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Abstract. Photothermal Therapy (PTT) uses electromagnetic radiation to increase tissue temperature and kill targeted
cancerous cells. In this work, silica-core gold nanoshells are the photon absorbers that convert the electromagnetic
energy into heat. The main objective is to compare Monte Carlo (MC) method with Discrete Ordinates (DO) method
for the solution of the Radiative Transfer Equation (RTE) in an one-dimensional bioheat transfer model composed of
five layers, one of them with a cancerous tumor and silica-core gold nanoparticles, irradiated by a near-infraed (NIR)
laser. The overall maximum difference of peak temperature was equal to 0.085053 ◦C at 35 s of simulated time, and the
maximum difference of tissue depth for peak temperature was equal to 0.0125 mm. Results demonstrated both methods
performing similarly for this specific task.
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1. INTRODUCTION

The Photothermal Therapy (PTT) uses electromagnetic radiation to increase biological tissue temperature and damage
cancerous cells by hyperthermia (Sheng et al., 2017; Bayazitoglu et al., 2013). In the present study, a near-infrared (NIR)
laser targets silica-core gold nanoshells embedded in the tumor region, which are photon-absorbers capable of converting
the irradiated laser energy into heat. The NIR laser can propagate into the human body without significant attenuation,
as the extinction coefficient of most biological tissues is low for the near-infrared window, also known as therapeutic
window, the range of wavelengths from 650 to 1350 nm (Smith et al., 2009).

The development of the PTT demands an analysis of the propagation of light and heat in the biological tissue and their
interaction with the nanoparticles and tissue structures. Theoretical studies improve the understatement of optical, elec-
trodynamics, and heat transfer phenomena, consequently increasing the reliability of the technique. Numerical models
use the bioheat transfer equation, first developed by Pennes (1948), to analyze the heat propagation in the modeled tissue.
Ismailov et al. (2018), Malek and Abbasi (2016), and Sarkar (2017) present recent applications of the equation. Mesicek
and Kuca (2018) developed a summary of numerical analyses for therapeutic uses of laser-activated gold nanoparticles
and Manuchehrabadi and Zhu (2014) conducted an in-deep study of Monte Carlo method applied to the RTE coupled
with the bioheat transfer equation in a prostate cancer model.

There are various groups of photon-absorbers, which one works with a specific source of energy (Sheng et al., 2017;
Bayazitoglu et al., 2013). A gold nanoshell consists of a spherical core nanoparticle, such as silica or polystyrene, coated
with a thin layer of gold (Abadeer and Murphy, 2016; Nghiem et al., 2013; Liu and Li, 2013). The process that makes
the conversion of electromagnetic energy into heat is named surface plasmon resonance, which can be fine tuned over the
visible to NIR spectrum range by changing the core-shell diameter ratio (Vincenzo et al., 2017; Nghiem et al., 2013). In
PTT, photon-absorbers delimit the region affected by hyperthermia. Mallory et al. (2016) and Cumming and Diamond
(2002) detailed the biological mechanisms of hyperthermia in cancer treatments.

The present work is based on a model presented by Dombrovsky et al. (2011) to simulate the heat transfer phenomena
occurring in a silica-core gold nanoshells assisted laser skin cancer photothermal therapy. One of the main difficulties is to
find a solution for the RTE, as it requires integrals with angular and spatial variables. Our primary purpose is to compare
Monte Carlo (MC) with Discrete Ordinates (DO) method for the solution of the radiative transfer equation (RTE) coupled
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with other heat transfer phenomenons. The advantage of DO over MC is less processing time, although with MC is easier
to simulate more complexities, such as anisotropic scattering and three-dimensional irregular geometries. (Maurente and
França, 2015; Howell et al., 2010).

2. MATHEMATICAL EQUATIONS AND MODELING

The study considered an one-dimensional model of a body tissue with skin cancer composed of five layers, one of
them with a tumor and gold nanoshells, irradiated by a collimated laser.

2.1 The Pennes’ bioheat trasnfer equation

The Pennes’ equation is a well-known formula to calculate heat transfer in biological tissues (Pennes, 1948). The
equation adds a blood perfusion term to the transient energy equation and it’s necessary to calculate temperature distribu-
tion:

ρcp
δT

δt
= ∇ · (κ∇T ) +∇ · qr + ρbvbcb (Tb − T ) (1)

where ρ, cp, T , t, and κ represents tissue density, specific heat, temperature, time and, conductivity, respectively. The
second term on the right side accounts for the divergence of the heat flux. Finally, the last term includes blood perfusion
in the equation, as b and v represent blood terms and perfusion rate, in that order.

Considering an one-dimensional model, the previous equation can be reduced to x direction, with dqr,x representing
the radiative heat flux resultant of incident rays coming from all directions and crossing an element of area normal to the
direction x:

ρcp
δT

δt
=

d

dx

(
k
T

dx

)
+
dqr,x
dx

+ ρbvbcb (Tb − T ) (2)

2.2 The Radiative Transfer Equation (RTE)

The following equations follow the procedures presented by Bruno et al. (2016). To find dqr,x, one needs to solve
the RTE, which returns the variation of the intensity of a radiation propagating in a direction s. For a quasi-steady
configuration:

dIλ
ds

= κλIbb,λ − βλIλ +
σsc,λ

4π

∫ 4π

Ωi=0

Φλ (Ω,Ωi) Iλ,i (Ωi) dΩi (3)

where I is the radiation intensity, κ is the absorption coefficient, β is the extinction coefficient, σsc is scattering coef-
ficient, and subscripts bb, i, and λ indicate black body, incident direction, and spectral dependency, respectively. Ibb,λ

is the resultant blackbody spectral intensity from the Plank function. Also, Φλ (Ω,Ωi) is the scattering phase function,
which accounts for the probability of a laser ray coming from a solid angle coordinate Ωi be scattered into a solid angle
coordinate Ω.

As the temperature to achieve hyperthermia is around 43◦C (Dickerson et al., 2008), the emission of radiation from
tissue is negligible when compared with the laser emission. Additionally, scattering was considered isoentropic (Φλ = 1)
and wavelength spectral dependence was unconsidered as a result of lasers being monochromatic. Adding the effects of
the collimated irradiation in a source term, Sc, the resulting equations are:

dI

ds
= −βI +

σsc
4π

∫ 4π

Ωi=0

Ii (Ωi) dΩi + Sc (4)

Sc = q0
1

4π
(1−Re) exp

(
−
∫ s

0

βds∗
)

(5)

where, s is the depth of the irradiated surface, q0 is the laser power, and Re is the reflectivity of the external boundary
surface, which is external to the tissue slab.

Finally, assuming surface emission as irrelevant and boundaries as gray and diffuse, with, n̂ representing a unit vector
outward to the surface, ŝ a unit vector in the same direction as Ii, and S the surface boundary reflectivity, the boundary
condition for Eq. (4) is:

Iw = q0
1

4π
(1−Re) +

R

π

∫
n̂·ŝ<0

Ii (Ωi) |n̂ · ŝ|dΩi (6)
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As mentioned before, dqr,x is the resultant radiative heat flux generated by the incident rays coming from all directions
and crossing an element of area normal to the direction x, therefore:

qr,x =

∫ 4π

Ω=0

I(Ω) cos(θ)dΩ (7)

with θ being an angle referenced by x.

2.3 Spectral properties of human tissue with gold nanoshells

Considering a medium containing a limited volume fraction, fv , of small spherical particles with the same radius a,
absorption and scattering coefficients can be calculated with Eq. (8) and Eq. (9), respectively:

κ = κt + 0.75fv
Qa
r

(8)

σsc = σsc,t + 0.75fv
Qs
r

(9)

where t, fv , Qa, and Qs represent tissue properties, volume fraction, absorption coefficient, and scattering coefficient, in
that order (Dombrovsky et al., 2011).

To solve the radiative transfer equation were applied two numerical methods, statistical Monte Carlo (MC) simulation
and Discrete Ordinates (DO) with eighth order approximation for the angular discretzation, S8. The codes were coupled
with the same finite volume routine, based on Maliska (1995), which was used to solve the bioheat conduction and
perfusion problems and to give the temperature distributions for the radiation, conduction and perfusion coupled model.
The MC method followed the procedures presented by Maurente (2007), and the DO method was described by Modest
(2013) and Howell et al. (2010). All the algorithms were implemented in Fortran90.

3. RESULTS AND DISCUSSION

The biological tissue model consists in a five-layer uni-dimensional geometry, which contains epidermis, tumor, pap-
illary dermis, reticular dermis and fat. The presence of nanoparticles was considered in the first two layers, epidermis and
tumor. “Fig. 1” displays a scheme of the model, and “Tab. 1” references the values used for tissue properties in each layer.
In the model, the skin is irradiated by an helium-neon laser with an emissive power of 20 kW/m2 and wavelength equal
to 0.6328 µm, into the mentioned "therapeutic window".

Table 1. Biological tissue properties without nanoparticles (Dombrovsky et al., 2011).

Tissue Layer Epidermis Cancer tumor Papilary dermis Reticular dermis Fat

ρ, kg/m3 1200 1030 1200 1200 1000
cp, J/(kgK) 3589 3582 3300 3300 3674
k,W/(mK) 0.235 0.558 0.445 0.445 0.185
q̇,
(
W/m3

)
0 3680 368.1 368.1 368.3

vb,
(
kg/m3

)
0 9.4 0.4 5.2 1

κ, (m−1) 180 50 20 20 10
σsc,

(
m−1

)
2360 600 200 200 400

For “Eq. (2)” it was prescribed temperature of 37◦C on the left surface and convective heat transfer on the right with
convective heat transfer coefficient equal to h = 50W/

(
m2K

)
for simulation of the heat transfer to inward biological

tissues (Dombrovsky et al., 2011).

Also, it was considered that the laser had been turned on during the first 10 s, then turned off during the next 15 s,
then turned on again during the next 10 s and, finally, turned off during the last 15 s, therefore totalling 50 s of simulated
time. Temperature distribution were plotted for 10, 25, 35, and 50 s of simulated time, as shown on “Fig. 3”.

As expected, “Fig. 3” illustrates a decreasing in overall temperature at 25 s and 50 s, in agreement with the cooling
due to the time which the laser was turned off. Because of the presence of nanoparticles in the region, epidermis and tu-
mor, the temperature distribution shows its maximum at around 0.35 mm, and with a value high enough to kill cancerous
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Figure 1. Biological tissue with skin cancer

Figure 2. Divergence of the radiative heat flux Figure 3. Temperature distribution at 10, 25, 35, and 50 s

tissue without damaging surrounding areas. Exact values of maximum temperatures are displayed in “Tab. 2”, with the
maximum overall temperature of 43.734436 ◦C at 35 s for Monte Carlo method and 43.649383 ◦C at 35 s for Discrete
Ordinates. The maximum difference of peak temperature between the two methods was equal to 0.085053 and it occurs
at the same time of maximum overall temperature, 35 s. Table shows bigger differences of maximum temperature to
bigger values of maximum temperature. The depths of the peak temperatures had an excellent agreement between the two
methods with the biggest difference being equal to only one step on the modeled depth vector, 0.0125 mm.

Additionally, “Fig. 2” represents the divergence of heat flux over time. Generally, both graphs shows the methods
performing very similar. It’s important to highlight that the presence of nanoparticles on the first two layers makes the
absorption relatively irrelevant in the rest of the tissue, as can be observed in “Fig. 2”.

Table 2. Maximum temperature and depth with max. temperature.

Maximum temperature (◦C) Depth with max. temperature (mm)

Time (s) Discrete Ordinates Monte Carlo Difference Discrete Ordinates Monte Carlo Difference
10 43.460999 43.540588 0.079589 0.340625 0.340625 0
25 38.27533 38.297058 0.021728 1.9656227 1.9656227 0
35 43.649383 43.734436 0.085053 0.340625 0.353125 0.0125
50 38.750427 38.782165 0.0317379 2.0781225 2.0656225 0.0125

The effects of the silica-core gold nanoshells were mathematically computed using “Eq. (8)” and “Eq. (9)”, which
changes the specific properties in the nanoparticles added layers. The radius of the nanoshells is r = 20 nm, and the
radius of the silica-core is 0.75r. Considering values of Qa = 7.828, Qs = 1.144, and fv = 10−5 for the regions with
nanoparticles, from “Eq. (8)” and “Eq. (9)” results are κ = 3115.6m−1 and σsc = 2789m−1 for the epidermis, and
κ = 2985.5m−1 and σsc = 1029m−1 for the tumor. MC simulated an emission of 2000000 packs of energy, therefore,
the results are associated with low statistical uncertainty.
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4. CONCLUSION

Two methods for the solution of the radiative transfer equation in a one-dimensional model for silica-core gold
nanoparticles assisted photothermal therapy were compared: Discrete Ordinates, with eighth order approximation for
angular discretization, and Monte Carlo statistical method. Results show good agreement for temperature distribution and
divergence of heat flux. The increasing and decreasing of temperature due laser being turned on and turned off, and the
absorption effect generated by the presence of nanoparticles in the first two layers were well illustrated by the results. The
overall maximum difference of peak temperature was equal to 0.085053 at 35 s, and the maximum depth difference of
peak temperature was equal to 0.0125 mm.

The comparison between the two methods results allow to conclude that the discrete ordinate method was almost as
accurate as the benchmark Monte Carlo method to calculate the divergent of the radiative heat flux and the radiative heat
flux for predicting the temperature distributions in the considered problem. For future works, we suggest to test other
conditions, which includes multidimensional geometry and anisotropic scattering in order to verify if the faster Discrete
Ordinates method can handle such complexities.
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