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Abstract. The continuous solution and computational simulations are presented for a temporal mixing layer in the tur-
bulent regime. To obtain the continuous solution it was applied the self-similar technique, and for the computational
simulations, the MFSim code was used. The temporal mixing layer was simulated with Large Eddy Simulation (LES) and
Unsteady Reynolds Averaged Navier-Stokes (URANS) models. The mean velocity profiles extracted from the computa-
tional simulations were compared with the profiles obtained by continuous solutions.

Keywords: temporal mixing layer, continuous solution, self similar solution, URANS, LES)

1. INTRODUCTION

Free shear flows occur in the absence of walls and adverse pressure gradients. In these flows, spatial regions or
temporal regions exist in which some properties profiles have similar shapes. In these regions, it is possible to transform
all profiles into a single profile applying a function to the temporal or spatial profiles. This property is called self-similarity.
In flows with a self-similar characteristic, it is possible to develop continuous solutions for certain properties of the flow.

A simple free shear flow to be modeled is the temporal mixing layer. Two streams with different velocities (U1 and
U2) define and maintain the flow. The temporal mixing layer is presented in many applications like combustion (Bellan,
2017), evaporation (Okong’o and Bellan, 2004) and particulate dispersion (Ling et al., 1998).

(a) (b)

Figure 1: Temporal mixing layer at (a) t = 0 s and (b) t > 0 s.

At an initial time, t = 0 s, the velocity field presents an infinite gradient in the center of the domain. At this time
the thickness of the shear layer is δ(t = 0) = 0 (Fig. 1(a)). With the time development, the linear momentum diffusion
process attenuates this gradient, generating a velocity profile characterized by an inflection point (Fig. 1(b)). In the laminar
regime, the diffusion occurs by the molecular movement. In the turbulent regime, the vortex structures will accelerate this
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process of molecular diffusion in orders of magnitude by increasing the local gradients and the number of gradients per
unit volume.

The transition of the mixing layer under temporal development has some important characteristics to be observed.
If the flow occurs in the absence of any perturbation, it will remain in the laminar regime diffusing the information,
but without transitioning. The transition process starts if some perturbation is inserted into the flow, leading to the fully
turbulent regime. According to the linear stability theory (Betchov and Szewczyk, 1963), a temporal mixing layer becomes
unstable, if it is disturbed even for Reynolds numbers tending to zero.

The objective with the continuous solution is not to model Kelvin-Helmholtz instabilities, but only to model the
average flow. As shown in Figs. 1(a) and 1(b), the evolution of the flow occurs only in y-direction and time. Since there
is no spatial variation in x-direction at any time, the development is temporal even though there is variation in y. It is
possible to observe that the velocity profiles, shown in Figs. 1(a) and 1(b), are self-similar. The self-similar behavior
allows the self-similarity theory to be used for the solution of the differential model.

2. METHODOLOGY

The present work has two distinct parts: the continuous solution and the computational simulations. In the first
subsection, the methodology to obtain a continuous solution is presented. Then, the procedure and parameters for the
computational simulations are presented.

2.1 Exact solution

The differential mathematical model for the turbulent temporal mixing layer is composed of the linear momentum
balance and mass balance equations. Some hypotheses and considerations are assumed for the simplification of the
complete equations.

The first assumption is to consider the process of diffusive transport, promoted by turbulence, orders of magnitude
larger than the molecular diffusive process. Thus, the molecular diffusion term is not included in the final equation.

According to the physical nature of the temporal mixing layer, the average flow occurs in the x-direction and only
depends on y-direction and time t. With this assumption, it is possible to simplify the advective term. Therefore, the
filtered Navier-Stokes equation for x-direction results in

∂ū(y, t)

∂t
=
∂τxy
∂y

, (1)

where ū(y, t) is the mean x-velocity and τxy is a component of the Boussinesq-Reynolds tensor.
Using the turbulent viscosity hypothesis and the Boussinesq-Prandtl’s mixing length model, the τxy component of the

Boussinesq-Reynolds tensor can be modeled as follows:

τxy = νt
∂ū

∂y
= l2m

∣∣∣∣∂ū∂y
∣∣∣∣ ∂ū∂y , (2)

where νt is the turbulent kinematic viscosity, and lm is an empirical parameter of the model that is estimated by experi-
ments and can be changed according to the flow.

Considering
∣∣∣∣∂ū∂y

∣∣∣∣ ≥ 0 and, in the temporal mixing layer,
∂ū

∂y
≥ 0 for every y, then

∣∣∣∣∂ū∂y
∣∣∣∣ =

∂ū

∂y
. Substituting Eq. (2)

in (1), it is obtained that

∂ū

∂t
= l2m

∂

∂y

[(
∂ū

∂y

)2
]
, (3)

where lm = α δ(t). The coefficient α must be determined experimentally, either by material experiment or by compu-
tational simulation via DNS (Direct Numerical Simulation). An analysis of this constant will be presented in the results
section. The δ(t) is the length of the diffusion zone.

The initial and boundary conditions of the problem are given by:

ū(y, t = 0) = ūo(y), (4a)

ū

(
y =

δ(t)

2

)
= U1, (4b)

∂ū

∂y

(
y =

δ(t)

2

)
= 0, (4c)

ū(y = 0, t) = Ū , (4d)
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where ūo(y) is the inicial field of x-velocity and Ū =
U1 + U2

2
.

In the transformation of Eq. (3) through the self-similarity theory, a self-similar variable (η) and a self-similar function
F (η) are used and given by:

η(y, t) =
y

δ(t)
, (5)

and

ū(y, t)− Ū
Ũ

= F (η), (6)

in which Ũ =
U1 − U2

2
.

Taking the derivatives in time and space of the self-similarity function, and substituting them in Eq. (3), it is determined
that

F ′F ′′ +
1

2 Ũα2

dδ

dt︸ ︷︷ ︸
aot

ηF ′ = 0, (7)

where the aot term must be a constant, since the solution of this differential equation must result in a function dependent
only on η. Thereby,

1

2 Ũα2

dδ

dt
= aot −→ δ(t) = 2 Ũα2aot t −→ δ(t) = Kt t, (8)

whereKt = 2 Ũα2aot is a constant relative to the turbulent flow, which can be determined by using a boundary condition.
To obtain Eq. (8), it was necessary to determine the value for an integration constant. The initial condition δ(t = 0) = 0
was used to calculate the value of this constant.

The ordinary differential model needs some boundary conditions for Eq. (7). These boundary conditions are given by

F

(
η =

1

2

)
= 1, (9a)

F ′
(
η =

1

2

)
= 0, (9b)

F (η = 0) = 0. (9c)

Equations (7) and (9) compose the complete ordinary differential model, which admits an analytical solution, as will
be presented next. Equation (7) can be rewritten as

F ′(F ′′ + aotη) = 0, (10)

allowing its decomposition into two equations. The first equation is given by

F ′ = 0, (11)

and leads to a trivial solution F (η) = cte. The second equation is given by

F ′′ + aotη = 0, (12)

and its result is obtained by the method of separation of variables followed by integration of both sides of the equation:

F (η) = −aot
6
η3 + c1tη + c2t, (13)

in which aot =
Kt

2α2Ũ
, and c1t and c2t are integration constants.

Using the boundary condition given by Eq. (9c), F (0) = 0, it is obtained that c2t = 0. The other two boundary
conditions, given by Eqs. (9a) and (9b), provide aot = 24 and c1t = 3. Thus, it is implied that the function F (η) is given
by

F (η) = −4η3 + 3η. (14)
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Returning to the aot constant, already in possession of its determined value, it is implied that

aot =
Kt

2α2 Ũ
= 24 −→ Kt = 48α2 Ũ , (15)

therefore, substituting Eq. (15) in (8), it is found that

δ(t) = Kt t = 48α2 (U1 − U2)

2
t −→ δ(t) = 24α2 (U1 − U2) t. (16)

In the solution presented in Eq. (17), it was not considered the mixing length at initial time. If the mixing length begin
with a non-zero mixing length, the correct equation is

δ(t) = δo + 24α2 (U1 − U2) t, (17)

where δo is the initial mixing length.
Finally, it is obtained from Eqs. (5), (6) and (14) that

ū(η) = Ū + Ũ (3η − 4η3), (18)

or

ū(η) = Ū + Ũ

[
3

(
y

δ(t)

)
− 4

(
y

δ(t)

)3
]
. (19)

2.2 Computational simulations

Four computational simulations were made for the present work. All of these simulations were performed using the
MFSim code. The MFSim is an "in-house" code developed in the Laboratory of Fluid Mechanics (MFLab) from the
Federal University of Uberlandia (UFU). The base of the MFSim is an adaptive block-structured regular and cartesian
mesh which reduces the computational cost. To treat the turbulence, in this code the Large Eddy Simulation (LES)
models and Unsteady Reynolds Average Navier-Stokes (URANS) models are available to the user. It is possible to
simulate problems like fluid-structure interaction, multiphase flows, reactive and turbulent flows considering 3D domains
and parallel processing using MFSim (Neto et al., 2019; Melo et al., 2018; Gasche et al., 2012; Denner et al., 2014).

The first simulation was performed using the LES (Large Eddy Simulation) methodology with Germano’s dynamic
model (Germano et al., 1991). A uniform mesh of 512×256×512 elements were used in a domain of 8[m]×4[m]×8[m].
A fluid with ν = 0.01 m2/s in two streams with velocities of 20 m/s and−20 m/s was used. The velocity profiles at specific
times were obtained with equally spaced probes. To treat the obtained data, it was employed a spatial averaging process.

For the other simulations, three URANS models were used: the standard k− ε model proposed by Jones and Launder
(1972), the realizable k − ε model of Shih et al. (1995) and the k − ω model proposed by Wilcox et al. (1993). The
standard k − ε and the realizable k − ε models were implemented in the MFSim as part of the present work.

All simulations with URANS models used the same setup. Therefore, a domain of 8[m] × 4[m] × 0, 0625[m] was
defined with a uniform mesh of 128 × 64 × 1 cells. The molecular properties of the fluid and stream velocities used in
these simulations were the same as presented for the first simulation.

The computational simulation of the turbulent temporal mixing layer requires an initial perturbation to promote the
turbulent transition. In the LES simulation, it was used a volumetric perturbation applying 10 % of white noise in each
direction. For URANS computational simulations, the perturbation is inserted as a turbulent intensity that varies according
to the flow. In the computational simulations performed using MFSim code, it was employed 0.5 % of turbulent intensity
for all models.

3. PRELIMINARY RESULTS

The results can be divided in three parts: the results of the computational simulation using a LES model, an analysis
for the value of the constant α, that compounds the continuous solution, and the results of the computational simulations
considering URANS models.

3.1 Results of LES simulation

The LES simulation was performed in MFSim code using the dynamic Smagorinsky model. When LES models are
used, the computational domain must be three-dimensional. It is possible to obtain a detailed instantaneous velocity field.
The turbulent structures at t = 0.17 s can be visualized using a Q criteria (Q = 0.1) presented by the x-velocity magnitude.
A perspective view (Fig. 2(a)) and a top view (Fig. 2(b)) are shown.
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(a) (b)

Figure 2: Q criteria (Q = 0.1) for a turbulent temporal mixing layer at t = 0.17 s.

It is possible to observe interactions between the turbulent structures in all directions. For this reason, a spatial average
is necessary to obtain the mean x-velocity profile. Equally spaced probes were used and the spatial average was applied
to obtain instantaneous profiles.

Silvestrini (2000) showed an analysis in which he concluded that is possible to link results for spatial mixing layers
and temporal mixing layers in the self-similar region. Because of that, it is possible to compare the results with the
experimental work of Bell and Mehta (1990), who experimented a turbulent spatial mixing layer. The results of the
computational simulation using a LES model were compared with the self-similar profile by the continuous solution and
with the experimental data. The results of the computational simulation were compared at t = 0.1206 s, t = 0.1336 s,
t = 0.146 s, t = 0.15 s, t = 0.17 s and t = 0.2 s. This comparison is exhibited in Fig. 3.
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Figure 3: Comparison of the self-similar profile F (η) between experimental results of Bell and Mehta (1990), the contin-
uous solution and results of LES computational simulation with MFSim.

In Fig. 3, it is possible to observe a good agreement between the continuous solution and experimental data. It is also
possible to notice that the results obtained by computational simulation presented a good agreement with the continuous
solution and, hence, with experimental results of Bell and Mehta (1990) for all analyzed times.

3.2 The influence of the choosen value for α

The constant α is presented in the solution for the mixing length (δ) given by the Eq. (17) and, consequently, in η
(Eq. (5)) and ū(y, t) (Eq. (19)). All of the continuous solutions for a temporal mixing layer can be affected by the value
of constant α, which is an empirical value.
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According to Wilcox et al. (1993), the value for a spatial mixing layer is α = 0.07, based in experimental observations.
As it is possible to link results for spatial mixing layers and temporal mixing layers in the self-similar region, α = 0.07 can
be a good choice for the temporal mixing layer. In the present work, the continuous solution for δ(t) using α = 0.07 and
α = 0.06 was compared with LES data from Silvestrini (2000). The results are shown in Fig. 4. and they are dependent
on the non-dimensional time τ∗.
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Figure 4: Comparison between the normalized mixing length obtained by Silvestrini, through LES simulation, and the
value obtained by Eq. (17) considering α = 0.06 and α = 0.07.

It is possible to conclude observing Fig. 4 that the solution for α = 0.06 presented a better agreement with Silvestrini
LES data than the solution for α = 0.07. An important remark is the interval of comparison, because τ∗ = 60 can
be somewhat time-dependent of the stream velocity values. Therefore, the continuous solution for the velocity profiles
was compared with the data obtained with the MFSim code considering LES for τ∗ = 77.25 and τ∗ = 108.8. The
comparisons are shown in Fig 5(a) for τ∗ = 77.25 and in Fig 5(b) for τ∗ = 108.8.
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Figure 5: Continuous solution for ū(y, t) using α = 0.06 and α = 0.07 compared with LES simulation results from
MFSim code for (a) τ∗ = 77.25 and (b) τ∗ = 108.8.

Analyzing Fig. 5(a), for τ∗ = 77.25, it is possible to conclude that the continuous solution considering α = 0.06
presented a better agreement with the data extracted from the LES simulation using MFSim code than the continuous
solution adopting α = 0.07. However, for τ∗ = 108.8 (Fig. 5(b)), the best agreement of the computational simulation
results was with the continuous solution using α = 0.07. This behavior evidenced that an ideal situation would be a
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dynamic evaluation of the value of α. It is possible to adjust a time-dependent expression for α using results of the
computational simulations and continuous solution for δ(t) or ū(y, t).

3.3 Results of URANS simulations

As previously reported, simulations of a turbulent temporal mixing layer in the MFSim code were performed using
three URANS models: the standard k − ω model, the realizable k − ε model, and the standard k − ε model. The results
of the computational simulations using URANS were compared with the result of the MFSim simulation using LES, and
also with the continuous solution profile at t = 0.15 s. This comparison is shown in Fig. 6.
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Figure 6: Comparison of the mean x-velocity profile ū(y, t) obtained using URANS models, LES model and the contin-
uous solution.

The realizable k − ε model and the standard k − ω model did not presented results close to the continuous solution
profile of ū(y, t). The standard k − ω model is indicated to simulate low Reynolds number flows, and the simulated
temporal mixing layer does not have this characteristic. The realizable k − ε model was idealized for flows that have
complex modeling effects such as curvature effects or adverse pressure gradients, that is not the case of the temporal
mixing layer, which is a free shear flow.

The standard k − ε model is suitable for free shear flows with high Reynolds numbers, such as the turbulent temporal
mixing layer. So, this is the most adequate turbulence model to simulate the considered type of flow. The results of the
standard k − ε model presented the best agreement with the LES simulation results, and with the continuous solution for
ū(y, t).

4. CONCLUSIONS

Continuous solutions for the mixing length δ(t) and the mean x-velocity profile ū(y, t) of a turbulent temporal mixing
layer were developed. The velocity profile were compared with experimental data and with numerical results performed
with the MFSim code. The continuous solutions presented a good agreement with these results, but it was possible to
observe that the value of the constant α can modify all continuous profiles.

The computational simulation using LES presented better agreement with the continuous solution for ū(y, t) than the
results obtained using URANS models. Despite the better performance, the computational cost of a LES simulation is
greater than a simulation using URANS models.

It is important to emphasize that the computational simulations do not use the continuous solutions at any moment,
and the continuous solutions are not dependent of any data provided by the computational simulations. Therefore, the
continuous solutions can be used as an interesting tool for comparison of results and validation of computational codes.
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