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Abstract. Axially moving systems are present in a wide range of engineering devices such as transmission belts, variable
transmission systems, band saw, cold drawing process, paper machines. However, above a certain critical speed, these
systems can experience strong vibration and dynamic instabilities, leading to structural failure. In the literature, there
are studies of such systems considering both the elastic and rigid supports as boundary conditions. It is known that
this elastic foundation can change the behavior of axially moving structures. In this context, the stability and dynamic
responses of these two types of systems have been widely studied to guarantee the success of the projects. Several methods
were proposed for the structural analysis and among them, the spectral element method is very interesting in the dynamic
analysis of structures. This work developed axially moving strings models using the spectral element method and analyzed
the effects of the moving speed and the elastic foundation on the transversal vibrations. The moving speed considerably
affects the natural frequency of the structures. The elastic foundation affects the natural frequencies and, together with
the moving speed, attach a damping effect to the frequency response function.
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1. INTRODUCTION

Axially moving structures are of technological importance and widely present on engineering devices as transmis-
sion belts, CVT, band saws, aerial cable tramways, thread-lines in the textile industry and the like. Depending on the
moving speed, these systems may experience strong vibrations and static and dynamics instability resulting in structural
failure. Thus, the dynamic characteristics of such axially moving structures, focus on the transverse vibration, became an
important subject to ensure stable work conditions. The literature presents a large number of papers on this topic.

(Lee et al., 2004) formulated a spectral element model to analyze the transversal vibrations of an axially moving
Timoshenko beam subjected to constant axial tension. The results were compared with analytical and finite element
method solutions. (Lee and Oh, 2005) analyzed the viscoelasticity and the moving speed effects on an axially moving
viscoelastic beam using the spectral element methods. (Xia et al., 2015) performed an experimental study about nonlinear
dynamics characteristics of an axially moving string. (Lee and Perkins, 1995) presented an experimental study of the
nonlinear dynamic characteristics of taut steel cables using a 3-D motion analysis system.

(Oh et al., 2004) studied the transversal vibration of an axially moving Euler-Bernoulli beam using the spectral element
method. Also investigated the effects of the moving speed and axial tension at the vibrations and stability. The elastic
foundation can severely affect the behavior of the axially moving structure. (Bhat et al., 1982) studied axially moving belts
supported on an elastic foundation and also considered nonlinearities. Assuming constant moving speed, they obtained
the free vibration response of the belt in the presence of the elastic foundation for various velocities of the belt. (Banichuk
et al., 2014) studied the paper web machine considering the model of an infinite, homogeneous linearly elastic beam
resting on a system of linearly elastic supports.

The purpose of this work is to develop axially moving strings models supported by an elastic foundation using the
spectral element method to analyze the dynamic characteristics and the effects of the moving speed on the transversal
vibrations. And also analyze the effects of periodicity.
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2. SPECTRAL ELEMENT METHOD

The Spectral Element Method, SEM, is widely used on structural dynamics problems, wave propagation, and other
related problems because it allows the accurate description of the dynamic behavior. According to (Lee, 2009), the SEM
can be considered as a combination of the critical features of the Finite Element Method (FEM), the Dynamic Stiffness
Method (DSM) and the Spectral Analysis Method (SAM).

2.1 Spectral Element Modeling

Figure 1 shows the first two models that are considered in this work. Model 1 is a simply supported uniform axially
moving string and Model 2 is an axially moving string supported by an elastic foundation (a spring that can be linear or
nonlinear). Both strings have the same properties, a uniform cross-section area A, traveling in its axial direction with a
constant moving speed c. The supports are separated by a distance L, and the cables have mass density ρ.

(a) (b)
Figure 1. Axially moving string models, (a) Model 1 - simple support and (b) Model 2 - subject to elastic foundation

In both cases, the cables are subject to axial tension Nx. The transverse displacement w(x, t) defines the motion of
the cable as a function of time and position along its length. The equation of motion for the system, without considering
any of the boundary conditions is given by the partial differential equation (Lee, 2009).

ρAẅ + 2ρAcẇ′ + ρAc2w′′ −Nxw′′ = f(x, t) (1)

The solution of Eq. 1 is obtained by the method of separation of variables, considering harmonic motion in the time
domain as,

w(x, t) =
1

N

N−1∑
n=0

Wn(x)eiωt (2)

This way, the resulting equation of motion in the space domain is obtained as

−ω2ρAW + i2ωρAcW ′ − (Nx − ρAc2)W ′′ = F (x) (3)

Initially, considering the case of free motion (F (x) = 0) , a solution for the ordinary differential equation (Eq. 3) can be
written as W (x) = a e−ikx, where a is a constant and k is the wavenumber given in rad/m. Applying this expression in
Eq. 3, it is possible to obtain the dispersion equation

(
Nx − ρAc2

)
k2 + 2ρAcωk − ρAω2 = 0 (4)

The wavenumber is easily calculated from Eq. 4 as

k1,2 = −ω
(
ρAc±

√
NxρA

Nx − ρAc2

)
(5)

There is a critical value of cable speed, which vanishes the denominator of Eq. 5, ccr =
√
Nx/ρA. At this speed, the

system becomes unstable, and the natural frequencies approach zero.
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2.2 Harmonic Force Vibration

Considering the case of harmonic force vibration, the cable spectral element matrix can be calculate according the
model developed in (Lee et al., 2004), where for one element, the force vector f is related to the displacements d at the
two ends of the cable, by the spectral element matrix S as

f = S(ω)d, where, S(ω) = H(ω)−TD(ω)H(ω)−1 (6)

The spectral element matrix is calculated using

H =

[
1 1

eik1L eik2L

]
(7)

D(ω) = −(Nx − ρAc2)KEK− ρAω2E− ωρAc(KE−EK) + iρAc(ωI− cK)Ē (8)

the the matrix K is a diagonal matrix defined as K = diag(k1, k2), the elements of the matrix E are computed as

Ers =

{
i

kr+ks
Ērs, if kr + ks 6= 0

L, if kr + ks = 0
(9)

where Ērs are the elements of the matrix Ē

Ē =

[
e−i2k1L − 1 e−i(k1+k2)L − 1

e−i(k1+k2)L − 1 e−i2k2L − 1

]
(10)

The spectral element matrices can be assembled in a completely analogous way to that used in FEM. Applying the
boundary conditions after the assembly may provide a global system equation in the form as Sg(ω)dg = fg where Sg(ω)

is the global dynamic stiffness matrix, dg is the global spectral nodal DOFs vector, and fg is the global spectral nodal
forces vector. Considering the case of a cable simple supported at the left hand side and elastically supported on the right
hand side by a spring with linear elastic constant s1, the spectral element matrix can be written as

{
f1

f2

}
=

[
S1,1 S1,2

S2,1 S2,2 + s1

]{
d1

d2

}
(11)

where Sp,q are the elements of spectral element matrix given by eq. (6). The application of the simple supported case,
allows to write the displacement of the right hand side due to a harmonic force applied at the same location as

d2 = (S2,2 + s1)−1f2 (12)

where, S2,2, is calculated according to the procedure described previously

2.3 Periodic Model

Periodicity is an important issue for the vibro-isolation purposes because the location of stop bands may be tuned to
match expected excitation frequencies, and the optimization issues.(Hvatov and Sorokin, 2015). In periodicity problems,
impedance matrices are used, which are the dynamic stiffness, impedance and apparent mass matrices. The spectral
matrix is a dynamic stiffnes matrix, therefore it can be used to build a periodic system.



G. F. Nehemy, P. J. P. Gonçalves and E. A. C. Souza
Dynamic behavior of axially moving systems

Model 3, which contains periodicity and is shown in Fig. 2, is the another model also studied in this work. Each
periodicity cell of the Model 3 corresponds to Model 2. The spectral matrix for Model 3 is made from the assembly of
the Model 2 spectral matrix as a diagonal sum.

...

Figure 2. Periodic axially moving string model

3. RESULTS

For numerical illustration the three models previously introduced are considered. The geometric and material proper-
ties of the string are L = 2m, ρA = 1[kg/m] and Nx = 10 [kN]. The results are presented in three sections for the Model
1, Model 2 and Model 3 respectively.

3.1 Model 1 - Simply supported model

The critical speed calculated for the simple supported case is the same presented in (Lee et al., 2004), which is
calculated using ccr =

√
Nx

ρA , using the numerical properties, the critical moving speed is ccr = 100 [m/s]. The influence
of the critical speed on the natural frequencies can be seen in Fig. 3(a).
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Figure 3. The influence of the cable speed on: (a) the natural frequencies and (b) first mode shape.

The mode shapes can be calculated considering the format given in Eq. 13 and the boundary conditions and the
influence of the cable speed on the first mode is shown in Fig. 3(b).

W (x) = a1 sin (k1x) + a2 sin (k2x) (13)

3.2 Model 2 - Elastic foundation model

For this model, it is important to find out what effect the elastic foundation has when compared to Model 1 and also
whether the moving speed behavior at the natural frequencies of the system is the same for the simply supported case.
Figure 4 is a frequence response function that shows the influence of the elastic foundation stiffness on natural frequencies
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for four cases with distinct moving speed. The Fig. 5 is similar to Fig. 4 but is the top view of the frequency response of
each moving speed.
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Figure 4. Frequency response for different elastic fundation stiffnes to show the influence the moving speed on the natural

frequency. (a) c = 0m/s, (b) c = 30m/s, (c) c = 40m/s e (d) c = 50m/s.

By establishing the elastic foundation stiffness, s1 = 105, in Fig. 6, a frequency response, it is possible to see what
the influence on the frequency response varying the moving speed.

Figure 7 is a top view of the frequency response that shows the influence on the frequency response varying the moving
speed for Model 2 with four different elastic foundation stiffness values.

When the stiffness is sufficient high, the behavior of the model resemble the simply supported model. One may
observe that the second mode natural frequency vanishes when the elastic foundation stiffness is increased to a certain
high value. The behavior seems to be the simply supported model because the natural frequencies are decreased as the
moving speed of the string is increased. Although, it seems to appear a damping effect as the moving speed is increased
in the elastic foundation model.

3.3 Model 3 - Periodicity model

The periodic model considered has 20 cells. Figure 8 compares different values of the elastic foundation stiffness, s1,
for the same moving speed, c = 0m/s. It can be seen that for the higher the stiffness value, the larger the band-gap size,
which are the regions where attenuation of the waves occurs.

The influence of the moving speed on the band-gap regions is shown in Fig. 9 and Fig. 10 , for this model the elastic
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Figure 5. The influence on the frequency response varying the stiffness value of the elastic foundation to different moving
speed. (a) c = 0m/s, (b) c = 20m/s, (c) c = 30m/s e (d) c = 50m/s. These images are the top view of the

frequency response and the colors indicate the amplitudes in dB.
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Figure 6. The influence on the frequency response varying the moving speed with elastic foundation s1 = 105.

foundation stifness is s1 = 105. It can be concluded that for higher moving speeds the natural frequencies get lower.

4. CONCLUSIONS

The present work is interested in the study of transverse vibration in axially moving strings. Axially moving structures
are of technological importance and widely present on engineering devices. The moving speed considerably affects the
natural frequency of the structures, and the frequencies decrease as the moving speed increases. The elastic foundation
affects the values of the natural frequencies, the frequencies increase as the stiffness increases, and the moving speed
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Figure 7. The influence on the frequency response varying the moving speed with elastic foundation (a) s1 = 103, (b)
s1 = 104, (c) s1 = 106, e (d) s1 = 107. These images are the top view of the frequency response and the colors

indicate the amplitudes in dB, with reference of 1 [m/N]
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Figure 8. The influence of the elastic foundation stiffness on the band-gaps. Model with 20 periodic cells

creates a damping effect in the frequency response function.
This work is also interested in the study of periodic systems because the location of stop bands may be tuned to match

expected excitation frequencies what is interesting for the vibro-isolation and optimization purposes. When there is the
presence of elastic foundation there is a frequency range in which the amplitude starts to increase to the peak as the base
stiffness value increases this frequency range becomes more extreme until it becomes a line when the stiffness is very
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Figure 9. The influence on the frequency response varying the moving speed with elastic foundation s1 = 105 for 20
cells.
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Figure 10. The influence on the frequency response varying the moving speed with elastic foundation s1 = 105 for 20
cells. This figure is the top view of the frequency response and the colors indicate the amplitudes in dB, with reference of
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high. When, besides the elastic foundation, the speed is inserted, what happens is that, as in the simply support model
(Model 1), the speed decreases the natural frequency values of the system and also a damping effect on the amplitude
peaks, as speed increases the peaks become softer. Model 3, with periodicity, behaves similarly to Model 2. The value of
natural frequencies decreases with increasing speed. However, in model 3, there are several resonance peaks within the
same frequency range, where in model 2 only one resonance peak appeared. The stiffness of the elastic foundation affects
the band-gaps regions, the higher the stiffness value, the larger the band-gap size.

In conclusion, the three studied model exhibited similar behavior with respect to the moving speed, the natural frequen-
cies decrease as the moving speed increases. In Model 2 the elastic foundation acts on the value of natural frequencies, the
increase of stiffness produces increase in natural frequencies. For Model 3, the value of the elastic base stiffness interferes
with the band-gap size, increasing the stiffness value and increasing the band-gap width. The values of the moving speed
and elastic foundation stiffness can be set so that the frequency is within a suitable working range.
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