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Abstract. Engineering problems involving heat transfer process appears very often, and the analytical solutions of this
problems can be very complex, or in some cases, unsolvable. However, numerical methods can be used to solve problems
like these. This work presents a numerical study of heat transfer applied to heat sinks. To execute these simulations was
implemented a code based on finite difference method to discretize the three-dimensional heat diffusion equation. The
system of linear equations is solved by the Generalized Minimal Residual Method (GMRES) with preconditioner. The
first results are focused on verifying and validating the code using physical problems that contain analytical solutions.
To demonstrate the robustness of the code, several geometries of heat sinks was simulated considering some thermal
conditions. The thermal behavior of the heat sinks are presented, as well as the efficiency of the GMRES to solve problems
related to heat transfer phenomena.
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1. INTRODUCTION

Heat transfer is a common problem in the field of engineering, from work generation to data processing. Even with
the technology development and growing presence of electronic components, heat transfer stills a important aspect to
be studied on information processing capacity. Basically, problems involving heat transfer remains on a domain, with
one region with more energy and another with less energy, so a temperature gradient is between these regions, and that
gradient constitutes the solution.

A heat transfer problem is solved by a differential equation, which the results are the temperature gradient on the
solution domain, and this domain can became very complex, on real cases for instance. In some cases those solutions
are difficult to solve analytically (Incropera et al., 2007), so there is two ways to solve the problem: one is making
simplifications of the problem until the equation can be solved by analytical methods, and this option leads to a physical
condition mischaracterization, i.e. the solution does not represent the true domain state.

The other way is to divide the continuum domain in a discrete domain by numerical methods and find the solution on
each of this subdivisions, so the numerical solution shows itself as a option to solve efficiently and accurately this kind
of problem (LeVeque, 2007). Since more publicated studies of numerical analysis has been growing in the recent years
(Content et al., 2013), it’s important to find methods to do these approaches with less costs. With the computational power
exponentially increasing simplified problems are no longer needed, being possible to analyze complex domains these days
(Fossati et al., 2015).

The progress of Computational Fluid Dynamics (CFD) lead to larger linear systems to solve, Nejat and Ollivier-Gooch
(2008) and Chassaing et al. (2006) reported the need to solve large linear systems simultaneously, due to more complex
analyzes of their problem. This leads to a greater computational cost and more time to convergence of the solution. The
use of the GMRES algorithm delivers the expected results when the goal is speed of convergence (Wigton et al., 1985).

The linear system provided by the discretization has a large number of terms, and could be solved with numeric
methods based on matrix decomposition, such that Gaussian Elimination, LU and Cholesky, or by iterative methods as
Gauss-Seidel and Conjugate-Gradient, (Golub and Van Loan, 2013). But the generated linear system has a charateristic
to be sparse, so a Krylov subspace based method such as GMRES are recommended to this case, (Saad and Schultz,
1986). Once the solution is obtained, is necessary to confirm if the obtained results represent the physical condition. So a
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verification/validation of the algorithm is necessary to prove the accuracy of the solution.
To solve large linear systems the computational effort is enormous being necessary a powerful computer to execute the

task. In this situation the microprocessor (CPU) heats up very fast and this heat charge must be dissipated efficiently to
preserve the normal patterns of the system operation. To dissipate the heat of the CPU one uses, commonly, a passive heat
exchanger (or heat sink) together with an exhaust system. The objective of the heat sink is conducts the heat away of the
CPU surfaces, that is dissipated to the medium by the exhaustor, (Incropera et al., 2007). We have two ways to understand
the behavior of this type of heat sink, experimental analysis or numerical simulation. The first one demand investments
in instrumentation besides the difficulty in correctly instrumentating the system. The second is more simple and offers a
wide range oportunite to analyse the more severals characteristics of the heat sink. In this case, the numerical solution is a
good choice to execute the analysis these type of heat sink and characterizes a good choice to apply a numerical strategy
involving sparse linear systems. As well as, is an engineering problem of great importance that to be considered in the
hardware developement, (Ayala et al., 2010).

The purpose of this work is the development, verification and validation of a computational algorithm to simulate
three-dimensional steady and transient heat transfer problems through the discretization of the domain via finite difference
method. After verification and validation steps the code was used to simulate the important application involving heat
sinks. In this case, the behavior of the temperature profile is the interest solution. In all cases presented in this work, the
solution of the system of linear equations generated by the discretization is solved through the GMRES iterative method
with MILU type preconditioner.

2. MATHEMATICAL MODEL

2.1 Heat Transfer

The heat transfer phenomena can be modeled by the heat diffusion equation, which describes the behavior of the heat
transfer on the system. Let us consider an infinitesimal part of the system, i.e., the control volume presented in Fig. 1.
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Figure 1. Heat conduction in a control volume.

In Fig. 1, q is the conduction heat rates through the faces of the control volume, Ėg is the thermal energy genetation
and Ėst is the internal thermal energy stored in the control volume.

The heat conduction equation considering a homogeneous medium, without bulk motion, in Cartesian coordinates can
be otained applying the conservartion of energy on a differential control volume, Fig. 1,

1

α

∂T

∂t
− q̇

k
=
∂2T

∂x2
+
∂2T

∂y2
+
∂2T

∂z2
. (1)

where α is the thermal diffusivity, T is the temperature, t is the time, q̇ is a source term related to the energy generation
per unit volume, k is the thermal conductivity, x, y, and z are the coordinates on the Cartesian field.

3. COMPUTATIONAL PROCEDURE

The domain was discretized by finite difference method, with consists on solution of diferential equations by the
substitution of derivatives by algebric equations, which this equations are solved on the nodes of the mesh. This method
allows a good understanding of the physical problems adequated to be discretized with structured meshes (Mathews
et al. (2004) and Jajja et al. (2014)). The solution is obtained by solving a linear system, which is solved in this work by a
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iterative method called Generalized Minimal Residual (GMRES) with the MILU preconditioner (Saad, 2003) and (Washio
and Hayami, 1994). These methods were implemented using the Fortran 95/2003 programming language (Chapman,
2008).

3.1 Discretization of the physical problem

The Eq. (1) can be written as follows:

∇2T =
1

α

∂T

∂t
− q̇

k
(2)

With:
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∂2T
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+
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(3)

The Laplacian on Eq. (2) and Eq. (3) can be written by a function of 7 (Eq. (4)), 19 (Eq. (5)) and 27 nodes (Eq. (6)),
and a node scheme used can be shown on Fig. 2 (O’Reilly and Beck, 2006):
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Figure 2. Node scheme according to their position. Avaliable at: O’Reilly and Beck (2006)

After the domain discretization and select the equations used on each case, the global linear system - Eq. 7 - is mounted
to be solved , once if is a stationary problem or each time step if is a transient problem.
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Where α and β are real values calculated as function of the nodal scheme to be considered in the discretization [Eqs.
(4), (5) or (6)] and T is the nodal temperature to be obtained.

3.2 Finite Difference Method

As a partial differential equation, the heat diffusion equation can be solved by a numerical method like the finite
difference method, who consists in take the continuous problem and separate it - discretize it, and the variables are solved
on the discrete points - nodes of the mesh. (Pletcher et al., 2012).

The Taylor-series expansion is used to discretize the differential equations. It calculates the assumed value of the
function on the interest point with the function values and the derivatives on other nodes, (LeVeque, 2007). The assumed
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precision to the expansion is their number of terms. For this study, the derivative values are obtained within the points of
interest (central-difference representation), with the first derivative approximation and a second-order precision truncation
error (Pletcher et al., 2012).

f ′(xi) =
f(xi+1) + f(xi−1)

2l
+O(l2) (8)

O(l2) = −f
′′′(ξ1)

3!
l2 − f ′′′(ξ2)

3!
l2 (9)

where:
ξ1 is a value of x between xi and xi+1;
ξ2 is a heat of x between xi−1 and xi.

3.3 Linear system solver algorithm: Generalized Minimal Residual (GMRES)

The Generalized Minimal Residual is a iterative method for solving large sparse positive definite linear systems of
equations efficiently, with uses the Arnoldi Method for build a l2 - orthogonal basis of Krylov subspaces, reducing the
residual norm, which reduces the time for convergence. The GMRES shows several advantages over previous developed
methods, like the Gauss-Seidel, Generalized Conjugate Residual (GCR) and ORTHODIR, (Golub and Van Loan, 2013).

According to the work (Saad and Schultz, 1986), the GMRES is a method based on the Eq. (10):

K = Km (10)

with L = AK m, where K m is a Krylov subspace with m size and v1 = r0/‖r0‖2. The vectors { v1, v2, ..., vk } are a
orthonormal basis calculated by the Gram-Schmidt method from the Arnoldi Method. So, the Krylov subspace is given
by { v1, Av1, ..., Ak−1v1 }. The Arnoldi Algorithm is defined by:

1 Start: choose a initial vector;
2 for j = 1, 2, ... do
3 hi,j = A(vj , vi)i = 1, 2, ..., j;
4 v̂j+1 = Avj −

∑j
i=1 hi,jvi;

5 hj+1,j = ‖v̂j + 1‖;
6 vj+1 = v̂j+1/hj+1

7 end
Algorithm 1: Arnoldi Algorithm

The form of the linear system to be solved is given on the Eq. (11)

Ax = b (11)

To solve a linear system given on the Eq. (11) by the Galerkin method using a l2 orthogonal basis given by Vk, the
solution xk is aprroximated on the xk = x0+ zk form, with x0 is the initial estimate and zk is a Krylov subspace member
given by K k ≡ span{r0, Ar0, ..., Ak−1r0} with the residual (Eq. (12)):

r0 = b−Ax0 (12)

The execution of k iterations of the Arnoldi Algorithm on a initial vector v1 = r0/‖r0‖ leads to notice that the residual
vector rk ≡ b − Axk is orthogonal to Kk, so zk = Vkyk, where yk = H−1k ‖r0‖e1, where e1 is the unit vector e1 ≡
(1, 0, ..., 0)T .

The GMRES algorithm aims to approximate the solution on form x0 + z minimizing the residual norm about z on K
k. After k iterations of the Arnoldi algorithm is obtained a orthonormal - l2 system V(k+1) and a (k+1)× k matrix Hk

with the only non-zero terms is the h(i, j) terms generated by the algorithm. Thus, the difference between Hk and Hk is
the line that contains the h(k + 1, k) on k + 1, k) position. So the vi vectors and Hk matrix satisfies (Eq. (13)):

AVk = Vk+1Hk (13)

So, the following minimal quadratic problem has to be solved:

min
z∈Kk

‖b−A[x0 + z]‖ = min
z∈Kk

‖r0 −Az‖ (14)
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If we assume z = Vky, can be possible to minimize the residual norm by the function of y:

J(y) = ‖βv1 −AVky‖ (15)

assuming β = ‖r0‖, we have:

J(y) = ‖Vk+1[βe1 −Hky]‖ (16)

If e1 is the unit vector and V(k + 1) is orthonormal - l2,

J(y) = ‖βe1 −Hky‖ (17)

So the solution will be given as follows:

xk = x0 + Vkyk (18)

where yk minimizes the J(y) function on y ∈ Rk.
Pre-conditioning of the linear system leads to a more efficient computational work and improving robustness to the

method, once the weakness of iterative methods to solve linear systems is the lack of robustness. Calculating a Gaussian
elimination on an [A] matrix and dropping some elements in predetermined nondiagonal positions can be done to pre-
conditionate a Matrix (called Incomplete LU factorization - ILU). However, it is possible to reduce the effect of dropping
those elements by compensating for the discarded entries, who conducts to the Modified Incomplete LU factorization -
MILU (Saad, 2003).

4. RESULTS AND DISCUSSION

4.1 Steady-State case with exact solution

The first case is represented by a plane square plate on XY plane with L=1m, with negligible thick and without heat
transfer on perpendicular direction and his borders. The boundary conditions is expressed in Eq. (19) and Eq. (20). The
exact solution is expressed by Eq. (21).

T (0, y, z) = T (L, y, z) = T (x, 0, z) = 0 (19)

T (x, L, z) = sen
(πx
L

)
(20)

T (x, y, z) =
senh(πy/L)

senh(π)
sen(πx/L) (21)

The used meshes in simulation of this case is shown in Fig. 3, and the convergence rates in L1, L2 and L∞ norms is
shown in Fig. 4.

(a) (b) (c) (d)
Figure 3. Meshes used in first case. (a) 147 nodes, (b) 507 nodes,(c) 1875 nodes, (d) 7203 nodes.

The values in the tables 1, 2 and 3 shows a 2nd-order convergence for the Laplacian with 7 and 27-nodes, and a
convergence of 6th-order for the Laplacian with 19-nodes. For the last one, the error to the exact solution was of the order
10−11. The Fig. 5 shows the difference of the exact to the numeric solution in each Laplacian, which can be noted the
high convergence order on the 19-nodes Laplacian.
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Table 1. Norm values and angular coefficients for the 7-nodes Laplacian.

node division L1 p(L1) L2 p(L2) L∞ p(L∞)
L/6 -2,6812 - -2,4931 - -2,1148 -

L/12 -3,1909 1,6934 -3,0540 1,8635 -2,7090 1,9741
L/24 -3,7518 1,8635 -3,6370 1,9369 -3,3060 1,9834
L/48 -4,3346 1,9362 -4,2298 1,9694 -3,9075 1,9983

Table 2. Norm values and angular coefficients for the 19-nodes Laplacian.

node division L1 p(L1) L2 p(L2) L∞ p(L∞)
L/6 -6,4976 - -6,3091 - -5,9305 -
L/12 -8,2189 5,7186 -8,0820 5,8900 -7,7368 6,0010
L/24 -9,9858 5,8701 -9,8710 5,9435 -9,5399 5,9904
L/48 -11,771 5,9309 -11,667 5,9668 -11,3449 5,9967

Table 3. Norm values and angular coefficients for the 27-nodes Laplacian.

node division L1 p(L1) L2 p(L2) L∞ p(L∞)
L/6 -2,8759 - -2,6871 - -2,3082 -

L/12 -3,3976 1,7332 -3,2606 1,9053 -2,9154 2,0173
L/24 -3,9616 1,8738 -3,8468 1,9475 -3,5157 1,9944
L/48 -4,5452 1,9389 -4,4404 1,9721 -4,1181 2,0013
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Figure 4. Error as a function of h. Nodes by Laplacian: (a) 7, (b) 19 and (c) 27. Steady solution.
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4.2 Transient case with exact solution

The second case (transient) is a cube with L = 1 m, boundary conditions is expressed in Eq. (22), initial temperature
T (x, y, z, 0) = 1 and exact solution expressed by Eq. (23).

T (0, y, z, t) = T (L, y, z, t) = T (x, 0, z, t) = T (x, L, z, t) = 0 (22)

T (x, y, z, t) =

∞∑
m=1

∞∑
n=1

4

mnπ2
{[(−1)m − 1][(−1)n − 1]}sen

(
nπx

L

)
sen

(
mπy

L

)
exp

(
− kπ2t

L2
(m2 + n2)

)
(23)

The used meshes in this case is shown in Fig. 3 (same geometry of the Steady-State case), and the heat transfer through
the model is shown in Fig. 6.
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Figure 6. Difference between numeric and exact solution in t = 0.001 s, t = 0.01 s, t = 0.05 s and t = 0.1 s.

The figure 6 shows the obtained results. It can be noted a difference between the exact and numeric solution on the
first time and a convergence as the time passes. The problem doesn’t approaches the exact solution due to the millions of
terms of the rounding error summation value .

4.3 Applications: Heat Sinks

After the verification and validation of the algorithm, it can be used on practical applications, such as heat sinks, which
as for example, are used to refrigerate computers CPUs. The heat sinks employed in this simulation are used in CPUs of
the Raspberry Pi computers, which are low cost with reduced geometries without a forced mechanism of heat dissipation,
(Pi, 2019). Will be studied the heat transfer through three different geometries of heat sinks, shown in Fig. 7. These
heat sinks has similar dimensions, Tab. 4, to allow comparison among them. In Fig. 8 are presented the major boundary
conditions applied in each heat sink in this simulation. The Table 4 express the geometric characteristics of the heat sinks
to be studied, where N is the number of fins, ht is the total height of the geometry, ha is the height of the fins, A1 is the
primitive area of heat transfer by convection, A2 is the area submitted to the prescribed heat flux, A3 is the extended area
due to the fins and A4 is the total area of the geometry that is subjected to convective heat transfer.

In this simulation, the prescribed heat flux is 5 W, the convective heat transfer coefficient is 27 × 10−4 W/mm2 ·
K, the thermal conductivity is 2, 04 W/mm · K, the thermal diffusivity is 9, 88 × 10−7 mm2/s, the initial and ambient
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Table 4. Geometric characteristics of the heat sinks.

Heat sink N ht(mm) ha(mm) A1(mm2) A2(mm2) A3(mm2) A4(mm2)
1 3 5,25 4,38 20,00 12,25 195,2 215,2
2 9 5,09 3,82 19,57 12,25 174,9 194,5
3 6 5,09 3,82 19,57 12,25 145,8 165,4

temperatures are equal,respectively, 300 K. The tolerance for the convergence of the numerical solution was set to 10−6,
with the time step equal to 10 seconds. The meshes generated for each heat sink has the following numbers of nodes: heat
sink 1 (2397 nodes), heat sink 2 (5397 nodes) and heat sink 3 (5885 nodes).

(a) Heat sink 1 (b) Heat sink 2 (c) Heat sink 3
Figure 7. Heat sink models.

In the three heat sinks of this simulation, the prescribed heat fluxes and the areas subjected to these flux are similar
(square base), the results presented for this simulation considers only a quarter of the original geometry (simmetry), Fig. 9.
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Figure 8. Heat sinks 1, 2 and 3 - Boundary conditions.

In Fig. 9 one can observe the temperature distribution over the three heat sinks. The prescribed heat flux was set on
center of the square base of each heat sink. The temperature propagates along the base of each heat sink, from the center to
the ends of the base in homogeneous fashion. All superior faces of the heat sinks are subjected to the convective boundary
condition, which imposes a dissipation of the heat from base to top of the heat sinks.

The heat conduction and thermal diffusivity are the same for all heat sinks, necessary to compare them as to their
effectiveness in thermal dissipation. However, in the heat transfer simulated over this type of heat exchanger, the geometric
arrangement of the fins is the main characteristic for the effectiveness of heat dissipation. This effect can be seen in the
temperature distribution, Fig. 9, as well as the maximum and minimum temperatures, Fig. 10, over each heat sinks
obtained in this simulation for each geometric arrangement.

Results presented in Figs. 9 and 10 indicates that the heat sink 3 is more effective in heat dissipation process. Pro-
longed rectangular fins, with spaces defined between them, optimized the effectiveness of the convection process in the
arrangement. In heat sink 3, the maximum temperature does not exceed 314 K, while in the heat sinks 1 and 2, this
temperature exceeded 314 K. It is important to note that, in heat sink 3 we have the smallest difference between maximum
and minimum temperatures, that is very desirable for these applications.
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Figure 9. Heat sinks 1, 2 and 3 - Temperature Distribution.
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Figure 10. Heat sinks 1, 2 and 3 - Historic of convergence of the simulations and range of temperatures in the geometries

over the time steps.

In the Fig. 10, one has the historic of convergence of the numerical simulations. The convergence for all simulations
reaches the prescribed value for the stop criterium, 10−6, in no more than 250 iteractions. In all simulations, GMRES
solver preconditioned by MILU provide convergence of the numerical solution without oscillations.
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5. CONCLUSIONS

In this work was presented a general discretization based on finite difference method applied to the heat diffusion
equation. The main goal is an implementation of a solver that can be used to simulate engineering problems, in principle,
to solve heat transfer applications.

The code was verified, validated and used to simulate an important engineering problem, namely, heat sinks applied
to microprocessors, in this case, that ones specifically used in the Raspberry Pi computers. In the verification analysis,
the solver provide excellent convergence rates and reaches the spatial discretization order linearly for all Laplacians
used in this case. Important attention to the 19-nodes Laplacian, that presented a spectral convergence for a 6th-order
discretization. In the validation process, the numerical solution reaches the exact solution with excellent agreement.
When the code was used to simulate the heat sink application, the same was observed, i.e., the behavior of the results
show that the code provide accurate numerical results, mainly with physical agreement. Besides that, the GMRES with
MILU preconditioner, reaches the convergence without oscillations, presenting high numerical stability in all numerical
tests showed in this work. Those results shows the efficiency of the algorithm to solve problems related with heat transfer
problems in engineering.
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