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Abstract. Clearances on the active and passive joints of parallel mechanisms degrade their kinematic positioning accu-
racy. Therefore, this paper presents a novel methodology to analyze uncertainty effects on the kinematic performance of
the parallel mechanism. This contribution aims at analyzing the effect of clearances on the kinematics of the SR sym-
metrical parallel mechanism by using numerical simulation. Initially, the complete kinematic model of the mechanism is
Sformulated by considering the clearances with uncertainties that are modeled as random variables. The forward kinematic
with the clearances and uncertainties are computed by using the Monte Carlo Method. Finally, the kinematic accuracy is
evaluated for several poses within the workspace by considering different link lengths of the mechanism.
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1. INTRODUCTION

Joints are subject to clearances or position errors that deteriorate the overall performance of the parallel mechanism.
Moreover, manufacturing errors and assembling tolerances introduce small variations in the geometry of the links that
also produce position errors affecting the performance of the system. Therefore, it is necessary to quantify the effect of
these uncertainties in the kinematic performance of the parallel mechanism, i.e., to analyze how these uncertainties affect
the performance of parallel mechanism.

The influence of the clearances size and friction coefficient on the dynamic response of planar multi-body system is
numerically analyzed (Flores et al., 2006, 2007). Finally, an optimization method for the dynamic design of planar mech-
anism with clearances at joints has been studied (Feng et al., 2002).The kinematics and workspace of parallel mechanisms
have been extensively studied (Merlet, 2006). Specifically, the SR parallel mechanism has been studied considering the
following points: workspace (Liu et al., 2000), singularities (Cervantes-Sanchez et al., 2001) and performance atlases
(Gao et al., 1998). On the other hand, uncertain analysis theory has been applied to parallel machines. Jokiel et al. (2001)
used uncertainty propagation in the calibration of parallel kinematic machines. Chen et al. (2013) studied the planar
parallel manipulators considering input uncertainties and joint clearance based on the theory of the envelope. Altuzarra
et al. (2011) present a methodology for analyzing the location of the discontinuities produced by clearances within a SR
planar parallel mechanism. Hu and Li (2011) performed the optimal design of parallel machines under uncertainties.
Lara-Molina et al. (2016) presented a case study about the forward/inverse kinematics of SR symmetrical mechanism by
considering uncertainties in the link lengths and position error of active joints. Furthermore, Erkaya (2012) has studied
the effects of joint clearance on welding robot manipulators in order to analyze the degradation of kinematic and dy-
namic performance. Therefore, this paper presents a novel methodology to analyze uncertainty effects on the kinematic
performance of the parallel mechanism.

This paper aims at analyzing the kinematics of the SR parallel mechanism subjected to uncertain link lengths, uncer-
tain position error of the active joints and uncertainties in the clearances. In accordance with that, the forward/inverse
kinematic model and the workspace were formulated as a function of the aforementioned uncertain parameters by con-
sidering the clearances of active and passive joints. The uncertain parameters are modeled as random variables, which
are introduced in the kinematic model of the mechanism. The Monte Carlo simulation is used as a stochastic solver to
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compute the numerical response of the kinematic model with the uncertain parameters. Finally, the numerical results are
analyzed.

2. PLANAR 5R SYMMETRICAL PARALLEL MECHANISM

The SR symmetrical planar parallel mechanism has two identical kinematic chains. Each kinematic chain has an
active or actuated joint, one passive joint and two links. The geometry of the SR symmetrical parallel mechanism is
defined according to Fig. 1(a). The active joints are located at the point A; and their angular position are defined as 6; (for
i = 1, 2). The passive joints are located at the end of each link of the active joints B;. The end-effector of the mechanism
is located at the point P that is defined by the = and y Cartesian coordinates. Additionally, the fixed reference frame O is
defined at the midpoint of A Ao, therefore the symmetry of the mechanism is defined by OA; = OAsy, A1B; = A3 Bs
and B1P = ByP. The geometry of the SR symmetrical mechanism can be completely defined by OA; = T3(r3),
AiBi =7 (7’1) and BZP = FQ(TQ).

For the symmetrical parallel mechanism, the link lengths are stated by 71, 72 and 73 (see Fig. 1(a)). The link lengths can
be specified between zero and infinite. Nevertheless, the link length are non-dimensionalized in order to set a normalized
value for link lengths; this concept was perviously defined by Gao et al. (2001). In accordance with that, it is defined that
D = (71 + T2 + T3)/3, thus, the three non-dimensional parameters (r;, for ¢ = 1,2, 3) are defined by:

71 :71/D 9 :FQ/D T3:73/D (1)
Therefore:
r1+r2 4713 =3 )

Moreover, the end-effector coordinates are also non-dimensionalized as follows:
r=7/D y=79/D 3

Additionally, the clearances are considered in the active joints, A;, and the passive joints, B; and P. These clearances
introduce additional degrees of freedom in the geometric model, according to Figs. 1(a) and 1(b). Each clearance in the
active joint adds three degrees of freedom: horizontal and vertical displacements (Az 4, and Ay 4,) and one rotation dhi.
Furthermore, each clearance in the passive joint adds two degrees of freedom: two displacements, horizontal and vertical
(AxBi and AyBl)

(a) 5SR Mechanism. (b) System References.

Figure 1. The SR symmetrical parallel mechanism.

2.1 The Design Space

The kinematic performance of a parallel mechanism depends on the pose of the end-effector and the dimensions of
the links. By considering only the dimensions of the links, each link can vary between zero and infinite. Therefore, the
kinematic performance is determined by the links lengths. The design space aims at establishing a determined plot as
a function of all link lengths. Therefore, the design space permits to assess all the possible combinations of the links
dimensions to compute their correspondent performance indices Liu et al. (2006b).

Theoretically, 0 < r; < 3 for ¢ = 1, 2, 3, nevertheless, some constraints are defined for each parameter:

0<ry,re <3 and 0<r3 <15 4)
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Based on the Eq. (2) and the constraints of Eq. (4), the design space is defined as a trapezoid shown in Fig. 2(a).
Additionally, a planar configuration is also defined based on two orthogonal coordinates s and ¢ (see Fig. 2(b)), thus:

s:2r1/\/§+T3/\/§ )
t=r3 (6)

(a) (b)
Figure 2. Design space of the SR symmetrical mechanism.

The design space can be split in several sub-regions, as presented in Fig. 2(b); these subregions are contoured by lines
where 1, ro and r3 assume given values. Then, r5 is equal to zero at the left contour of the trapezoid, 3 = 1 + ry at the
top, r1 = ro in the middle and ro = r3 + 71 on the left dotted line. Consequently, the design space can be analyzed with
the help of the aforementioned lines.

2.2 Uncertain Parameters Modeling

The uncertainties in parallel mechanisms are associated with the assembling and manufacturing tolerances and the
errors of the actuators Chen et al. (2013). These uncertainties consist in small variations around the nominal parameters
that produce a variation in the kinematic model performance.

In the present contribution, the uncertainties are introduced in the geometric parameters that affect the kinematic
performance of the mechanism: the links length r; and joints errors of the active joints d¢;, for j = 1,2. The uncertain
parameters are modeled as random variables since this formalism allows modeling small deviations around a nominal
value. The uncertainties in the link length is defined as follows:

7 (Q) = 7 + 70,£(Q) 7

where 7; is the nominal link length, J, is the maximum percentual deviation around the nominal link length and £(2)
is the unit normal random variable with mean and variance being zero and one, respectively and €2 is a random pro-
cess. The unit normal random variable is governed by a normal distribution; this distribution was selected in order
to evaluate the uncertain parameters. Additionally, the uncertain link lengths are non-dimensionalized according to
D(Q) = (F1(2) +72(Q) 4+ 73(2))/3. Consequently, the non-dimensional link lengths with uncertainties are defined
by: r;,(Q) =7;(Q)/D(Q2) fori = 1,2, 3.

On the other hand, the uncertainties in the error of active joints are defined as:

60;(2) = 69;£(2) (®)

where, dg; (for j = 1,2) is the maximum dispersion of the joint error and £(2) is the unit random variable previously
defined in Eq. (7).

The parameters that define the uncertain link lengths and joint errors were determined based on contributions that have
experimentally studied uncertainties in the parallel mechanism. The combined effects produced by strut flexibility and
thermal effects introduce uncertainties in link lengths of a parallel mechanism. Consequently, the maximum dispersion
of these uncertainties was quantified as 0.004% of the link length as stated by Jokiel et al. (2001). In addition, position
control mismatch and position sensor resolution introduce joint errors in the active joints. The uncertain parameters are
defined in table 1.

In the definition of uncertain link length and according to Eq. (1), D = 1 by selecting ; = r;. Nevertheless, different
link lengths can be considered in order to evaluate a several sizes of the mechanism.

The so-called Monte Carlo method combined with the Latin Hypercube sampling Florian (1992) is used to simulate
the kinematics of the mechanism with the considered random uncertainties. The Monte Carlo method combined with the
Latin Hypercube permits to evaluate the uncertain response by demanding less computational effort than using only the
Monte Carlo method. Additional details about this method can be found at Florian (1992).
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Table 1. Parameters of uncertain link lengths and joint errors.

Parameter | 71(2) 72(£2) 73(Q)  001(Q)  602(Q)
T 71 o 3 - -
Oy 0.004% 0.004% 0.004% - -
do [°] - - - 0.05 0.05

2.3 Forward Kinematics

The forward kinematic model sets the position of the end-effector located at the point P as a function of the active
joints ;. Additionally, the joint errors are also considered. The forward kinematics is solved with the aids of the constraint

equation |b;p| = o, therefore:

(x — 11 (Q) cos(by + 601(Q)) — r3(Q)? + (y — 71(Q) sin(f; + 561(Q)))? = ro(Q)? 9)
(z — 11(Q) cos(y + 602(Q)) + r3(Q2)? + (y — 71(Q) sin(fy + 562(Q)))? = ro(Q)? (10)
From Egs. (9) and (10) one obtaines:
x4+ y° — 2(r1(2) cos(01 + 661 () — r3(Q))x — 2r1(Q) sin(61 + 661(2))y —
27‘1(Q)T3(Q) COS(91 =+ 591( )) -+ T‘g(Q) -+ 7'1(9)2 — TQ(Q)2 =0 (11)
x° +y” = 2(r1(Q) cos(b2 + 602(Q)) 4+ r3(Q))a — 2r1 () sin(fz + §62(2))y +
2r1 (Q)73(Q) cos (B2 + 002(Q)) + 73(Q)% + 71(Q)% —72(Q)? =0 (12)
From Egs. (11) and (12) results:
r=ey+ f (13)
with:
B r1(Q2)(cos(01 + 0601(Q2)) — sin(0; + 562(2)))
2r5(2) + 11(2) cos(fz + 562(£2)) — r1(2) cos(b1 + 561 (£2))
B r1(Q)7r3(2)(cos(01 + 601 (€2)) + cos(f2 + 562(£2)))
~2r3(Q) + 71 () cos(fz + 602()) — 71 (Q2) cos(fy + 561(Q))
By substituting Eq. (13) to Eq. (11) results:
dy* +gy+h=0 (14)
with
d =1+ é?
g =2(ef —er1(Q)cos(61 + 661(Q)) + ers () — r1 () sin(6y + 561(2)))
h :f2 — 2f(7’1(Q) COS(Ql -+ 591(9)) — T3(Q)) — 27’1(Q)T3(Q) COS(91 + 591 (Q))
+73(2)% +71(2)* — r2(Q)?
Considering Eq. (14), y can be obtained as:
—g+o+/g? —4dh
= (15)
2d
From Eq. (15), it is noted that the forward kinematic has two solutions corresponding to 0 = 1 or 0 = —1. In this

contribution, o = 1 is adopted.
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2.4 Workspace of the Mechanism

The region of the workspace that is encompassed by the end-effector when the active joints 8; vary from O to 27 is
defined as the theoretical workspace. According to this definition, the collision between the links and the singularities are
not considered. The theoretical workspace is enveloped by two the following circles for the first kinematic chain:

Cio: (x +73())% +y* = (1 (Q) +r2(2)* (16)

Chi: (@ +73(2)% +3° = (r() —r2(Q))? (17
For the second kinematic chain, the workspace is enveloped by the circles:

Co : (x —13())% +y* = (1 (Q) +r2(2))* (18)

Coi t (x —73(Q))? +y° = (r(Q) — r2(2))? (19)

The theoretical workspace is defined by the intersection of the circles represented by the Eqgs. (16), (17), (18) and
(19). The usable workspace is specified as the maximum continuous region inscribed in the theoretical workspace that
contains no singular loci inside. Consequently, the usable workspace is bounded by the singular loci outside. Moreover,
the Maximum Inscribed Circle (M IC) is an index useful to evaluate the flatness of the usable workspace; the M IC is
inscribed within the usable workspace and it is tangent to the singular loci Liu et al. (2006a). Therefore, the Maximum
Inscribed Workspace (M IW) is defined as the workspace bounded by the M IC'. The M IC is defined as follows:

2®+ (y — ymrce)? = rigc (20)

where rr¢ is the radius and (0, yasr¢) is the center of the M IC.. For the cases corresponding to 1 (2) +73() < r2(),
the M IC' is defined by:

rMIC = (7“1(9) + ’I"Q(Q) — |7‘1(Q) — T2(Q)D/2 and
yarre =V (r(Q) +r2(92) + [ () — r2(2)])2/4 — 73(2)2 @b
For the cases corresponding to 71 (Q) + 73(2) > r2(£2), the radius and the center of the M IC are defined by:

ryrc = [ymicl — Yeol and
(r1(Q) +72(2) + yeot)® — r3(2)*
2(7"1 (Q) + 72 (Q) + ycol)
with Yo, = /11(2)2 — (r2(Q) — r3(Q))2.
The workspace of the mechanism is illustrated in Fig. 3 according to the formulation previously presented by consid-
ering the nominal parameters without uncertainties: r1=1.2, r2=1.0, r3=0.8 without uncertainties.

Ymic = (22)

-15 -1 -05 0 05 1 15

Figure 3. Workspace: usable workspace, M ITW and singular loci.

2.5 Clearances

The clearances are considered in the active (see Fig. 4(a)) and the passive joints (see Fig. 4(b), 4(c)). Each active joint
introduces three additional degrees of freedom: Az 4,, Aya, associated to the radial clearance between the journal and
the bearing and dhi produced by the angular position error of the motor. Furthermore, each passive joint introduces two
additional degrees of freedom by the radial clearance: Azp,, Ayp,. Several assumptions are considered to include the
additional degrees of freedom (Ax 4,, Aya,, Axp,, Ayp,, 00;, Azp, Ayp) of the clearances into the kinematic model
of the parallel mechanism. These assumptions are described as follows:



F. A. Lara-Molina et al.
Planar 5R Symmetrical Parallel Mechanism Subjected to Clearances

1. The radial clearance of all clearances are equal, and they are defined by 7..

2. The bearing is always in contact with the journal according to the motion type defined by Erkaya (2012); this allows
evaluating the maximum effect of the clearances on the position error of the end-effector.

3. The passive joint of the end-effector is in free motion type as defined by Erkaya (2012). Therefore, the imposed
values for v4, and vp, must ensure that |[p1p| < r., to respect the kinematic constaints (see Fig. 2c), with

P = [:L'JrAiL'Bl y+AyBl]Tand P2 = [x+A:nB2 y+AyB2]T

4. The clearances are considered for the static case, i.e., the static case where Az 4, = Aya, = Aip, = Ayp, =
00 = 0.

5. The links rotate along the journal axis that is perpendicular to the xy plane.

6. The journal does not translate with the bearing, i.e., the displacements of clearance are not propagated within each
kinematic chain.

7. The uncertainties are introduced in the angular position of the journals defined by the angles v 4, and vp, and 7,
remains constant.

Bearing

(a) Active Joints. (b) Passive Joints. (c) End-Effector Joint.
Figure 4. Clearances Model: active and passive joints.

The uncertainties in the clearances of active joints are defined by the following expressions based on the previous
assumptions:

Azg, (@) =rccos(va, () Aya, (@) = resin(va, () 56:(2) = d0,£(2) (23)

where, v 4, (£2), dg, (for i = 1,2) is the maximum dispersion of the position error of the active joint and £(€2) is the unit
random variable.
Similarly, the uncertainties in the clearances of passive joints are defined by:

Azp, () =7, [cos(UB.

() —cos(m —va, ()]

Q) —sin(r —va, ()] 24)

i

T [sin(UB.

3. KINEMATIC PERFORMANCE ANALYSIS

The kinematic performance analysis consists in analyzing the kinematic accuracy of the mechanism considering the
position of the end-effector in several poses within the usable workspace subjected to uncertainties.

Several cases within the design space are selected, i.e, several values for s, and ¢ are considered. Moreover, the
corresponding link length 1, 79 and r3 for the considered cases are shown in Table 2.

The kinematic performance analysis includes the analysis of the forward kinematic subjected to uncertainties and
the Local Conditioning Index (LCI) over the usable workspace. The forward kinematic subjected to uncertainties was
evaluated for several poses within the usable workspace. Specifically, the position of the end-effector was assessed
considering the uncertainties through the Monte Carlo simulation. To evaluate comparatively the effect of uncertainties
among the different poses, every single pose subjected to uncertainties is inscribed into a circle, centered at the position
of end-effector with nominal parameters and non-dimensional radius of 0.005.



25th ABCM International Congress of Mechanical Engineering (COBEM 2019)
October 20-25, 2019, Uberlandia, MG, Brazil

Table 2. Cases of analysis within the design space.

Case S t 1 T9 r3
a) 277 0.08 | 2.00 0.20 0.80
b) 1.00 080 | 047 1.73 0.80
c) 144 130 | 0.60 1.10 1.30
d) 1.80 0251 075 200 0.25

3.1 Casea)

Figure 5(a) shows the different poses where the forward kinematics were evaluated over the usable workspace. In
addition, Fig. 5(b) shows the forward kinematics solution for every single pose inscribed in the circle; this result permits
to establish a comparative evaluation of the variation in the position of the end-effector produced by the uncertainties.

23F d)
1.975 2025 a5 | 1015
22t Ve RN
21l 202| w REY R
/’/,/\‘\\ \ ‘. yd
2 .’)/ d % .\'bT 1965 2015] 1908
4 [& a - -5 -5 0.
=gt e h) T *———7_,_g$)j_

1.975 1.945

1.875 |y

197 187

1.865

y ! 1.965
-04 -03 -02 -041 % 01 02 03 04 0435

1.935
0.215

0.15 0.155 022 0.225 0.345 0.35 0.355

(a) SR Mechanism. (b) System References.

Figure 5. Forward kinematics for case a: (a) poses over the usable workspace, (b) zoom of poses.

Figure 3. shows the behavior of the LC'I over the usable workspace. For this, case one can observe that the LCI suffers
a significant variation over the usable workspace. Additionally, as indicated in Fig. 5(b), the most expressive variations
in the position of the end-effector are obtained for poses with low LCI. This behavior can be observed specifically, for
poses e and i, which are located on the borders of the usable workspace. The characteristics analyzed, in this case, results
in an unsatisfactory performance of the mechanism as indicated by the low kinematic dexterity and great influence of the
uncertainties on the kinematic positioning of the end-effector.

22

1 1
0.3 04

0.7 0.8 0.9

-0 0 0.1 0.2
€T
T ;

04 03 02
i
|

0.1 0.2 0.3

L 1 1
0.4 0.5 0.6

Figure 6. LCI over the usable workspace for case a.

3.2 Caseb)

Figure 7 shows the position of the end-effector subjected to uncertainties considering the case b) of Table 2. Figure 7(a)
shows that the effect of the uncertainties on the position of the end-effector is small for the poses considered, i.e., the
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variation of the end-effector position is small. This behavior can be observed for all the poses evaluated in Fig 7(b).

a) d) ¢)
1705[ _—aa05 2005[ _—6-005 1455[  _—6.005
p N / B ™
22 / " \ / \ /
17 2 . 1.45 )
2 /&\ | )
\ / \ \ /
) . e i N i NG >
18 N 1605 1995f ——— 1445 ~—
: y y -5 [) 5 -5 0 5 0495 05 0505
c) a) b) N N
16 x10° x107
=
14 . ‘ ) '8) . b) g) i)
/1) . o 9) \ 1705 o005 1405[ 6005 1208] w00
12 T P 7 RS / Ny 7 N
»\\/ 9 i \ / \ / \
1 17 LY 14 LY 12 o
\ Y \ / \ Y
08 N P Y Pg NG, B
-1 08 06 04 02 0 02 04 06 08 1 1650 = 1265 — L e
T 0495 05 0505 0795 0.8 0805 0295 03 0305
(a) (b)

Figure 7. Forward kinematics for case b): (a) Poses over the usable workspace, (b) Zoom of poses.

As observed in Fig. 8, the LCT has a high value (LC'I = 0.9); this indicates an isotropic kinematic behavior of the
mechanism. Moreover, LCI does not suffer a meaningful variation over the usable workspace, except on the external
borders of the workspace. Therefore, the good dexterity performance over the usable workspace contributes to reducing
the effects of uncertainties in the kinematic accuracy of the mechanism.

0.1 02

Figure 8. LCT over the usable workspace for case b).

3.3 Casec)

Figure 9 show the position of the end-effector subjected to uncertainties. Figure 9(a) shows that the effect of uncer-
tainties in the position of the end-effector deepens on the considered pose, i.e., the variation of the end-effector position
increases for positions close to the borders of the workspace, because of these borders contains singular loci poses. This
behavior can be observed for all the poses evaluated in Fig 9(b).

a) d) €e)
0.805 ~—6.005 1005[ _—-6.005 | o605’ .05
v N i Y N
// / b 1 /
[
038 ’ 1 [ 08|
I\ ) \ /
o7es| S~ 0995, — 0505~ —
-5 [} 5 5 0 5 0245 025 0255
x10° X 10
b) 9) i)
0805| _—o-u0s
A | 0605 -005 049 Ao
/ \ 06| < \; 0.485 ( \
0.8| e b/ 7
\ | o595 ~¥ 048
SN /./ 050 0475
0795 = 047
0145 015 045 009 01 0i1 02 03 031
(@ (b)

Figure 9. Forward kinematics for case ¢): (a) Poses over the usable workspace, (b) Zoom of poses.

Figure 10 shows the LC'I over the usable workspace. The most significant variations in the position of the end-effector
produced by the uncertainties are obtained for poses with low LCI, which are located in the borders of the workspace for
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poses: e), g) and 7) (see Fig 9(b)). Furthermore, it is observed that the LC suffers an important variation over the usable
workspace.

-1 08 -06 -04 02 0 02 04 06 08 1

Figure 10. LCT over the usable workspace for case ¢).

3.4 Cased)

The results for case d) are presented in Figs. 11 and 12. The variation in the position of the end-effector is small as
compared with the previous cases. For all the cases the end-effector position is inscribed into the circles indicating a low
effect of the uncertainties considering this set of link lengths.

d) e)
3
1.505 _—6 5 2.505 _~—0-005 1.105 _~—0-005
o S N e N
us Y / N \ / \
) 15 L 25 e 11 -
\ // \\ /] \ //
2 b 4 2 N, D
1405 —o 2405 —— 1.005f —o
// \ -5 0 5 -5 [ 5 0895 1 1.005
15 /e @) 'h)\\ x10° x10°
/ Ny \ b) 9) )
/ .
1 / ) ) \\\ 1.505 510D 0.605 810D 0.405 - —B:005
/ N g s o
/ \ / % / N\ / \
/ \ \ \ p \ / \
. . \ / | / |
oL I")/ \ 9. \ 15 \ 06 \ 0.4 .
LD ) It 1%
=3 2 =l 0 1 2 3 1405) T~— 0595| ~~— 0.395 ~—
€T 1.7967981.8 802804 1.7967981.81.802804 22 2205
(@ (b)

Figure 11. Forward kinematics for case d): (a) Poses over the usable workspace, (b) Zoom of poses.

Figure 12 shows that LCT attains an intermediate maximum value, where max(LCI) = 0.55. However, LCT has a
uniform value over the usable workspace, i.e., LCT does not suffer a significant variation except at the workspace borders.
This condition permits to ensure an acceptable kinematic accuracy as it was presented in Fig. 11.

005 01 015 02 025 03 035 04 045 05 055

Figure 12. LCT over the usable workspace for case d).

4. CONCLUSIONS

the kinematic performance analysis illustrated the effect of uncertainties in the kinematic positioning of the end-
effector of the mechanism for a set of given link lengths. Consequently, the kinematic performance analysis permitted to
describe the kinematic performance of the mechanism based on the performance atlases subjected to uncertainties, i.e.,
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the behavior of the mechanism can be predicted by examining the performance atlases in a design procedure taking into
account the uncertainties in link lengths and joint errors.

Future works will encompass the analysis of the dynamic performance of planar parallel mechanisms considering
uncertainties.
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