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Abstract. This paper investigates heat transfer by conduction inside a circular tube filled with a fluid composed of 

different fractions of the water-ethyl alcohol mixture. The energy equation, which governs the problem, was solved by 

the generalized integral transform technique (GITT), which presents itself as a well-established method for solving 

problems of heat and mass diffusion. With the aid of the engineering equation solver (EES) software, we obtained the 

thermodynamic properties of the studied fluid through pre-defined mathematical functions. The results presented in the 

form of graphs and tables allow us to analyze the influence of different concentrations of the studied fluid on the 

development of the temperature field. 
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1. INTRODUCTION 

 

Mixtures containing water and an amphiphilic and / or hydrophobic solute have been extensively studied in recent 

years. A brief bibliographic review can be found in (Akpa et al., 2012; Hilser, 2011; Ball, 2008 and Palo et al., 2007). 

The applications of this study play an important role in many biological, chemical and engineering applications, examples 

include protein folding, membrane self-assembly, electron transfer reactions, heterogeneous catalysis and fuel cell 

technology (Li et al., 2014). 

In the present work, we use GITT to study heat transfer – radial diffusion and periodic boundary conditions 

formulation - describing the behavior of temperature dynamics inside a cylindrical tube filled with volumetric fractions 

of 0, 4, 8, 12, 16 and 20 percent of ethyl alcohol mixed with water. The theoretical values of thermal properties, adopted 

as parameters for computational simulation, such as: thermal conductivity, specific mass, specific heat and thermal 

diffusivity, were extracted from the engineering equation solver (EES) software, since the alcohol content also exerts a 

great interference on the thermophysical properties of alcohol-water mixtures (Perez, 2013; Wakisaka, 2011). 

 

2. PHYSICAL SYSTEM AND MATHEMATICAL MODELING 

  

2.1 Model assumptions 

 

In order to simplify the hydrodynamic model, the following considerations were adopted:  

 

• Heat conduction equation in cylindrical coordinates; 

• System is insulated, analysis neglects losses effects to environment; 

• Initially in thermal equilibrium; 
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• Temperature gradients in longitudinal and angular directions weren´t considered; 

• Constant thermal properties; 

• Cylinder’s length is considered much longer than its radio. 

 

2.2 Mathematical modeling 

 

Energy equation: 

 

𝜌𝑐𝑝
𝜕𝑇(𝑟,𝑡)

𝜕𝑡
= 𝑘

1

𝑟

𝜕

𝜕𝑟
(𝑟

𝜕𝑇(𝑟,𝑡)

𝜕𝑟
) (1) 

 

Boundary conditions: 

 

r = 0 →  
∂T(r,t)

∂r
= 0 (2) 

 
r = r0  → T(r, t) = Tp sin(ωt) + Tw (3) 

 

Initial condition: 

 

t = 0 →  T(r, 0) = T0 (4) 

 
2.2.1 Dimensionless form 

 

The dimensionless groups adopted for the model are: 

 

R =
r

r0
          ;           τ =

αt

r0
2           ;           θ(R, τ) =

T(r,t)−Tw

T0−Tw
                                                                                        (5-7) 

 

Energy equation dimensionless: 

 
∂θ(R,τ)

∂τ
=

1

R

∂

∂R
[R

∂θ(R,τ)

∂R
] (8) 

 

Boundary conditions dimensionless: 

 

R = 0 →  
∂θ(R,τ)

∂R
= 0 (9) 

 

R = 1 → θ(1, τ) = θp(τ) =
Tp sin(

ωr0
2τ

α
)

T0−Tw
 (10) 

 

Initial condition dimensionless: 

 

τ = 0 → θ(R, 0) = 1                                                                                                                                                                 (11) 

 

2.2.2 Auxiliay eigenvalue problem in the radial direction 

 

The auxiliary problem for the temperature field can be described by a system of second order differential equations, 

representing a classic Sturm-Liouville problem. The auxiliary problem chosen for the determination of the temperature 

field is written as follows: 

 
1

𝑅

𝜕

𝜕𝑅
(

𝑅𝑑𝜓𝑖𝑅

𝑑𝑅
) + 𝜇𝑖

2𝜓𝑖(𝑅) = 0                                                                                                                                                   (12) 

 

𝑅 = 0 →
𝑑𝜓i(𝑅)

𝑑(𝑅)
= 0 (13) 

 

𝑅 = 1 → 𝜓i(𝑅) = 0 (14) 

 

The signal count method developed by (Mikhailov and Vulchanov, 1983) was used for determining the eigenvalues 

(μi), the eigenfunctions, 𝜓i(𝑅), and the norms (Ni = ∫ Rψi
2(R)dR

1

0
).  
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2.2.3 Integral transformation of the temperature field 

 

GITT is based on the fact that a function can be written as an expansion in terms of eigenfunctions (Cotta, 1993). 

Thus, the transformed-inverse pair is given by: 

 

𝜃̅𝑖(𝜏) =
1

𝑁
𝑖

1
2⁄ ∫ 𝑅𝜓𝑖(𝑅)𝜃(𝑅, 𝜏)𝑑𝑅

1

0
 (15) 

 

𝜃(𝑅, 𝜏) = ∑
𝜓𝑖(𝑅)𝜃̅𝑖(𝜏)

𝑁
𝑖

1
2⁄

∞
𝑖=1  (16) 

 

After analytical treatment of Eq. (8) by integral operators, using the definition of the integral transform given by Eq. 

(15), as well as using the auxiliary problem defined by Eq. (12), (13) and (14), we can transform problem in the following 

ODE system: 

 
dθ̅i(τ)

dτ
+ μi

2θ̅i(τ) = −
1

N
i

1
2⁄
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dR
θ(1, τ) (17) 

 

This ODE has classic solution given by: 
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Such that: 

 

θ̅i(0) =  fi̅ = ∫
Rψi(R)

N
i

1
2⁄

dR
1

0
 (19) 

 

3. RESULTS 

 

Theoretical results were obtained through computational code written in FORTRAN programming language using 

Fortran PowerStation 4.0 software.  

The most relevant parameters involved in this analysis are: the thermal diffusivity of the mixture, the tube radius, 

period and amplitude of the thermal oscillation. The results shown show that small changes in each of these parameters 

correspond to noticeable differences observed in the peak temperature and phase angle of the temperature signals 

measured at the center of the tube. 

The theoretical values of the thermal diffusivity of the mixtures, adopted as parameter for computational simulation, 

were obtained from the engineering equation solver (EES) software. The table below contains the thermal diffusivity 

values for each concentration analyzed. In the temperature ranges evaluated in the present work, from 293.15K to 

303.15K, from 288.15K to 308.15K and from 283.15K to 303.15K, a small variation in the thermal diffusivity values was 

observed, we consider them constant from an average value. 

 

Table 1. Thermal diffusivity values for different fractions of the water-alcohol mixture obtained with the software 

(EES). 

 

Concentration 

(%) 

Average diffusivity 

(293.15 K to 303.15 K) 

Average diffusivity 

(288.15 K to 308.15 K) 

Average diffusivity 

(283.15 K to 313.15 K) 

0 1.460 x 10-7 1.459 x 10-7 1.456 x 10-7 

4 1.383 x 10-7 1.382 x 10-7 1.380 x 10-7 

8 1.308 x 10-7 1.307 x 10-7 1.305 x 10-7 

12 1.239 x 10-7 1.238 x 10-7 1.237 x 10-7 

16 1.179 x 10-7 1.178 x 10-7 1.177 x 10-7 

20 1.127 x 10-7 1.126 x 10-7 1.126 x 10-7 

 

With the aid of the engineering equation solver (EES) software, which has its own library of predefined 

thermophysical functions, we have obtained the thermodynamic properties of the studied fluid. The thermal diffusivity 

values, for different concentrations of the water-alcohol mixtures as a function of the concentrations and temperatures, 

are presented in the graph below. 
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Figure 1. Thermal diffusivity curves by concentration for different temperatures. 

 

Observing the thermal diffusivity curves by the concentration, it is possible to perceive that their behavior is similar 

to an asymptotic function, that is to say, as the alcoholic concentration increases the values of thermal diffusivity tend to 

get closer and closer, from 20% of alcohol. In order to obtain a higher sensibility of measuring the concentration of the 

water-alcohol mixture, we chose the region of the curve, between 0% and 20%, where its behavior is approximately linear. 

The influence of the amplitude of the thermal oscillation in the tube wall on the temperature dynamics in the center 

of the tube was evaluated. Simulations were performed with three distinct values - 278.15, 283.15 and 288.15K - 

amplitude, the results are presented in the graphs and tables below. 

 

 
 

Figure 2. Temperature measurements as a function of time for a tube with radius of 4mm, frequency of 0.01Hz and 

amplitude of 278.15K. 



25th ABCM International Congress of Mechanical Engineering 
October 20-25, 2019, Uberlândia, MG, Brazil 

 
 

Figure 3. Temperature measurements as a function of time for a tube with radius of 4mm, frequency of 0.01Hz and 

amplitude of 283.15K. 

 

 
 

Figure 4. Temperature measurements as a function of time for a tube with radius of 4mm, frequency of 0.01Hz and 

amplitude of 288.15K. 

 

Figures 3-5 show the relationship between the temperature curves measured in the sample and the periodic heat flow 

curve in the wall. From the figures above, a gradual increase in peak temperature values can be observed as we increase 

the amplitude of periodic excitation, in other words, the signals acquired in the sample tend to increase the difference 

between the temperature peaks for each concentration, whereas, the phase angle values remain constant. 

In order to evaluate the diameter of the tube that was able to provide the best response to the system under study and 

to indicate the best mechanical design, simulations were performed with 4, 6 and 8mm long radii. 
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Figure 5. Temperature measurements as a function of time for a tube with radius of 6mm, frequency of 0.01Hz and 

amplitude of 288.15K. 

 

 
 

Figure 6. Temperature measurements as a function of time for a tube with radius of 8mm, frequency of 0.01Hz and 

amplitude of 288.15K. 

 

From the curves shown in Fig. 5 and 6, the temperatures measured at the center of the tube show a considerable 

difference in both peak temperature and phase angle, for different concentrations, when compared with Thermal excitation 

signal on the tube wall. It can also be seen that the tube radius directly reflects the temperature dynamics at the center of 

the tube, these differences occur due to the delay of thermal propagation caused by the distance between the excitation 

source and the sample measurement sensor. The results indicate that as the pipe radius increases, the greater the 

attenuation of the measured signal will be. 

In order to understand the influence that the frequency of thermal oscillation would have on the thermal signals 

measured by the thermocouple immersed in the sample, simulations were performed considering the following excitation 

frequencies: 0.02 and 0.005Hz. In the figures below, we can see the results of the temperature curves, caused by the 

thermal oscillation in the wall, for the simulations of the analyzed frequencies. 
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Figure 7. Temperature measurements as a function of time for a tube with radius of 4mm, frequency of 0.02Hz and 

amplitude of 288.15K. 

 

 
 

Figure 8. Temperature measurements as a function of time for a tube with radius of 4mm, frequency of 0.005Hz and 

amplitude of 288.15K. 

 

According to Fig. 7 and 8, the temperature dynamics in the center of the tube can be verified for different frequencies 

of the thermal oscillation in the wall. Sample temperature curves show that certain frequency values cause different peak 

temperature and phase angle values. However, in practical terms, very high frequencies require intense heat exchange, in 

other words, removing and placing heat in a very short time span and heat exchange capacity of a thermal control system, 

as well as very low frequencies may require a very long time to perform the experimental measurements. 

The graphs depicted in Fig. 2-8 analyze the development of the thermal field for the different concentrations of the 

water-ethyl alcohol mixture. It can be observed that small changes in each of these parameters correspond to notable 

differences observed in the peak temperature and in the phase angle of the temperature signals. 

The results show that the harmonic perturbations in the tube wall tend to propagate through the fluid until reaching 

the center of the tube with different amplitudes and phases, according to the concentration analyzed. 
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4. CONCLUSIONS 

 

In this work, it is concluded from the analysis of the results obtained that the application of GITT is effective in 

solving the proposed problem. In this way, the objectives were satisfactorily achieved, showing the influence of the 

alcohol on the temperature dynamics of the mixture. The results showed that it is possible to detect changes in the 

development of the thermal field when variations occur in the concentration values of the water-alcohol mixture. The data 

show the potentiality of the method used in the characterization of liquid mixtures. 
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