual pseudopotential simulation.

2. METHODS
2.1 The lattice Boltzmann method

The hydrodynamic model is given by the lattice Boltzmann equation (LBE). This equation describes the time evolution
of the particle distribution function f;:

filt+1,x+¢;) — fi(t,x) = Q(fi, [{7) + Si, (1)

where ¢ and x are the time and space coordinates, respectively. Each distribution function is related with a lattice velocity
c;. For two-dimensional simulations the standard D2Q9 lattice is used (Kriiger ef al., 2017). The term Q;(f;, f{?) in
the right-hand side of Eq. (1) is called the collision operator and it is in general a function of f; and of the equilibrium
distribution function f;?. The single-relaxation time collision operator, also known as BGK operator, is the simplest form
of Q;(fi, f{?) that permits to solve the Navier-Stokes equations:

1
Qi(fi, £7) = —;(fi—ffq)- (2)
where the parameter 7 is the relaxation time. The distribution function f;“ is given by the following expression:
e Cia CiaCip — 03504
i =w; (p + 2 Pla + Wpuaw), (3

where w; are the weights related with the lattice velocities c; and ¢, is the lattice sound speed. The standard values of w;
and c, for the D2Q9 set can be found in a LBM textbook (Kriiger et al., 2017). The last term in the right-hand side of
Eq. (1) is the forcing scheme and it is responsible for adding the effect of an external force, F,, into the LBE. One of the
most used forcing scheme was developed by Guo et al. (2002):

- 1 (Cia — Ua) (Ciﬁuﬁ)

The fluid density p and velocity u can be obtained from the distribution function moments:

Pzzi:fi, PUZXZ_:fz‘Cz‘+]; )

The momentum conservation equations resulting from this numerical scheme can be obtained with the aid of a
Chapman-Enskog analysis or a recursive substitution (Holdych er al., 2004; Lycett-Brown and Luo, 2015). For the BGK
collision operator:

ip + 0a(puy) = 0, (6)
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i (pua) + 9p(puaus) = —95(pcidap) + 95 (1(9pua + daug)) + Fa, 0]
the dynamic viscosity y is dependent on the relaxation time 1 = pc2(7 — 0.5).
2.2 The pseudopotential method

The pseudopotential method has its origin with the interaction force proposed by Shan and Chen (1993). The original
Shan and Chen formulation suffer from the described drawbacks. In this work it was used the procedure proposed by Li
et al. (2012). The force is computed in the same way as in the original Shan and Chen formulation:

F¢ = _Gw(x)zw(‘ciﬁ)d’(x‘f'Ci)ciaa ®)

%

the weights w(|c;|?) are w(1) = 1/3 and w(2) = 1/12. The effective density ¢ is used to add a new equation of state
Pros to the system:

_ 2
$(p,T) = \/ : (PEOS((’;’CZ) ), ©)

according to Li er al. (2012) the force given by Eq. (8) should be implemented by a modified version of the Guo et al.
forcing scheme:

1 Cio —ub)  (cipu)
S; = (1 - 27_)101{( 3 ) 4 ia | Fa, (10)
where:
Fp
o 11
s = Ut O By (b

the fluid density p and velocity u are still computed using Eq. (5). The parameter ¢ is used to adjust the shape of the
coexistence curve. Incorporating all the resulting source terms into the pressure tensor, the Li et al. procedure results in
the following momentum conservation equation:

Oy (puoc) + a,@ (puaub’) = _8Bpa,8 + 85 (M(aﬁua + aa“,@)) ) (12)
where the pressure tensor p,g is given by the following relation:

Gt
6

2 4
Pap = (ch + GTCwQ + Ciziww&ﬂﬁ) 6(15 =+ waocaﬂw + 2G2C40’(8aw)(85¢)' (13)
where c is the lattice constant (Li et al., 2012), and for nearest neighbor interactions ¢ = 1 (Shan, 2008). The Shan and
Chen force, Eq. (8), is a discrete force term. In order to obtain a continuous version for the pressure tensor, during the
analysis, the Taylor series expansions used to convert the discrete terms into continuous terms are truncated in a certain
degree of accuracy. According to Shan (2008), for two phases separated by a planar interface, the phase densities can be
calculated from the continuous version of the pressure tensor, Eq. (13), using the following relation:

P G2 j P j
/ (po — pcs - C«f) f; dp = / (po — Pros) %dp =0, (14)
, 2 ¥ , ¥

g g

in the case of the Li ef al. (2012) forcing scheme ¢ is related to o by ¢ = —48Go /3. The Maxwell equal area rule is given
by:

Pl d
/ (Po — Pros) *g =0. (15)
p p

g

By comparing Eqs. (14) and (15), it is concluded that the thermodynamic consistency condition can be approximated
by changing the value of e. In this work, two equations of state are used. The Carnahan-Starling (C-S) EOS is given by
the following relation:

L+bp/a+ (bp/4)? — (bp/4)®
(1 bp/4)? -

Pros = pRT (16)
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with a = 0.4963R?T? /p. and b = 0.18727RT./p.. The parameter R is the ideal gas constant and in the international
unit system it is given by R = 8.3145J.mol 'K ~!. The C-S EOS is a two parameters equation of state. Which means
that given 7, and P,, the parameters a and b will be determined. In this way, by expressing the C-S EOS in terms of
the reduced variables, any fluid will be expressed by the same equation of state. This allow us, to arbitrary change the
unit system of the parameters R, a and b. Then the fluid properties in this new unit system can be related with the real
fluid properties by the requirement that the reduced properties pr, pr and Tz should be the same in every unit system.
Following Yuan and Schaefer (2006), itisused a = 1, b = 4 and R = 1. And also, it will be tested the Peng-Robinson
(P-R) EOS:

pRT aa(T)p?
P = — 17
BEOS = 1 "bp 1+ 2bp— b2p2’ 1n
2
a(T) = |1+ (0.37464 + 1.54226w — 0.26992w)(1 — \/T/TC)} : (18)

with a = 0.45724R?*T?/p. and b = 0.0778RT,/p.. The acentric factor w is an additional parameter that give some
flexibility in modeling different fluids. Again, following Yuan and Schaefer (2006) it is used a = 2/49, b = 2/21 and
R = 1. It will be used the acentric factor for water w = 0.344.

3. PROPOSED PROCEDURE

In order to make the phase densities obtained by the lattice Boltzmann method equivalent to the ones obtained by the
Maxwell rule, it is only necessary an € value that satisfy Eq. (14) for the desired densities. This equation can be solved by
a root finder technique until reach into an e value that solves the equation inside a desired tolerance. The Newton method
is a simple numerical procedure that can be used. This method requires an initial guess for €. This section is divided in
two parts. In the first, it is discussed how to obtain an initial approximation for € and, in the second part, it is described
the rest of the numerical routine to obtain an accurate value for this parameter.

3.1 Obtaining an initial approximation

A more strict condition that would guarantee thermodynamic consistency was pointed out by Lycett-Brown and Luo
(2015):

Vo dp
Plte po<p2,

19)

this equation is not expected to be satisfied, but it can be used as an initial approximation. Assuming that Eq. (19) is valid
it can be integrated to obtain the following relation:

p= Ky, (20
with the assumption that € # 0. This equation can also be written in the following form:
Inp=elny+1nkK, (21)

which means the € is the angular coefficient given by the plot with In in the horizontal axis and In p in the vertical
axis. Since 1) is also a function of the density and temperature 1) = v(p, T), it is possible to compute the following error
function:

"lnp —emdp(p, T) — In K> dp Mn s — el Ty K12A
Error(e, K,T) = Py ~ > [mp; —elny(p;, T) — In K| p7 22)
PL= Pg Pi— Pg

where Ap = (p; — pg)/n, with n being the number of nodes used to perform the numerical integration. The densities pg
and p; are the densities obtained by applying the Maxwell rule to the desired equation of state. In this work, it was used
n = 100. Now, it is possible to find the ¢ value that minimizes the error function:

1Y —Y)  _ Ti Yi
XZ::C,((I,_j)y T=2 9= Z? zi =Iy(pi, T); yi = nps, (23)
¢ Li\dLi - P

K3

€ =

and this value of € will be used as an initial guess to the Newton method.
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3.2 Using the Newton method

The Newton method requires the definition of an error function to be minimized. In this work, it is adopted the
following function:

Pl ]
Ferror(67 T) = / (pO - PEOS) %dp7 (24)

Pg

in each time step a new value of € is computed by €% = ¢4 4+ A¢, until Fyp.p.or (€%, T) < toly and Ae < toly with
tol; and tol being two specified tolerances. In this work it is used tol; = tolo = 10710, The step Ac is given as follows:

aFerror(e,T) . fppgl (pO - PEOS) #dp

Ae = *Ferror(ev T)/ e = o '&lnw 5
fpg (po = Pros) yrredp

(25)

the integrals in the above expression are computed numerically using the Simpson’s rule (Atkinson, 2008).
4. NUMERICAL RESULTS
4.1 Carnahan-Starling equation of state

In Fig. (1a) it is shown the results of the initial guess of ¢ obtained by solving Eq. (23) for the C-S EOS in a range of
reduced temperatures varying between 0.5 and 1. These values are used to obtain the density profile that solve Eq. (14).
The coexistence curve obtained for the initial guess of € is shown in Fig. (1b) and the relative error of the theoretical
pseudopotential gas densities in comparison with the ones given by the Maxwell rule is shown in Fig. (1c). It is observed
that the initial guess provide a relative good adjustment for the pseudopotential coexistence curve with maximum error
smaller than 14% in the range of reduced temperatures between 0.5 and 1.
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Figure 1: (a) Values of the approximated e for each reduced temperature 7,, = T'/T, for the C-S EOS. (b) Comparison
between the coexistence curve given by the Maxwell rule for the C-S EOS with the theoretically predicted phase densities
for the pseudopotential method considering the approximated e values. (c) Relative error between the gas density given
by the Maxwell rule with the theoretical pseudopotential densities considering the approximated e values.

Next, the approximated value of € is used as an initial condition for the Newton Method. By solving Eq. (25) until
the desired tolerance, it is obtained the results for e shown in Fig. (2a). These values are used in Eq. (14) to obtain the
theoretical pseudopotential density profile shown in Fig. (2b). The relative error of the gas densities is much smaller now
with maximum error smaller than 1.5 x 1073, It can be observed that the error grows significantly when the temperature
goes toward 7, = 0.5. This is happening due to the fact that the gas densities became very small at lower reduced
temperature, and they are not computed with the same number of significant digits as the densities for higher temperatures.
In this way, to obtain a higher precision for lower temperatures it is necessary to increase the number of significant digits
in computations of the densities. It is concluded that the proposed procedure can correctly find the values of the e that
provides thermodynamic consistent densities for the pseudopotential method in flat interfaces using the C-S EOS.
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Figure 2: (a) Actual e values obtained with the Newton method for each reduced temperature 7,. = T'/T.. for the C-S
EOS. (b) Comparison between the coexistence curve given by the Maxwell rule for the C-S EOS with the theoretically
predicted phase densities for the pseudopotential method considering the actual € values. (c) Relative error between the
gas density given by the Maxwell rule with the theoretical pseudopotential densities considering the actual € values.

4.2 Peng-Robinson equation of state

In Fig. (3a) it is shown the results of the initial guess of € obtained by solving Eq. (23) for the P-R EOS in a range of
reduced temperatures varying between 0.5 and 1. These values are used to obtain the density profile that solve Eq. (14).
The coexistence curve obtained for the initial guess of € is shown in Fig. (3b) and the relative error of the theoretical
pseudopotential densities in comparison with the ones given by the Maxwell rule is shown in Fig. (3¢c). It is observed
that the initial guess provide a relative good adjustment for the pseudopotential coexistence curve with maximum error
smaller then 12 % in the range of reduced temperatures between 0.5 and 1.
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Figure 3: (a) Values of the approximated e for each reduced temperature 7,, = T'/T, for the P-R EOS. (b) Comparison
between the coexistence curve given by the Maxwell rule for the P-R EOS with the theoretically predicted phase densities
for the pseudopotential method considering the approximated €. (c) Relative error between the gas density given by the
Maxwell rule with the theoretical pseudopotential densities considering the approximated € values.

Next, the approximated value of e is used as an initial condition for the Newton Method. By solving Eq. (25) until
the desired tolerance, it is obtained the results for ¢ shown in Fig. (4a). These values are used in Eq. (14) to obtain the
theoretical pseudopotential density profile shown in Fig. (4b). In Fig. (4c) it is possible to see the relative error. All
errors are now bellow 0.12%. It is concluded that the proposed procedure can correctly find the values of the e that
provides thermodynamic consistency densities for the pseudopotential method in flat interfaces using the P-R EOS. An
interesting behavior, that also happened for the C-S EOS, is observed. Comparing Figs. (3a) and (4a) it can be seen that
the largest variation between the initial guess of € and the actual value of € happened for the smaller, in module, reduced
temperatures. Which means that the initial guess procedure predicted with less accuracy the € value for these smaller 7.
But when it is observed the relative error of the predicted densities with the initial guess, Fig. (3¢), it is concluded that
the predicted densities for higher reduced temperatures are closer to the actual densities than those predicted for lower
reduced temperatures. These results means that when the reduced temperature is lower, a small change in € promotes a
large variation in the phase densities.
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Figure 4: (a) Values of the approximated e for each reduced temperature 7,, = T'/T, for the P-R EOS. (b) Comparison
between the coexistence curve given by the Maxwell rule for the P-R EOS with the theoretically predicted phase densities
for the pseudopotential method considering the approximated e values. (c) Relative error between the gas density given
by the Maxwell rule with the theoretical pseudopotential densities considering the approximated e values.

4.3 Comparison between theoretical and numerical solution

The theoretical coexistence curves shown in the previous section were obtained by means of Eq. (14) which is derived
based on the pressure tensor defined by Eq. (13). As discussed before, this continuous form of the pressure tensor is
obtained from the discrete pseudopotential method by truncating the Taylor series expansion of the discrete terms. Which
means that this expression is an approximation of the actual behavior of the pseudopotential method which also is affected
by higher order discretization errors. For comprehensive purposes the results shown in the previous section will be called
“theoretical coexistence curve” of the pseudopoential method for a planar interface and the results from the numerical
simulation using the lattice Boltzmann method will be called “actual coexistence curve”.

In order to compare the theoretical results with the actual results, numerical simulation using the Li ef al. (2012)
pseudopotential approach is performed. The Shan and Chen force, Eq. (8), is solved using the definition of effective
density given by Eq. (9). This force is implemented into the LBE, Eq. (1), using the forcing scheme provided by Eq. (10).
For a specific equation of state and a specific temperature the gas and liquid densities are calculated using the Maxwell
rule, these densities are used to initialized a one-dimensional density profile of No = 200 nodes with the function:

2(x — 2(x —
5 tanh (xwxl)—tanh (me) ,

(26)

where W = 5. Also, ;1 = 0.25Nx and zo = 0.75Nz are the location of the flat interfaces that separate the liquid
and gas regions. The velocity was set as zero everywhere. With the initialization of macroscopic fields, the equilibrium
distribution function is determined and the particle distribution function was set as equal to the equilibrium one. The
relaxation time was set as 7 = 1 and simulations were carried until the following convergence criteria has being obeyed:

> | [p(t) — p(t —100)] |
> lpt) ]

<1075, 27)

The theoretical e values obtained with the Newton method are used as an input for Eq. (10). A comparison between the
theoretical results with the actual pseudopotential simulation is shown in Fig. (5a) for the C-S EOS. Results show a good
agreement until 7,. = 0.7, as can be observed in Fig. (5b). For smaller reduced temperatures, the relative error between
the gas phase density start to increase and became very significant when 7). = 0.5 is reached. These results means that
for small reduced temperatures the discretization errors play an important role. The same behavior is observed for the the
P-R EOS, Fig. (6). In this case it was observed that simulations got unstable for reduce temperatures lower then 7. = 0.6.
The relative error of the gas phase between theoretical and numerical results are shown in Fig. (6b). It can be seen a good
agreement until 7,. = 0.8, and for lower temperatures the error start to increase becoming very significant for 7, = 0.6.
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Figure 5: (a) Comparison between the theoretical phase densities for the C-S EOS for the pseudopotential method obtained
by solving Eq. (14) with the € values obtained in Section 4. with the actual results from numerical simulation. (b) Relative
error of the gas phase densities between the theoretical and numerical results.
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Figure 6: (a) Comparison between the theoretical phase densities for the P-R EOS for the pseudopotential method obtained
by solving Eq. (14) with the € values obtained in Section 4. lwith the actual results from numerical simulation. (b) Relative
error of the gas phase densities between the theoretical and numerical results.

5. CONCLUSION

In this work, it was proposed a procedure to determine the e parameter that adjust the coexistence curve resultant
from the theoretical pseudopotential pressure tensor. The procedure consists in two parts, the first one is an explicit way
to obtain the € parameter, but only as an approximation. In the second part, this initial approximation is used in the
Newton root find technique to obtain a better approximation to e with any desired degree of accuracy. The procedure was
tested for two equation of state, the Carnahan-Starling (C-S) and the Peng-Robinson (P-R). The method showed good
results for both cases. Later, with the knowledge of the theoretical pseudopotential coexistence curve, it was performed a
comparison between the results obtained from the theoretical pressure tensor with the actual pseudopotential simulation. It
was observed that simulation agrees with theory for higher reduced temperatures, but deviations were observed when the
temperature was decreased. This happened because the theory of the pseudopotential method is based on the differential
equations obtained by the truncation of the Taylor series expansion of the discrete numerical method. In this way, the
higher order discretization error of the numerical scheme that are not taken into account in the theoretical pressure tensor
promotes deviations in the observed results when the reduced temperature is small and density ratios are large.
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