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Abstract. It is presented, in this paper, an error analysis for adaptive finite element approximation of fluid-structure
interaction problems. A monolithic fully Eulerian formulation with conforming mesh is employed. In this work bi-
dimensional domains, incompressible neo-Hookean solids and incompressible Newtonian fluids are considered. The error
analysis is based on a dual weighted residual method and the a posteriori error estimate is derived from it. This estimate
is employed as a criteria for the implementation of a h-adaptive mesh refinement, which is done through a red-green-blue
algorithm. A numerical example is analyzed. The formulation proposed solves the problem correctly, demonstrating the
robustness of the chosen FSI method. The adaptive mesh results in a smaller error when compared to an uniformly refined
mesh with the same number of elements.
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1. INTRODUCTION

Fluid-Structure Interaction (FSI) is a subject of great importance in many domains, as engineering and biomedical
sciences. Problems of this field are complex and non-linear. Also, obtaining experimental results is generally difficult and
expensive (Chakrabarti, 2005). This way, numerical approximations are very often the best choice for the evaluation of
FSI problems.

The methods for FSI analysis may be divided in two major groups: partitioned and monolithic (Hou et al., 2012). The
first equates solid and fluid domains in different structures, in a way that the solid-fluid interface is described explicitly.
The second one approaches both domains in a single structure, the solid-fluid interface is described implicitly, which
makes for methods that are potentially more precise and robust. The monolithic formulation proposed on this work
belongs to the fully Eulerian class, which has brought some attention to it due to its versatility and efficiency (Pironneau,
2016; Richter, 2013).

A further differentiation may be made in regard to the type of mesh: conforming mesh and non-conforming mesh (Hou
et al., 2012). The former considers the solid-fluid interface as a physical boundary, requiring the mesh to conform to this
interface. Constant mesh updating is needed so that the interface between elements keeps up with the solid-fluid interface
movement. The mesh used in this study belongs to this class. Non-conforming meshes treat the boundary location and
conditions as constraints imposed to the model. Mesh elements can, this way, be intercepted by the solid-fluid interface
and no mesh updating is necessary.

In computer simulations, particularly by Finite Element Methods (FEM), error estimates are indispensable tools for
the development of a robust and efficient algorithm (Babuska et al., 1983). They are used to evaluate the accuracy of
numerical approximations and also the effectiveness of adaptive meshes. These estimates can be divided in two groups:
a priori error estimates, which are obtained before any numerical approximation, and a posteriori error estimates, which
are derived from a previous approximation (Guermond and Ern, 2004). In this study, an a posteriori error estimate was
determined.

Partial differential equations may have solutions that vary abruptly in small parts of the domain, which leads to adaptive
meshes having a efficiency advantage over uniform meshes (Brenner and Scott, 2008). In h-adaptive meshes this is
done through the modification of the mesh geometry. On the other hand, p-adaptive methods modify the order of the
interpolation polynomials. In hp-adaptive methods a mixed strategy is used.

The h-adaptive method, which was chosen for this study, adapts the mesh through refinement, coarsening or smoothing
of the elements (Verfiirth, 2013). We employ a method based only on refinement, done with a red-green-blue algorithm
(Bartels, 2016).
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2. FSI FORMULATION

It is presented, in this section, the balance laws for the FSI problem, the constitutive relationships for solid and
fluid media, the strong and weak formulations and the discretized version of the problem. The code implementation for
numerical the approach was done in FreeFem-++, a free software for resolution of partial differential equations (Hecht,
2012).

2.1 Balance laws

In this context, the derivative operators V( ), V - () and A( ) are the gradient, the divergence and the Laplacian,
respectively. As the framework is Eulerian, these derivatives are all in respect to spatial coordinate  (and not in respect
to reference coordinate X, as on a Lagrangian framework).

The FSI problem is obtained from the mass balance and the linear momentum balance equations.

The mass balance is presented in Eq. (1), in which p is the density, v is the velocity and D;( ) is the total time
derivative.

Dip—pV-v=0. (D

Equation (2) shows the balance of linear momentum, where T is the Cauchy stress tensor and f is the body force
density vector.

pDiv -V -T =pf. (2)
2.2 Constitutive relations

The fluid medium is described in terms of an incompressible Newtonian fluid, by Eq. (3), where p is the pressure, p is
the viscosity, I is the identity matrix and D( ) := V() + V()7.

T = —pI + u(p)D(v). (3)

The solid is a incompressible neo-Hookean material, which is described by Eq. (4), where w is the displacement and
s is a stiffness parameter, and B is the left Cauchy-Green stain tensor.

T = —pl + 5B, 4

We aim to describe the solid based on its pressure and displacement, p and w. Noting that B = FF” F being the
deformation gradient, and that in the Eulerian frameworks we have ' = I — Vu, Eq. (4) may be presented in the form
of Eq. (5).

T = —pI + s(D(u) — Vu' V). 6)

2.3 Strong form

The global domain (2) of the FSI problem is partitioned into a fluid (£2¢) and a solid (£2,) subdomains. The subscripts
()s e () are referred to describe properties for the solid and fluid domains, respectively. The subscript ( )o makes
reference to the initial time, ¢ = 0. Equations (6) define the characteristic functions.

1, if # —u(z,t) € Qyo;
Xs (@) = { d

5 s\ =1- x). 6
0, if & —u(x,t) € Qs oUTL; 0, Xs(@) Xs(x) (6)

It’s also necessary to define the “convective velocity” w, that is an extension of the solid velocity into the fluid domain.
It is determined by Eq. (7), where a,, is a small specified constant.

Xs (W —v) — xfa, Aw = 0 on Q. (N

It is considered here that the boundaries I' iy, I' p and I'; are the Neumann condition boundaries, the Dirichlet condition
boundaries and the solid-fluid interface, respectively. The tension vector gV and the velocity field v are prescribed in
I'y and I' p, respectively. In this way, the following strong form for the FSI problem is proposed.

Problem 1 Strong Form - Find (v, p,u,w), so that:

pDyww -V -T =pf on ); w=0 onT'p UTy;

xfV-v=0 on ; Uli—g =0 on §;

ou+w-Vu—w=20 on Q; V|img =vo  on

Xs (W —v) — xfo,Aw =0 onf vy =V, onT; ®)
Tn = gV on I'n; Tim=Tm only

v=10o" onTp.
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Observation: (v,p,u,w) are defined in {H?, H', H?, H?}, where H™ is the Sobolev space.
2.4 Weak form and discretizations

The weak form is obtained from the strong form through integration by parts and the application of Gauss’s theorem
(Brenner and Scott, 2008). These steps are omitted for sake of simplicity.

The FSI weak formulation must be discretized in time (in transient problems) and space. The time derivatives are per-
formed by finite differences, as usual for transient problems in FEM. There are a variety of methods available for transient
approach, some of the most common are: explicit Euler, implicit Euler, Crank-Nicolson, fractional-step # (Kuzmin, 2010).
The implicit Euler method is used here due to its stability and simplicity. The time interval of analysis, I = (0,7] C R,
is divided in A time steps, 0 = t° < t! < t? < ... < T, with 6t = t"T1 — ",

The space discretization is done via Galerkin FEM, the subscript ( ); indicates a quantity discretized on space. The
space of functions are presented in Eq. (9), where quadratic elements, Ps, are used for the velocity field and linear
triangular elements, Py, for the pressure field.

Hp, =:{¢ € C(U;R?); |k € Po(K) foreach K € Ty, };
L = {¢ € C(M); ¢|x € P1(K) foreach K € Tp, }; ©)
Hon = {pcHn¢p=00nlp};

Hon ={pcHndp=0¢p,#0onTp},

in which C/( ) is the space of continuum functions.
After some mathematical manipulations, the FSI problem can be presented in a concise form shown in Problem 2.

Problem 2 Discretized Weak Form - Find (v}, pi™) € (Hpn, L), for n € 0..(N — 1), with v\ = vy, so that:
(Pt =) /6t + p(VoR )op, ") g = (TR, V™ ) o
= (pfh ") g + (%9 )p, YO € Hon; (10)
(V- v’g“,zpp)ﬂz =0, VP € Ly,

where 9", 1", 1" and )P are the test functions.

The displacement on the solid domain is computed based on the velocity field. Equation (7) determines the nodes
displacements on the fluid domain, through the convective velocity. Once all variables are found, the mesh is updated and
the next time step is calculated, until the analysis is finished at t"*1 = T.

3. ERROR ANALYSIS

The Dual Weighted Residual method (DWR method) is well established for error analysis and has been used in similar
studies, as in Richter and Wick (2015). Thus, it was chosen for this work.

3.1 Dual Weighted Residual method

We initially rewrite Problem 2 in a compact form, shown in Problem 3.
Problem 3 - Find U € {X + U™} so thar
AU,y) =0, Vip € X, (11)
in which U is the vector of variables, 1 is a vector of test functions and X is an adequate function space.
The Galerkin approximation is:
Problem 4 - Find U}, € {X}, + UhD} so that
A(Un, ) =0, Vip € &, (12)
in which Uy, is the vector of variables, Xy, is an adequate function space.

The directional derivative (Gateaux derivative) is defined in Eq. (13), as it is necessary for the following analysis. The
derivatives for the whole formulation are not shown here. These and other steps, that are omitted here for simplicity, can
be found in Schwarz (2018).

A (U5 ®) = AU +e®)(1h) (3
e=0
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We consider a goal oriented problem, which consists in the minimization of a functional of interest .J( ). It is defined
the following Lagrangian function .2 (U, Z) = J(U) — A(U, Z), where Z is a vector of dual variables.
The derivative of . with respect to Z in the direction 7/ gives the primal problem:

L'U,Z;¢p) = —AU,y) =0, Vip € X. (14)
By the other hand, the derivative of .Z with respect to U in the direction ®, results in the dual problem:

LU, Z,;®@)=J(U;®)-A(U,Z;®) =0, V® € X. (15)
The error J(U) — J(U}) can then be expressed by Eq. (16).

JU)—JUR) =2U,Z)—- LU, Zy). (16)

Proposition 1 Let L( ) be a functional defined on X, three times Gdteaux differentiable and with a stationary point
x € X, then

L(, ) = 0, ¥ € X. (17)
Let X}, be a finite dimensional subspace of X. The Galerkin approximation is:

L'(xp,¢y,) = 0, Vi, € Xy, (18)
in which xp € X, is the discrete solution. This way, we obtain the following expression for the error on the functional
L():

L(w) = L(en) = 51 @,z — ) + R, Yoy, € i, (19)
in which the remainder Ry, is cubic on the error e = x — Ty,

The error representation obtained can be expressed in terms of the primal and dual remainders through Proposition 2.

Proposition 2 Let (U, Z) and (U}, Z}1,) be solutions of Eqs. (17) and (18), respectively. Then it follows that:
1 1,
JWU) = J(Up) = §Q(U7 Z — )+ 5@ (Un, U — @5 Zp) + Ry V(@) 9y,) € Xy x A, (20)

with the following primal and dual remainders:

o(Up,") = —A(Up,-);

21
0" Un,Zp;-)=J Up;-) =X (Up, Zp;-). @b

Where the remainder R}!', is cubic on the primal and dual errore = {E,E*} = {U — U, Z — Z},}.

Some considerations are made at this point so that we are able to go further with the analysis.

i is neglected;

L]

* It is noted that a stabilization term could be added if necessary, it is not the case for proposed FSI formulation.

¢ The local projection scheme is “weakly consistent”, which means that when the strong solution {U’; Z} is applied,
there is still an error of the same order of the discretization.

* The terms U — ®,, e Z — 4, are approximated by, respectively, I7,, Uy, — U}, and 17, Z), — Z},, so that we have

J(U) = J(Uy) ~ E(Uy, Zy), (22)
in which

o 1 1

E(U'h7 Zh) = ig(Uh,Ithh — Zh) + §Q*(U}“ Zh,IghUh — Uh), 23)

and 17, is an higher order interpolant of the bilinear solution.
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The error representation can be simplified with a relation between the primal and dual remainders shown in Proposition
3.

Proposition 3 Let Ao be a remainder defined by:

min 0" (Un, Zy, U — o) = S(greanh o(Un, Z — ;) + Ag;

PEXy
1 24)
Ao = / ' (Up + E, Zy, + sE*; E, E) — J"(Uy, + sB; E. E)] ds.
0
This way, we obtain the following representation for the error on functional J( ):

PEX
in which the remainder R} is quadratic on the error.

We note that the existence of solution for the primal and dual problems is not assured. This is a non-trivial task and
few studies with this result are available on the literature. On the present context, the Gateaux derivative does not need
to be exact, it needs only to be sufficiently well behaved so that the convergence by the Newton method is achieved. The
precision of the approximate solution for the primal problem is evaluated through the residue. It is not possible to do the
same for the dual problem though, we note this issue happens on similar analysis for any non-linear problem.

Further analysis allow us to write Eq. (25) as Eq. (26). The remainder can be neglected due to the linearity of the
bilinear operator 2(-, -) and the functional J( ).

JU)=JU) = o(Un, Z — ) =XUn, Z — ¢y,)- (26)
Due to the coercivity of 2(-, -) we have Eq. (27), in which ||-|| ; is the energy norm.

la—bllz<cn sup |Aa,Z)—-2Ab,Z)|, YVa,bec X, 27
ZeXx,|Z]=1

This way we obtain, through the Galerkin orthogonality, the functional error bounds in terms of the residual, as given in
Eq. (28).

lenllp <C  sup | min o(Un,Z — ;)| <C  sup |o(Un, Z — )l (28)
zex || Z||=1 PrEXn zex ||z|=1

3.2 Fluid and Solid Analysis
The fluid constitutive relation (3) allow us to write Eq. (29) for the fluid domain.
(Vp.9")g, + o7 (90/064") g, + 1 (A0, ") + pr (Vo)o,9")g, = 0. (29)
For an specific element ”K” of the mesh and a specified time step t"*! the following error term can be considered.

of =ps (Qvn/0t,9") i + ps (Vor)on, ¥") i + 1 (Von, Vi)

(30)
=ps (Devn, ") g + p (Von, V') .
Again, by the Navier-Stokes relation we have:
pr (D /0t ") ) = —p (Vo,Vp') . 31)
This way,
ps (Ovn /0L, %" o < — p(Vo, V) o + |1 (Vo, Vi) ¢ [; (32)

Sopf (00ROt Y") e < 2|1 (Vo, V¥ .
The term o¥ can be bounded through the following inequalities:
01| < psl(Dev, 40") | + ul (Von, Vb ) |

< 3u|(Von, Vi) k| (33)
< 3NHV1’hHL2(K)||V"/’w||L2(K)'
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Also, considering that 3C” > 0 so that V™| 1o x) <0,
01| < 3uC IVl 2y < 3UC" [0nll g2 gy - (34)
The trace theorem (Dobrowolski, 2006) says that 3C" > 0 so that
[vnll 2y < C NV OR) A gz e (35)
in which m is the unitary vector normal to the element edge and Fff is the element boundary. This way,
|Q{{| SQ,UO/CN”(Vvh)ﬁ”Hlﬂ(rjff);

Z|Q{(| SQ/J'C/C”Z”(vvh)ﬁ”Hl/Z(FK);
K K ! (36)

cleall <CY I VoR) A ey
K

in which [|g1|| = 3" ;0% | and H'/? is a fractional Sobolev function space.
This gives us a form for the error on the fluid domain. A similar analysis for the solid domain says that 3Cs > 0, so
that:

Dolos = lleall < Co Y I Tl e rxcy: @37
K K
3.3 FSI a posteriori error estimate

Combining Eq. (36) and Eq. (37) a error estimate for the FSI problem is reached, shown in Eq. (38).
lenlls < Cs ;”(V”h)ﬁ”Hl/?(r;() +Ca ;”Thﬂ”Hlﬂ(Ff)’ (38)
in which, C3 and C} are constants.
4. ADAPTIVE MESH

An h-adaptive mesh refinement is used. It is described by the following algorithm, proposed by Guermond and Ern
(2004).

Algorithm 1 - Adaptive Mesh Refinement
1. A first coarse mesh,ﬂlo, is generated. Iteration counter is set to zero, © = Q.
2. The FSI problem is resolved for T}, obtaining a solution U".
3. The local error indicators et (U, f) are calculated for each element K' € }f .
4

. The global error estimate, €giopqi, is calculated. If it is smaller than Lgiopqi, the process is ended and U ¢ s
considered the final solution.

5. A new mesh is generated. The iteration counter is updated, © = i + 1. The process returns to step 2.

The local error indicators are given by Eq. (39), which is derived from the prior error analysis. The global error is
calculated by Eq. (40), where NT is the number of triangles.

[(Vo)| 4 ) IT?| 5, ,rx
Elocal (K) = L L + L 1/2( = ) . (39)
fluido solido

c ZKET;L (510(:(11)2
global — - A
NT

In step 1 of the Algorithm 1 a initial mesh generation can be done by various methods. In FreeFem++ this is done with
a manual input of the number of vertex in each boundary, then the points inside the domains are found with a Voronoi
method, and finally the edges are determined with a Delaunay criteria (Owen, 2000). In simple geometries, like the
rectangular domains of the numerical example presented on this study, the generation of a first mesh is trivial.

In step 5 of Algorithm 1 the new mesh is generated based on the previous one, with a Red-Green-Blue refinement
method. The triangles select through the local indicators are divided. Also, some adjacent triangles are also divided so
that mesh quality is preserved (no triangles with angles too large being created). The process is described in a simplified
form by Algorithm 2. The exact process is detailed in Schwarz (2018).

(40)
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Algorithm 2 - Red-Green-Blue Refinement

1. All triangles with €jocq1 > 1 have their three edges marked for refinement.

2. Additional edges are marked in a way that no triangle that has an edge marked has its longest edge unmarked.

3. Triangles with at least an edge marked are refined as shown by Fig. 1, in accordance to the number of marked

edges.
(a) Original triangle (b) Red refinement (c) Blue refinement (d) Green refinement

Figure 1: RGB refinement

Observation: Step 2 of Algorithm 2 is not trivial a new triangle marked this way might generate an additional triangle
that has one edge marked having its longest edge unmarked. The complete procedure has to be done in a way to recheck
for this adjacent elements.

5. NUMERICAL EXAMPLE

The computational application, presented here, has a square domain described on Fig. 2. The boundaries have null
velocity prescribed, except for the upper one, which has a velocity profile given by Eq. (41). This boundary condition
causes a circulation of the fluid inside the cavity, which causes a deformation of the solid.

vy (x) = [4"””(10‘ x)] . (1)

The simulation parameters and the dimensions of the cavity are presented on Tab. 1.

V< (X) o
_ Table 1: Simulation parameters
Cavity dimensions
Yy L 1
L H T
h 0.25
X Constitutive parameters
H ps 1
Q¢ 1 0.01
Ps 1
e 51 0.05
h Qs Adaptivity parameters
-1 Lsotid le-6
I I L t144a le-3
! L ! Lglobal 1.2

Figure 2: Problem geometry

The simulation is done with the adaptive mesh refinement approach proposed and also with an uniform mesh refine-
ment procedure, for comparison. The initial mesh is shown in Fig. 3, the local error obtained during the first iteration is
in Fig. 4. The triangles selected for refinement are the ones with a €;,.,; greater than one. All triangles are refined in the
first iteration, as the initial mesh is very coarse.
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2.9

2.325

1.175

0.6

/ I

Figure 4: Local error - log(£i0cai)

\ \ \
Figure 3: Initial mesh

Figure 6 shows the magnitude of the velocity obtained with the finest adaptive mesh, which is in Fig. 5. It can be noted
that this final mesh is finer where the local errors shown in Fig. 4 are higher, as should be expected.

The velocity for the fluid domain shows the circulation of the fluid around an eye” at about the center of the cavity.
The solid domain has no velocity as this is a steady-state example, the deformed solid-fluid interface can also be seen on
Fig. 6.

or varaVa iz s X
IRATHKIKP K00 000k N
% Y SIS
Vo VlVA NN NN 1
KX VA YA YA % A5
VAVAYAYA VAVAYAYA VAVAYAYA VAV
7 VA / VA4 a4
| / v f7
A A A K avavaraYd 4 0.75
7N /N NANANAANAANNY
7 AN aVavava¥a
v NV V4V VAV
7 // Y oot
/ / % / % 7 0.5
/ : 2 K 4
/ AN VNNV
N yAvAYaY aVavaraa 4AVAVd
| | 44 NV AN 0.25
%< CREDEREK X R R RIS ,‘ N
0

Figure 5: Final adaptive mesh Figure 6: Velocity field

We also observe the displacement u of the point with material coordinates given in Eq. (42), note that the point
referenced is on the solid domain. It is also highlighted in red on Fig. 2.

a(1/4;1/4) = [gﬂ 42)

The displacement for each mesh simulated is shown in Tab. 2. They are compared to a result obtained by Richter
(2013). We note that the problem geometry and constitutive parameters are identical, so that the comparison is valid.
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Table 2: Displacement
Adaptive Uniform
NT U, Uy NT U, Uy
128 | -2.8598 | 1.6628 128 | -2.8598 | 1.6628
512 | -2.8236 | 1.817 512 | -2.8236 | 1.817
1826 | -2.8261 | 1.9258 | 2048 | -2.8263 | 1.9255
3255 | -2.8221 | 1.9846 | 8192 | -2.8265 | 1.9802
3977 | -2.8185 | 2.0085 | 32768 | -2.8262 | 2.0073
4639 | -2.8371 | 2.0101

Literature result
-2.8244 ] 2.0510 |

~ le6

The global error for each iteration is in Fig. 7. The error is smaller on finer meshes for both refinement methods.
However, it is important to stand out that the adaptive refinement gives a lower error for a mesh with similar number of
elements (NT).

Figure 8 shows the simulation times, for each iteration. The first two iterations have the same result for both refinement
methods, as the initial mesh is the same and the adaptive mesh refinement ended up refining all elements in the first
iteration. The following iterations show the advantage obtained with an adaptive mesh refinement in terms of reduction
in simulation time.

e 40000 ‘ - ‘
Adaptive Mesh —— Adaptive Mesh ——
Uniform Mesh —— 35000 - Uniform Mesh —— |
100¢ 30000} /
25000} /
_ 0}
3 220000 |
G 10t E /
15000 |
. /
\ 10000 |
“ P
~ 5000 | -
1t \;\ J ///
: ‘ : = %5 1 2 3 4 5 6
100 1000 10000 {teration
Figure 7: Global error Figure 8: Simulation time per iteration

6. CONCLUSION

In this study, a numerical approach for FSI problems via a fully Eulerian formulation was proposed. An error analysis
was developed through an dual weighted residual method. The main steps and considerations were presented and the final
result is an a posteriori error estimate for the FSI problem.

An adaptive mesh was implemented based on the error estimate proposed. The domains are bi-dimensional with
triangular elements and the refinement is h-adaptive, done through a red-green-blue method. This method showed to be
robust and did not generate distorted triangles, once the code was properly implemented no issues where encountered on
this step of analysis.

A numerical example was presented and it was verified that the FSI formulation is adequate. The results were com-
pared to ones available in the literature and only small differences were observed. Also the adaptive mesh achieved an
efficiency gain when compared to an uniform refinement, which shows the efficacy of the adaptive mesh and indirectly of
the error estimate used in it.
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