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Abstract. The present contribution is dedicated to active vibration control in a flexible beam using electromagnetic 

actuators. For this, the structure was built and its parameters were identified. After that, the mathematical modeling of 

the physical system was done, and from this model, the controller LQR was designed. The methodology was analyzed 

numerical and experimentally. The numerical control was projected using software MatLab/Simulink and the 

experimental control was performed in a test bench. Both the numerical and experimental results presented satisfactory 

results and proved the validity of the proposed methodology. 
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1. INTRODUCTION  

 

Beam elements are of great importance in the civil construction and mechanical fields, as they are commonly used at 

structures and machines. In particular, due to the great dynamics of operation in the mechanical area, many machines and 

equipment generate a high level of vibrations, which can often lead to damaging consequences to the structure. Therefore, 

some techniques were created to control vibrations in structures. Among them, stands out the Passive Control,  

which is the manipulation of the physical properties of the system, such as mass rigidity and damping in order to minimize 

vibration and increase system stability (Borges, 2016), and an interesting aspect that justifies the choice of passive control 

in several applications is that it does not require the use of a complex electronics for its operation (Koroishi, 2013); and 

the Active Control, which is the most advanced method for vibration attenuation, consisting of sensors, actuators and a 

control unit. The sensors are responsible for identifying the output variables, the control unit process the information from 

de sensors, applying the algorithm and the control signals and, finally, the actuators that convert the control signals into 

the stress actions in the structure (Borges, 2016).  Among the active vibration control techniques, Modal Control has 

been highlighted, mainly because it reduces considerably the computational cost required. This is due to the fact that this 

technique employs a reduced mathematical model that represents the structure, which has its dynamic behavior 

satisfactorily described by the use of a limited number of modes that compose its mathematical model (Koroishi, 2013). 

The present work is designed to study active vibration control techniques, hereby numerically and experimentally, 

using electromagnetic actuators at a flexible beam prototype. 

 

2. METHODOLOGY 

 

The vibration phenomenon is characterized by a natural oscillatory movement present in structures and equipment. 

However, when a system exhibits a high level of vibration propagation, it is subject to harmful consequences, such as 

impairment of its efficiency, resulting in premature wear or even collapse of the structure (Santos, 2018). 
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In order to solve this problem, vibration control techniques were created. This work aims to study active vibration 

control techniques in a flexible beam, showed in Fig. 1(a), using electromagnetic actuators, starting by structure assembly, 

mathematical model, parameters identification, numerical control and finally experimental control. 

 

 

              (a)                                                              (b) 

                  
 

Figure 1. (a) Flexible beam. (b) Model. 

 

 

2.1 System Modeling 

 

The rule dimensions are 300 mm (length), 26.5 mm (width) and 1.0 mm (thickness) and, as shown in the Fig. (1b), 

the flexible beam has a concentrated mass (where we positioned an “I” pair of the actuators) and is set in a jaw coupled 

to the upper aluminum profile, supported by 2 columns. It was divided in 20 finite elements, considering two degrees of 

freedom per node, the first one related to the displacement and the second to rotation, being the first node restricted to 

these movements due to the crimping. An impulsive force was applied by the actuators themselves at node 9 and the 

response signal was captured by an accelerometer at node 21. All the 20 discretized elements have 15mm of length and. 

a pair of actuators positioned in node 9 is a 264,07𝑔 pontual mass. 

According to Newton's second law, the motion equation that describes the structure dynamic behavior is represented 

by Eq. (1) 

 

[𝑀]{𝑥̈(𝑡)} + [𝐶𝑎]{𝑥̇(𝑡)} + [𝐾]{𝑥(𝑡)} = {𝐹(𝑡)}                                                                                                   (1)  

 

in which [𝐾], [𝑀] e [𝐶𝑎] are the stiffness, mass and damping elementary matrices respectively, {𝑥} the displacement 

vector and {𝐹} is the force applied to the structure.                                                    

Using the finite element method and the Euler-Bernoulli model for beams, the elementary matrices [M], [K], [Ca], 

according to (Azevedo, 2003) are presented by Eq. (2). 

 

[𝐾] =
𝐸𝐼

𝐿
[

12 6𝐿
6𝐿 4𝐿2

−12 6𝐿
−6𝐿 2𝐿2

−12 −6𝐿
6𝐿 2𝐿2

12 −6𝐿
−6𝐿 4𝐿2

] 
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[𝑀] =
⍴𝑆𝐿

420
[

156 22𝐿
22𝐿 4𝐿2

54 −13𝐿
13𝐿 −3𝐿2

54 13𝐿
−13𝐿 −3𝐿2

156 −22𝐿
−22𝐿 4𝐿2

]                                                                                                                (2) 

 

 
[𝐶𝑎] = 𝛼[𝑀] + 𝛽[𝐾] 

 

The matrices [K] and [M ] depend only on the elastic modulus E, the inertia moment I, the specific mass ⍴, the cross 

section S and the length L, while [𝐶𝑎] also depends on α and β, which are real scalars, and correspond to constants of 

mass and rigidity proportionality, respectively (Santos, 2018).  

The beam model presented by Eq.  (1) was written in space states representation, in which, according (Ogata, 2003), 

it is the form given by Eq. (3). 

 
{ϼ̇} = [𝐴]{ϼ} + [𝐵𝑒𝑥𝑐]{𝑓} + [𝐵𝑐𝑜𝑛𝑡]{𝑓𝑐𝑜𝑛𝑡}                                                                                                                       (3)                             

{𝑦} = [𝐶]{ϼ} 

 

Matrix [𝐴] is called dynamic matrix, matrix [𝐵𝑒𝑥𝑐] is the input matrix, matrix [𝐵𝑐𝑜𝑛𝑡] is the control matrix and matrix 

[𝐶] is the output matrix, while the vector [ϼ] corresponds to the state vector. 

The parameters S, L can be easily measured using a caliper rule, and the parameter I can be calculated. However, the 

parameters E, ⍴, α and β cannot be calculated directly. Therefore, it is necessary to use the optimization means to 

approximate the values of such parameters. The Genetic Algorithm was used to identify parameters. 

 

2.2 Genetic Algorithm 

 

A fundamental part for the study of a real system is obtain its mathematical model. Through this model it is possible 

to evaluate the system dynamic behavior. However, to obtain the mathematical model it is necessary that the system 

physical parameters are accurately identified. 

In this context, one of the ways to obtain these parameters is through the inverse problem methodology, which consists 

of applying an input to your system and measuring an output (Cavalini, 2015). Knowing the input and its output, you can 

generate a Frequency Response Function (FRF), and through it use an optimization mean to find the unknown parameters. 

The present work used the Genetic Algorithm (GA) optimization method. 

In a direct problem, system output is determined based on knowing inputs and system parameters. Otherway, in inverse 

problem the output are known and want to estimate the input or system parameters (Repinaldo, 2018). 

Genetic algorithms (GAs) are search methods based on principles of natural selection and genetics (Fraser, 1957; 

Bremermann, 1958; Holland, 1975). It simulates natural phenomenon, proposing to find the best values that fit the desired 

curve. GA is a search technique based on natural selection processes for survival through population genetics (Holland, 

1992). In order to the GAs begin to evolve, we use selection, crossover, mutation, and substitution steps, where the 

survival mechanism can be applied to the candidate solutions (Goldberg, 1989)(Haupt e Haupt, 1998). 

GAs encode the decision variables of a search problem into finite-length strings of alphabets of certain cardinality. 

The strings which are candidate solutions to the search problem are referred to as chromosomes, the alphabets are referred 

to as genes and the values of genes are called alleles. For example, in a problem such as the traveling salesman problem, 

a chromosome represents a route, and a gene may represent a city. In contrast to traditional optimization techniques, GAs 

work with coding of parameters, rather than the parameters themselves. (Sastry, 2005). 

To evolve good solutions and to implement natural selection, we need a measure for distinguishing good solutions 

from bad solutions. The measure could be an objective function that is a mathematical model or a computer simulation, 

or it can be a subjective function where humans choose better solutions over worse ones. In essence, the fitness measure 

must determine a candidate solution’s relative fitness, which will subsequently be used by the GA to guide the evolution 

of good solutions (Sastry, 2005). 

The population size is another GA’s important parameter. It affect the scalability and performance of genetic 

algorithms. The user must choose the best way to set it, once a small population size might lead to premature convergence, 

and large population size lead to unnecessary expenditure of valuable computational time. 

To start to evolve solutions to the search problem, GA follows seven steps. They are Initialization, Evaluation, 

Selection, Recombination, Mutation, Replacement and the last one is repeat steps 2-6 until a terminating condition is met. 

The optimization algorithm GA was executed two hundred time for the following population sizes: 50, 100, 150 and 

200. Tab. (1) shows the project space. 
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Table 1. Parameters range. 

 

 

 

 

 

 

 

 

Figure (2) shows the comparison between FRF experimental and identified FRF means for different population sizes, 

while Fig. (3) shows an approximation in the peaks. 

 
 

Figure 2. Experimental and identified FRFs. 

 
Figure 3. Experimental and identified FRFs peaks. 

 

Table (2) presents the parameters mean and their respective standard deviation. 

 

Table 2. Parameters mean and standard deviation. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Parameter Inferior Limit Superior Limit 

Elastic Modulus [E] 1𝑥1012 1𝑥1013 

Specific Mass[⍴] 1𝑥103 1𝑥105 

Proportionality Constant [α] 0 1 

Proportionality Constant [β] 0 1 

Population Size Elastic Modulus [E] Specific Mass[⍴] 

50 1.9766𝑥1012 6.99𝑥1010
−
+  1.7018𝑥104 8.99𝑥103

−
+  

100 1.5851𝑥1012 7.49𝑥1010
−
+  1.0434𝑥104 459.91−

+  

150 1.0801𝑥1012 3.81𝑥1010
−
+  5.6601𝑥103 436.47−

+  

200 1.0995𝑥1012 2.91−
+ 𝑥1010 5.8008𝑥103 256.20−

+  

Population Size Proportionality Constant [α] Proportionality Constant [β] 

50 0.3444 0.1287−
+  6.1432𝑥10−5 2.8𝑥10−5

−
+  

100 0.2188 0.2208−
+  9.4849𝑥10−6 1.45𝑥10−5

−
+  

150 0.3077 0.3348−
+  1.7718𝑥10−6 3.58𝑥10−6

−
+  

200 0.2825 0.3697−
+  1.9256𝑥10−6 5.96𝑥10−6

−
+  
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As the population increases, the identified curve most closely approximates the experimental curve. Therefore, note 

that the identified curve that best approached was the red population size 200 curve.  

However, the standard deviations were relatively high, since not all the curves converged, we chose a curve that best 

converged among those presented by the optimization with population of 200 and its parameters value are presented by 

Tab. (3). 

 

Table 3. Identified Parameters. 

 

 

 

 

 

 

2.3 Control techniques 

 

Control systems basically deal with the maintenance of quantities such as temperature and pressure at desired 

operating values or the conduction of a given variable to certain values (Pinheiro, 2009). The control technique obtains 

data from the stipulate system outputs and the controller makes the necessary decisions with this data, comparing the 

outputs with a predefined values. Then, the controller sends the necessary commands to the actuator, that adjusts an action 

to correct the error in order to improve system performance and obtain a variable output as close as desired (Repinaldo, 

2018).  

The optimum Linear Quadratic Regulator controller is more and more widespread in the literature, due to its 

performance and ease implementation (PURNAWAN; MARDLIJAH; PURWANTO, 2017). It is widely used in many 

applications where optimum control is required. The implementation of this control strategy type includes the feedback 

of the states, which will be weighted in order to minimize a cost function (BURNS, 2001). 

Considering a feedback control presented by Eq. (4), the actuators electromagnetic force can be found through the 

gain controller gain [𝐾𝑔]. 

 

{𝑥̇} = [𝐴]{𝑥(𝑡)} + [𝐵]{𝐹𝐴𝐸𝑀}                                         (4) 

{𝐹𝐴𝐸𝑀} = −[𝐾𝑔]{𝑥(𝑡)}                          

 

The controller gain [𝐾𝑔], according (Ogata, 2003), is determined by minimizing a cost function, given by Eq. (5) 

 

𝐽 = ∫ ({𝑥(𝑡)}𝑇[𝑄]{𝑥(𝑡)] + {𝑢(𝑡)}𝑇[𝑅]{𝑢(𝑡)})𝑑𝑡
∞

0
                          (5) 

 

Which [𝑄] is a positive definite (or semidefinite positive) or real symmetric Hermitian matrix and [R] is a symmetric 

positive or real definite Hermitian matrix, with [𝑅] = [𝑇]𝑇[𝑇], where [T] is a non-singular matrix. Note that the Eq. (5) 

second term on the right side represents the energy consumption of control signals. The matrices [𝑄] and [𝑅] determine 

the relative importance of the error and the consumption of this energy (Ogata, 2003). 

Eq. (4) can be rewritten by  

 

{𝑥}̇ = [𝐴]{𝑥(𝑡)} − [𝐵][𝐾𝑔]{𝑥(𝑡)} =  ([𝐴] − [𝐵][𝐾𝑔]){𝑥(𝑡)}                           (6)    

 

Considering matrix ([𝐴] − [𝐵][𝐾𝑔]) is stable or that the eigenvalues ([𝐴] − [𝐵][𝐾𝑔]) have negative real parts. 

Substituting Eq. (4). In Eq. (5). Gives Eq. (7). 

 

𝐽 = ∫ {{𝑥(𝑡)}𝑇 ([𝑄] + [𝐾𝑔]
𝑇

[𝑅][𝐺]) {𝑥(𝑡)}}
∞

0
 𝑑𝑡                 (7) 

 

The Gain matrix [𝐾𝑔], presented by (Ogata, 2003), is given by Eq. (8). 

 

[𝐾𝑔] = [𝑅]−1[𝐵]𝑇[𝑃]               (8) 

 

In which [P] is a positive definite or symmetric real Hermitian matrix, which can be obtained by solving the reduced 

matrix equation of Riccati, given by Eq. (9). 

 

[𝐴]𝑇[𝑃] + [𝑃][𝐴] − [𝑃][𝐵][𝑅]−1[𝐵]𝑇[𝑃]  +[𝑄] = 0            (9) 

 

Parameter 

E (𝑃𝑎) Ρ (𝐾𝑔/𝑚3) α β 

2,3971𝑥1012 2,2442𝑥104 0,2964 2,9873𝑥10−5 
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2.4 Eletromagnetic Actuator 

 

The methodology to obtain the electromagnetic actuator model was previously presented by (Morais, 2013). 

According him, the magnetic field flux direction is provide due to the winding of the coils in a ferromagnetic core of a 

sweet iron type, which leads to the losses dispersions reduction. The problem related to the parasitic currents losses 

(Foucault) is reduced using a core composed by several blades. 

 

 

 
Figure 4. Electromagnetic actuator model (Morais, 2013). 

 

The electromagnetic attraction force between the two ferromagnetic nucleus elements is given by Eq. (10). 

 

𝐹𝐴𝐸𝑀 =
𝑁2𝐼2μ0𝑎𝑓

2 ((𝑒 ± 𝛿) +
𝑏 + 𝑐 + 𝑑 − 2𝑎

μ𝑟
)

2                                                                                                                                        (10) 

 

where 𝑁  is number of turns, 𝐼 the actuator eletrical current, 𝜇0 the vacuum magnetic permeability, 𝜇𝑟 the relative 

permeability, “𝑒” the gap, 𝛿 the variable that adds to the gap to represent the vibration in electromagnetic actuator 

direction, 𝑎, 𝑏, 𝑐, 𝑑 and 𝑓 are constants that represent the actuator geometric parameters. As AEM’s just apply attraction 

force, it should be understood as: the value “ + ”for 𝛿 > 0; and “ − ” for 𝛿 < 0. 

Figure (5) shows the real electromagnetic actuator used. 

 

 
Figure 5. Real electromagnetic actuator. 
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The AEM’s parameters values, extracted by (Koroishi, 2015), is shown in Tab. (4). 

 

 

Table 4. AEM’s parameters. 

 

Parameter Value 

𝜇0  (𝐻/𝑚) 4𝜋10−7 

𝑁 (𝑒𝑠𝑝𝑖𝑟𝑎𝑠) 250 

𝑎 (𝑚𝑚) 9.5 

𝑏 (𝑚𝑚) 38 

𝑐 (𝑚𝑚) 28.5 

𝑑 (𝑚𝑚) 9.5 

𝑒 (𝑚𝑚) 1.5 

𝑓 (𝑚𝑚) 19.5 

 

 

Tab. (4). shows that the electrical current 𝐼, the displacement 𝛿 and the relative permeability 𝜇𝑟 are not determined. 

The electrical current is determined by the control plant, so it is determined according the system request; the 

displacement, in turn, is a measurable parameter directly on the test bench.  

Tab. (5) shows the relative permeability values for each AEM, which were determined experimentally by (Colombo, 

2018). 

 

Table 5. AEM’s identified values. 

 

 

                        

 

 

An AWG24 standard copper wire is used in the coil winding. This wire characteristics are shown in Tab. (6). 

 

Table 6. AEM’s copper coil wire parameters. 

 

 

                        

 

 

2.5 Test Bench 

 

The experimental control was performed in a test bench. The equipment were assembled according to Fig. (6). 

AEM Median Average Mean Deviation 

1 727.90 662.57 9.36% 

2 397.65 468.46 8.57% 

Diameter (𝑚𝑚) Area(𝑚𝑚2) Resistance to 20°C (
𝑂ℎ𝑚

𝑚
) Maximun Current (𝐴) 

 

0.511 2.205 0.0842 3.5 
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Figure 6. Test bench. 

 

The input force generated by the electromagnetic actuators generates a displacement signal which is measured by the 

PCB Piezotronics® accelerometer, which has 11.2 𝑚𝑉/𝑁 sensibility and the structure natural frequencies are within 

range of the accelerometer. Then, this signal is transmitted to a signal conditioner in order to improve the measured values 

accuracy which are conducted to the acquisition board. The conditioner model is PCB Piezotronics® 480E09. The function 

of amplifiers is converting the board output voltage signal to electric current that will feed the actuators. The model is a 

Maxon Motor® 4-Q-DC Servo-Amplifier. 

With the conditioner sending the signal, the data acquisition is performed through the National Instrument PCI-6221 

board, which has 100[Hz] acquisition rate and 10[ms] response time. This board is connected to a desktop computer, and 

both an analog accelerometer input signal and two voltage outputs that will power the amplifiers are used. 

Figure (7) illustrates the schematic experimental control model. 

 

 
Figure 7. Schematic experimental control model. 

 

 

3. RESULTS AND DISCUSSION 

 

3.1 Numerical Control 

 

The numerical control was simulated using the software Matlab/Simulink, and the results are presented in the Figs. 

(9) to (10). 
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          Figure 8. Numerical Displacement.                               Figure 9.  Numerical Frequency Response Function. 

     
Figure 10. Numerical Electrical Current. 

 

The LQR controller presented a good numerical performance. The accommodation time is about 0.85 s. Analyzing 

the FRF, the first mode reduction was 17.68 dB and the second mode reduction was 7.45  dB. The maximum electrical 

current used was 0.1128 [A].  

 

3.2 Experimental Control 

 

The experimental control was performed, as showed in Fig. (4), aiming to validate the proposed methodology. The 

experimental results are presented in the Figs. (11) to (12). 

 
          Figure 11. Experimental Displacement.                         Figure 12.  Experimental Frequency Response Function.  

 

 
Figure 13. Experimental Electrical Current. 

 

At experimental control, the LQR controller presented an excellent performance, better than numerical. 

Accommodation time was about 0.5. Analyzing the FRF, the first mode reduction was 9.94 dB and the second mode 

reduction was 1.97 dB. The maximum electrical current was 0.1108 [A]. It is important to note that shortly small 

disturbance occurred after the system was controlled, around the time of 1 s, which was caused by the actuator itself, as 

can be observed by the electric currents that rose slightly above the noise level during that time.  This disturbance presents 

a level slightly higher than the noise and causes this incoherence in the FRF peaks, especially in the first mode. 
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4. CONCLUSION 

 

The present work aimed at the assemble, identification, modeling, numerical and experimental vibration control in a 

flexible structure that simulates a flexible beam behavior using electromagnetic actuators. Firstly, when the bench was 

assembled, the structure physical parameters were identified. Then, the dynamic system modeling and the controller 

design was done, and finally the numerical simulations and experimental control were performed. The LQR controller 

presented excellent performance both numerically and experimentally.  

The negative point to highlight is this small disturbance caused by the actuator that appeared at experimental control, 

which causes incoherence at the controlled FRF peak. However, in general, it can be concluded that the proposed 

methodology and the tools used, presented satisfactory results, making possible its use to improve the performance of 

active vibration control in the flexible structures. 
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