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Abstract. Forces estimations are very important in the context of noise, vibrations and harshness (NVH) for certain 

applications as for the calculation of the frequency responses functions of a structure, modal analysis, transfer path 

analysis among others. A solution to identify the forces could be the direct measurement with the use of force sensors, 

however, in most cases, these forces cannot be measured directly or require a large investment in instrumentation and 

measurement capabilities. In addition, various types of force sensors can modify the dynamic characteristics of the 

system. More recently, probabilistic techniques based on the Kalman filter have gained importance in the field of force 

estimation. These techniques allow estimation of input forces in a linear system based on a limited number of 

measurements in a practical and efficient manner that can even deal with variability and uncertainty regarding system 

dynamics and input forces. In this article, an academic test-rig that simulates the excitation of an automotive engine by 

means of a shaker, its mounts represented by springs and structure representing the body are tested. Acceleration data 

and dummy measurements are obtained and the force results of the recursive probabilistic method of Kalman filters 

are estimated and compared with the force measured by a force sensor. The results showed a moderate relation 

between the forces estimated through accelerometers and dummy measurements with the results of the force sensor for 

certain points of application.  
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1. INTRODUCTION  
 

The growing demand for quieter vehicles and with better levels of vibratory and acoustic comfort for passengers has 

made the Noise, Vibration and Harshness (NVH) area increase over the last decade, becoming one of the main areas 

related to the perception of customer quality in vehicles (Diez-ibarbia et al., 2017) and are decisive for the purchase of 

the product (Ramos et al., 2016). Forces estimation in mechanical systems is important, since it allows the identification 

of the frequencies responses functions of the system, stress and local deformation, to perform experimental modal 

analysis, transfer path analysis and so on. 

 A solution for identifying the loads could be the direct measured with the use of force sensors, however in most 

practical cases these forces cannot be measured directly or require a large investment in instrumentation and 

measurement resources (Oktav et al., 2017, Padilha et al., 2006, Seijs et al., 2015). In addition, various types of force 

sensors can modify the dynamic characteristics of the system, depending on their size and consequently, all the path 

contributions will be affected (Franklin et al., 1998). In this cases, indirect methods are required to estimate these 

forces. Indirect methods are especially important in cases where the force signals are unmeasurable in practice, in terms 

of cost and space for sensor attachments, into the measurement setup and particularly in the case of distributed forces. 

This paper compares the force estimated by the probabilistic method of Kalman filters (AKF-DM) using accelerometers 
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and dummy measurements method with the force measured by a conventional force sensor. The assay system is an 

academic test-rig that simulates an automotive powertrain system.  

2. MECHANICAL SYSTEM MODEL AND KALMAN FILTER ALGORITHM 

 

2.1 Mechanical model equations 

 

Mechanical systems can be conveniently expressed in terms of modal parameters obtained via experimental procedures, 

such as those in Experimental Modal Analysis (EMA). In this way, the system can be represented by a system of 

decoupled differential equations given by equation 1. 

 

 ̈      ̇                              (1) 

 

Where η is the vector of modal coordinates, which in turn is related to the vector of physical displacement coordinates, 

ξ as in equation 2. 

 

                                                                                                                                                                                   (2) 

 

Where Ψ is the displacement modal matrix. Furthermore, the modal damping and natural frequencies matrices, Λ and 

Ω, respectively, complete the model of the system in the modal space. These matrices are defined by equation 3. 
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Where     and    are the natural frequency and damping ratio of the rth vibration mode, respectively. Moreover, the 

vectors   and    represent the external forces and unknown disturbances, which are applied on the modeled structure at 

physical generalized coordinates specified by the Boolean selection matrices   and   . 

From a computational point of view, it is more convenient to represent the structure dynamics as a system of first order 

differential equations, which is referred to as state space model (De Oliveira et al., 2009). In this way, Eq. (1) can be 

written as state space model in Eq. (4) and Eq. (5). 

 

  ̇ ( )     ( )    ( )     ( )                                                                                                                                 (4) 

 

With measurement equation given by: 

 

  ( )     ( )   ( )                                                                                                                                                      (5) 

 

Where   ̇( ) is the state vector that is composed by the modal coordinates and the corresponding time derivatives 

*   ̇+ ,  ( )is the input vector,  ( )is the vector of measurements, and  ( ) and  ( ) are the process and measurement 

noise vectors, respectively. 

The state matrix  , the input matrix  and disturbance matrix    can be formulated in the modal terms defined above by 

the equations 6. 
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The measurement matrix   is used to theoretically formulate the measurements as a linear combination of the states. 

Thus, it depends on the instrumentation used for system observation. Equations (4) and eq. (5) are presented in 

continuous time domain. However, the simulation analysis using the KF algorithm is performed by sampling the system 

dynamics at regular time intervals. Therefore, it is necessary to express the model in discrete time domain as in Eq. (7) 

and Eq. (8), i.e. recursive difference equations (Simon, 2006). 

 

  (   )     ( )    ( )     ( )                                                                                                                        (7) 

 

With measurements 
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Where  ,  and   are the discrete versions of previously defined matrices  ,  and    respectively. Continuous time 

versions of matrices can be transformed into their discrete time version through several methods. Actually, some of 

them are already implemented in MATLAB. In the present study, the zero-order hold (ZOH) method is adopted. 

Regarding the characteristics of process and measurement noise, it can be assumed that they are random stationary 

sequences, mutually uncorrelated, with zero mean and have no time correlation that can be considered as white noises 

as eq. (9) and eq. (10):  

  

 * ( )+   * ( )+                                                                                                                                                    (9) 

 

 * ( )  ( )+   * ( )  ( )+                                         (10) 

 

And their covariance are defined by equation 11 as detailed in (Astroza et al., 2016;  Naets et al., 2015; Franklin, 1998). 

 

 * ( )  ( )+                       * ( ) 
 ( )+                                                                                              (11) 

 

 

2.2  Force estimation by the method of Augmented-state Kalman Filter 

 

The Kalman filter algorithm (Naets et al.,2015; Berg and Miller, 2010) can be defined as a recursive linear state 

estimator, which is designed to be optimal in a minimum-variance unbiased sense (Astroza et al., 2016). 

The most important idea behind this algorithm is to calculate the best estimate of   ,  ̂ ( ) by combining a previous 

estimate  ̄ ( ) with the current measurement  ̄( )  based on the relative accuracy of both, which is in terms of the 

covariance of the prior estimate, G(k), and the covariance of the measurements Rv.  

The discrete form of the KF algorithm can be organized in two stages: measurement update, eq. (12) and eq. (13), and 

time update, eq. (14) and eq. (15) (Franklin, 1998). 
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Where the initial conditions for  ̄ ( ) and G(0) have to be assumed some value at algorithm initialization. The system 

equations can be rearranged in order to allow the coupled state - force estimation. Therefore, the input vector can be 

included in the state vector and predicted states via KF algorithm will estimate the forces. However, a drawback of this 

notation is the lack of knowledge on the dynamics relating  ̇ to the augmented state vector, now composed by*   ̇  + . 
This lack of knowledge can be modeled conveniently as a zero-order random walk. 

 

  ̇( )     ( )                                                                                                                                                              (16) 

 

Where  ( ) represents the unknown force variation, which is represented as a stochastic process associated to the 

covariance matrix   .  In this manner, Eq. (7) can be arranged to allow augmented state vector, as detailed in Berg and 

Miller, 2010. 
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Where Δt is the time step. In addition, the measurement equation for the augmented state in Eq. (17) and in case of 

acceleration measurements on each DOF is given by equation 18. 

 

 ( )  ,                   -,  ( )  ( ) -   ( )          ( )   (    )                                                           (18) 

 

In this manner, the AKF for coupled state - force estimation and acceleration measurements can be implemented by 

substituting the non-starred matrices by the starred ones in equations 11 to 14 to the equations 19. 
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3. EXPERIMENTAL ASSEMBLY 

 

The system simulates an automotive powertrain which it has a source of excitation, pathways and targets. The excitation 

consists of a coupled steel frame with an inertial shaker (model 2002E) that simulates the excitation of the vehicular 

engine, the paths are represented by three springs (stiffness 2.697N/m) coupled to force sensors, the receiver side is 

called a passive-system and is represented by the aluminum plate, that simulates a vehicle body and suspension springs 

which assume to be an automotive suspension system (stiffness 14.400 N/m). The instrumentation consists of three 

force sensor (PCB models 208A12, 208C02 and Y208C01), twelve uniaxial accelerometers (PCB 333B, 352C34 and 

352C22 models). The acquisition system used for the analysis and for force estimation was the LMS SCADAS Mobile, 

with a rectangular windowing, with 2048 Hz of bandwidth, a resolution of 0.25 Hz, totalizing 8192 spectral lines for all 

16 channels. 

 
Figure 1. Academic Powertrain System 

 

The experimental tests were performed in three stages where points 10, 11 and 12 were independently excited with an 

external shaker and the acceleration responses were measured, the accelerometers installed on the passive plate were 

used to identify the dynamics of the system under study, as shown in figure 2. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2. Powertrain system excited on point 12 by a shaker 
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In the Figure 3 below it is possible to observe the coherence of all sensors in the frequency range of 0 to 800 Hz, for 

some sensors the value is below 0.75, particularly between frequencies of 90.63 Hz and 218.93 Hz, 332.13 Hz at 411.39 

Hz and 617.26 Hz at 666.45 Hz. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3. Coherences of all accelerometers 

 

Thus, nine degrees of freedom were chosen to represent the powertrain system, being the DOFs represented by the 

points P12, P21, P34, P41, P43, point 10, point 11, point 12 and point 13 that presented smaller variances and better 

coherences as can be observed in figure 4. It is noted for P34, P41 and P43 sensors coherencies below 0.75, but no 

natural frequencies were observed in the frequency range of 32.24 Hz to 260.48 Hz as can be noted in Table 1. 
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Figure 4. Coherence of the chosen accelerometers 

 

The eigenvalues and eigenvectors of the powertrain system were selected along with their damping ratio and 

synthesized for Kalman filter application. 

 

Table 1: Natural frequencies and dumping ratios of the powertrain system 

 

  [Hz]   [Hz]   [Hz]   [Hz]   [Hz]   [Hz]   [Hz]   [Hz]   [Hz] 

11.324 29.295 32.244 260.480 315.609 352.466 577.471 676.832 763.832 

                           

1.07% 2.24% 0.86% 0.11% 0.08% 0.09% 0.05% 0.14% 0.33% 
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4. RESULTS 

 

The curves of the three excited points, point 10, point 11 and point 12, were plotted in the time domain and in the 

frequency domain by power spectrum density (PSD). In figure 5 it can be seen that the predicted data showed a 

deviation of the force applied with a gain compared to that measured by the force sensor at the point 10 and when the 

energy level is analyzed, figure 6, in the range of 0 to 30 Hz and above of 500 Hz it has an estimated curve behavior 

close of the measured curve with a slightly higher amplitude. 

 

 
 

Figure 5. Time-domain response of point 10 

 
 

Figure 6. Power Spectrum Density of Point 10 

 

In Figure 7 it can be seen that the data provided on point 11 showed a deviation of the applied force with a gain 

compared to that measured by the force sensor. When the power level is analyzed, figure 8, in the range of 0 to 30 Hz, 

210 to 320 Hz and above 500 Hz it has an estimated curve behavior close, with a higher level of energy, to that of the 

measured curve. 

 
Figure 7. Time-domain response of point 11 
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Figure 8. Power Spectrum Density of Point 11 

 

In figure 9 it can be seen that the data predicted on point 12 showed a deviation of the force applied with a gain 

compared to that measured by the force sensor in the location and when the power level, figure 10, is analyzed in the 

range of 0 to 30 Hz, 210 to 320 Hz and above 500 Hz it has an estimated curve behavior close of the measured curve 

with a higher level of energy. 

 
 

Figure 9. Time-domain response of point 12 

 
 

Figure 10.  Power Spectrum Density of Point 12 

 

5. CONCLUSIONS 

 

The first natural frequency of the system is at 11 Hz. In this way, the excitation was performed by means of an 

external shaker due to the limitation of the inertial shaker in frequencies below 20 Hz. The stability of the kalman filter 

algorithm is dependent on the quality of measurements, model size, sensor positioning and accelerometer variances, 

nine accelerometers were selected, representing nine degrees of freedom of the powertrain system under study. The 

method of choice was the sensors that presented lower levels of background noise, better coherences of the measured 

signals and that presented all the natural frequencies of the system. 
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The deviations found between the measured force and the estimated force can be explained due to the assumption 

that the covariance matrix of the state vector is diagonal and assumed that the covariances were linearly independent 

when in practice they are linearly dependent and are correlated with each other being the covariance matrix non-

diagonal. 

It is possible to conclude from this work that the application of AKF with dummy measurements assuming a 1-D 

system, in the case of linearly independent accelerometers, was not totally satisfactory for force estimates, despite a 

certain correlation between the data obtained in the time and frequency domain. Thus, it is necessary to study other 

forces estimation techniques for 2-D and 3-D systems for the correct estimation of forces in complex systems. 
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